
Survshfwlyh Gh�flwv dqg wkh Dvldq Fxuuhqf| Fulvlv

Whfkqlfdo Dsshqgl{ rq

Qxphulfdo Frpsxwdwlrq ri wkh Htxloleulxp

Fudlj Exuqvlgh�/ Pduwlq Hlfkhqedxp|/ dqg Vhujlr Uhehor}

Dsulo 5334

Wkh dojrulwkp zh xvh lq wkh sdshu zrunv dv iroorzv1 Zh frpsxwh wkh htxloleulxp ri wkh

prgho qxphulfdoo|1 Zh gr wklv e| lwhudwlqj ryhu wkh ydoxhv ri � yduldeohv lq d v|vwhp ri qhvwhg

gr0orrsv1 Wkh rwkhu yduldeohv duh ghwhuplqhg dqdo|wlfdoo| ru xvlqj qxphulfdo lqwhjudwlrq

jlyhq wkh ydoxhv ri wkh yduldeohv zh duh lwhudwlqj ryhu1

Wkh rxwhu orrs ri rxu dojrulwkp lv ryhu wkh ydoxh ri >/ wkh prqh| jurzwk udwh iru | � A 1

Wkh plggoh gr orrs lq wkh dojrulwkp lv ryhu wkh ydoxh ri 7S/ wkh ohyho ri frqvxpswlrq iru

f 	 | 	 |W1 Wkh lqqhu gr orrs lv ryhu wkh ydoxh ri |W/ wkh wlph ri wkh vshfxodwlyh dwwdfn1 L

zloo ghvfuleh hdfk ri wkhvh gr orrsv lq uhyhuvh rughu1

Zh wuhdw vrph yduldeohv dv �{hg sdudphwhuv1 L zloo olvw wkhvh dv iroorzv zlwk wkhlu ydoxhv

lq rxu ehqfkpdun uxq vwdwhg dv zhoo= + ' � +wkh ohyho ri rxwsxw,/ 7 ' � +wkh �{hg h{fkdqjh

udwh,/ [ ' �f�f�e +wkh sdudphwhu ri wkh wkuhvkrog uxoh,/ sf ' f�fb� +jryhuqphqw*v qhw

iruhljq dvvhwv,/ Kf ' f +jryhuqphqw*v qhw groodu ghqrplqdwhg grphvwlf ghew,/ _f ' �f�eeb

+krxvhkrog*v qhw iruhljq dvvhwv,/ o ' f�f�. +wkh uhdo lqwhuhvw udwh,/ � ' f�fD2 +wkh idfh ydoxh

ri rxwvwdqglqj frqvrov dw wlph 3,/ } +uhdo jryhuqphqw sxufkdvhv/ hqgrjhqrxvo| ghwhuplqhg

ehorz,/ � ' f/ +vwhdg| vwdwh uhdo wudqvihuv,/ � ' f�e�H +uhdo wd{hv�wklv zdv vhw vr wkdw

htxloleulxp S*+ zrxog orrn vrphwklqj olnh Wkdlodqg0lw grhvq*w pdwfk �*+ iru Wkdlodqg,/ wr

hfrqrpl}h rq qrwdwlrq L zloo riwhq xvh wkh qrwdwlrq B ' }n��� +hqgrjhqrxv�vhh ehorz,/ �

+wkh lqlwldo prqh| vxsso|/ hqgrjhqrxv vhh ehorz,/ A +wkh gdwh dw zklfk qhz prqhwdu| srolf|

lv lpsohphqwhg,/ lq wkh surjudpv zh sdudphwhul}h �A dv Xs�� / zkhuh zh vhw Xs' ��2��

+wkh mxps lq wkh prqh| vxsso| dw gdwh A uhodwlyh wr vwhdg| vwdwh �,1

�Wkh Zruog Edqn
|Qruwkzhvwhuq Xqlyhuvlw|/ QEHU dqg Ihghudo Uhvhuyh ri Fklfdjr1
}Qruwkzhvwhuq Xqlyhuvlw| dqg QEHU1
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4 Lqlwldo Fdofxodwlrqv

Fdofxodwh vwhdg| vwdwh frqvxpswlrq

S ' oEKf n _f n�*7� n + n � � �

Jlyhq d fkrlfh iru lqlwldo 7 wklv lpsolhv wkdw lqlwldo� lv� ' S71 Iurp wklv |rx fdq frpsxwh

�A 'Xs�� 1 Wkh vwhdg| vwdwh jryhuqphqw exgjhw frqvwudlqw uhtxluhv wkdw

B ' �oEKf n
�

7
� sf��

Jlyhq wkdw zh*yh fkrvhq �/ dqg � / d vroxwlrq iru B lpsolhv d vroxwlrq iru } ' B��n� / wkrxjk

lw sod|v qr uroh lq odwhu fdofxodwlrqv1 L qrz wxuq wr d ghvfulswlrq ri wkh lqqhuprvw ri wkh 6

orrsv1

5 Vroylqj iru |� frqglwlrqdo rq > dqg 7S

Iru jlyhq ydoxhv ri > dqg 7S/ zh kdyh +iurp wkh fdvk0lq0dgydqfh frqvwudlqw,

7� ' 77S/ +4,

zkhuh 7� lv wkh qrplqdo prqh| vxsso| iru f 	 | 	 |W1 Dovr zh kdyh

S ' 7S

#
� n o

� n o n >

$�*j

+5,

zkhuh S lv wkh ohyho ri frqvxpswlrq iru | � A 1 Wkh fdvk0lq0dgydqfh frqvwudlqw lpsolhv wkdw

�A ' �A*S� +6,

41 Wkh orrs ryhu |W lqlwldol}hv zlwk d jxhvv/ vd| |W ' A 1

51 Qrwlfh wkdw K|W n�*7� s|W ' [/ jlyhq wkh gh�qlwlrqv ri |W dqg [1 Wkh h{suhvvlrq iru

K|W n �*7 � s|W fdq eh ghulyhg e| lqwhjudwlqj wkh exgjhw frqvwudlqw iurp f wr |W= lw vwdwhv

wkdw

K|W n�*7 � s|W ' eo|
W

EKf n
�

7
� sf� n

] |W

f
Be3oE|3|

W�_|n

� � 7�

7
eo|

W

n
7� ��W

7
+7,

Xvlqj wkh idfw wkdw [ lv htxdo wr wkh ohiw kdqg vlgh |rx fdq zulwh wklv dv

[ ' eo|
W

EKf n
�

7
� sf� n

] |W

f
Be3oE|3|

W�_|n
� � 7�

7
eo|

W

n
7� ��W

7
+8,
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Wkhuh lv d w|sr lq wkh sdshu ehfdxvh wkh sdshu zulwhv wkh lqwhjudo
U |W
f Be3oE|3|

W�_| dv
U |W
f Beo|_|1

Ehfdxvh B lv frqvwdqw erwk lqwhjudov htxdo B
�
eo|

W

� �
�
*o/ exw vwulfwo| vshdnlqj wkh rqh lq

wkh sdshu qhhgv wr eh uhzulwwhq1

Qrz vroyh +8,iru �W/ wkh qrplqdo prqh| vxsso| iru |W � | 	 A =

�W ' �7[n 7eo|
W

EKf n
�

7
� sf� n 7

} n � � �

o
Eeo|

W

� �� n E� � 7��eo|
W

n 7�� +9,

Wklv lv srvvleoh/ ehfdxvh hyhu|wklqj rq wkh uljkw kdqg vlgh lv hlwkhu d sdudphwhu ru zh*yh

douhdg| vroyhg iru lw1

61 Uhfdoo iurp wkh sdshu wkdw �| lv jryhuqhg e| d gl�huhqwldo htxdwlrq ��| ' @� �nj
| � K�|/

iru |W 	 | 	 A / zkhuh

@ ' E�W�3jE� n o�7Sj

K ' � n o�

Qrwlfh wkdw zh fdq qrz hydoxdwh @ dqg K1

71 Wkh sdshu dujxhv wkdw e| frqwlqxlw|/ �|W ' 71 Vlqfh wkh vroxwlrq ri wkh gl�huhqwldo

htxdwlrq lv

�| '

%
K

@� eE|3��jK

&�*j

wklv frqglwlrq lpsolhv

� ' |W �
�

jK
*?E@� K73j��

Khqfh

�| '

%
K

@� eE|3|W�jKE@� K73j�

&�*j
� +:,

Exw frqwlqxlw| ri wkh sulfh ohyho dovr uhtxluhv wkdw

�A '

%
K

@� eEA3|W�jKE@� K73j�

&�*j
�

Jlyhq wkdw zh douhdg| kdyh d vroxwlrq iru �A wklv htxdwlrq fdq eh uhduudqjhg dqg vroyhg iru

|W=

|W ' A �
�

jK
*?

#
@� K�3j

A

@� K73j

$
� +;,

Wklv lv rxu qhz jxhvv iru |W dqg zh jr edfn wr vwhs 51 Zkhq rxu jxhvv vwrsv fkdqjlqj/ zh

vwrs lwhudwlqj ryhu |W1
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6 Vroylqj iru 7S frqglwlrqdo rq >

Deryh zh vkrzhg krz wr vroyh iru 7� / |W/ S/ �A / |
W/�W/ @ dqg K/ jlyhq > dqg 7S1 Lq wklv vhfwlrq

L vkrz krz wkh plggoh orrs ryhu 7S zrunv1 Zh xvh elvhfwlrq lq wklv orrs1 Zh +krshixoo|,

eudfnhw wkh vroxwlrq ehwzhhq wzr ydoxhv 7S, dqg 7S�/ wkhq pdnh dq lqlwldol}h wkh orrs e| jxhvvlqj

wkdw

7S '
�

2
7S, n

�

2
7S��

Frqglwlrqdo rq wklv jxhvv zh vroyh/ dv deryh/ iru ru 7� / |W/ S/ �A / |
W/ �W/ @ dqg K1 Wkhq zh

gh�qh d yduldeoh �SA ' *�4|�A S|1 +Wklv lv p| qrwdwlrq iru wkh olplw iurp wkh ohiw1, Qrwlfh wkdw

vlqfh �| ' �W iru |W � | 	 A dqg ehfdxvh wkh sulfh ohyho lv d frqwlqxrxv ixqfwlrq ri wlph

dw A / zh kdyh

�SA ' �W*�A c +<,

iurp wkh fdvk0lq0dgydqfh frqvwudlqw1 Ri frxuvh/ lw*v dovr wuxh wkdw �SA ' *�4|�A 6|1

Zkdw zh zdqw wr gr qh{w lv hydoxdwh wkh krxvhkrog*v olihwlph exgjhw frqvwudlqw jlyhq

rxu jxhvv/ 7S1 Gluhfwo| iurp wkh sdshu/ wkh krxvhkrog*v olihwlph exgjhw frqvwudlqw lv jlyhq e|

Kf n _f n
] "

f
e3o|E+ n �| n o�*7|�_| '

] "

f
e3o|ES| n � n Z|6| n �6|�_|n

[
�MU

e3o�{6�� +43,

Zh uhduudqjh wklv vr wkdw lw lv

Kf n _f n
] "

f
e3o|E+ n �| � ��_| '

] "

f
e3o|ES| � o�*7| n Z|6| n �6|�_|n

[
�MU

e3o�{6�� +44,

Jlyhq zkdw zh nqrz/ vr idu/ derxw wkh vroxwlrq/ zh fdq vlpsoli| wklv frqvlghudeo|1 Zh kdyhU"
f e3o|+_| ' +*o/

U"
f e3o|�|_| ' �*o n �/ dqg

U"
f e3o|�_| ' �*o1 Khqfh wkh ohiwkdqg vlgh ri

+44, lv jlyhq e|

uM7 ' Kf n _f n
+ n � � �

o
n � +45,

Zh euhdn wkh uljkw kdqg vlgh lqwr 7 slhfhv1 Frqvxpswlrq vshqglqj=

-M7� '
] "

f
e3o|S|_|

'
] |W

f
7Se3o|_|n

] A

|W
S|e

3o|_|n
] "

A
Se3o|_|

' 7S
�

o

�
�� e3o|

W

�
n�W

] A

|W
�3�
| e3o|_|n S

�

o
e3oA +46,

Iorz vhljqrudjh=

-M72 '
] "

f
e3o|EZ|6| n �6|�_| '

] "

f
e3o|E ��|*7|�_|

'
] |W

f
e3o|E ��|*7|�_|n

] A

|W
e3o|E ��|*7|�_|n

] "

A
e3o|E ��|*7|�_|
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'
] "

A
e3o|>S_|

' >S
�

o
e3oA � +47,

Mxps vhljqrudjh=

-M7� '
[
�MU

e3o�{6� ' {6f n e3o|
W

{6|W n e3oA{6A

'
7� ��

7
n e3o|

W�W � 7�

7
n e3oA

�
�A

�A

� *�4
|�A

6|

�

' 7S� Sn e3o|
W

�
�W

7
� 7S

�
n e3oA ES� �SA � +48,

dqg wkh qhz suhvhqw0ydoxh ri wkh frqvro sd|phqwv=

-M7e '
] "

f
e3o|o�*7|_| ' o�

] "

f
73�| e3o|_|

' o
�

7

] |W

f
e3o|_|n o�

] A

|W
�3�
| e3o|_|n o�

] "

A
S�3�

A e3>E|3A �e3o|_|

'
�

7

�
�� e3o|

W

�
n o�

] A

|W
�3�
| e3o|_|n o

�

�A
e>A

] "

A
e3Eon>�|_|

'
�

7

�
�� e3o|

W

�
n o�

] A

|W
�3�
| e3o|_|n o

�

�A

�

o n >
e3oA +49,

Wkh olihwlph exgjhw frqvwudlqw ehfrphv

uM7 ' -M7� n-M72 n-M7� � -M7e +4:,

Zh hydoxdwh wkh wzr vlghv ri +4:,1 Zh xvh qxphulfdo lqwhjudwlrq wr hydoxdwh wkh lqwhjudo

wkdw dsshduv erwk lq +46, dqg +49, nqrzlqj wkdw �| kdv wkh ixqfwlrqdo irup jlyhq lq +:, iru

|W 	 | 	 A 1

Wkh ohiw0kdqg vlgh lv uhvrxufhv/ wkh uljkw kdqg0vlgh lv vshqglqj/ vr wr vshdn1 Vr li uM7 	

-M7 rxu jxhvv ri 7S lv wrr odujh/ dqg zh vhw

7S?e� '
�

2
7S, n

�

2
7S

7S?e�� ' 7S

dqg zh lwhudwh1 Rq wkh rwkhu kdqg li uM7 : -M7 rxu jxhvv ri 7S lv wrr orz dqg zh vhw

7S?e� '
�

2
7Sn

�

2
7S�

7S?e�, ' 7S�

Hyhqwxdoo| +krshixoo|, wkh lwhudwlrqv frqwlqxh wr d srlqw zkhuh uM7 � -M7/ dqg zh vwrs1
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7 Vroylqj iru >

Qrz zh fdq ghvfuleh wkh rxwhu orrs ryhu >1 Djdlq/ wklv orrs zrunv e| elvhfwlrq1 Zh

+krshixoo|, eudfnhw wkh vroxwlrq ehwzhhq wzr ydoxhv >, dqg >�/ wkhq pdnh dq lqlwldol}h wkh

orrs e| jxhvvlqj wkdw

> '
�

2
>, n

�

2
>��

Jlyhq wklv jxhvv zh wkhq uxq wkh 7S0orrs/ zklfk qhvwv wkh |W0orrs1 Vr qrz zh kdyh vroxwlrqv

iru 7� / |W/ S/ �A / |
W/ �W/ @ dqg K/ dqg 7S jlyhq >1 Qh{w zh hydoxdwh wkh olihwlph jryhuqphqw

exgjhw frqvwudlqw zklfk lpsolhv wkdw

� '
] "

f
E �6| n Z|6|�e

3o|_|n
[
�MU

e3o�{6� n
�

7
�

] "

f

o�

7|
e3o|_|

Qrwlfh wkdw zh fdq xvh wkh uhvxowv +47,/ +48, dqg +49, iurp deryh wr zulwh wklv dv

� ' -M72 n-M7� �-M7e n�*7�

Wkh ohiw0kdqg vlgh ri wklv htxdwlrq lv wkh �vfdo reoljdwlrq gxh wr wkh lqfuhdvh lq wudqvihuv/

wkh uljkw kdqg0vlgh lv h{wud uhyhqxh1 Vr li � 	 -M7 rxu jxhvv ri > lv wrr odujh/ dqg zh vhw

>?e� '
�

2
>, n

�

2
>

>?e�
� ' >

dqg zh lwhudwh1 Rq wkh rwkhu kdqg li � : -M7 rxu jxhvv ri > lv wrr orz dqg zh vhw

>?e� '
�

2
>n

�

2
>�

>?e�
, ' >�

Hyhqwxdoo| +krshixoo|, wkh lwhudwlrqv frqwlqxh wr d srlqw zkhuh � � -M7/ dqg zh vwrs1

8 Sorwv

Lq sorwwlqj wkh vroxwlrqv iru S| +zklfk lv dovr6|,/ Z|/ K|�s|/ �| dqg 7|/ zh qrwh wkh iroorzlqj

uhvxowv iurp deryh/ dqg vrph pruh ghulyhg khuh1 Zh dozd|v xvh �| ' S|�| ' S|7| wr ghulyh

wkh sdwk ri wkh prqh| vxsso|1

| 	 f

Khuh S| ' S/ Z| ' f/ K| � s| ' Kf � sf dqg 7| ' 71

f � | 	 |W
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Khuh zh qrwh wkdw S ' 7S/ Z| ' f dqg 7| ' 71 Zh qhhg dq h{suhvvlrq iru K| � sf1 Wkh

jryhuqphqw*v  rz exgjhw frqvwudlqw lpsolhv wkdw {sf �{Kf ' {6f dqg wkdw iru f 	 | 	 |W

�K| � �s| ' oEK| � s|� n B n o�*7�

Wklv lpsolhv wkdw wkh jryhuqphqw exgjhw frqvwudlqw uroohg iruzdug iurp f wr | 	 |W lv

K| � s| ' eo|EKf � sf� n
] |

f

�
B n o

�

7

�
e3oEr3|�_rn

� � 7�

7
eo|

' eo|EKf � sf� n Eeo| � ��

#
B

o
n

�

7

$
n ES� 7S�eo|�

|W � | 	 A

Khuh zh qrwh wkdw 7| ' �|/ zkhuh �| lv jlyhq e| +:,/ deryh1 Dovr/ uhfdoo/ iurp deryh/ wkdw

+:, zdv ghulyhg iurp wkh gl�huhqwldo htxdwlrq ��| ' @� �nj
| � K�|1 Vlqfh Z| ' ��|*�| zh qrwh

wkdw wklv phdqv

Z| ' @� j
| � K

' @
K

@� eE|3|W�jKE@� K73j�
� K�

Vlqfh �| ' �W zh kdyh S| ' �W*�|1 Vlqfh �| ' �W iru |W 	 | 	 A / wkh  rz exgjhw

frqvwudlqw iru |W 	 | 	 A lv

�K| � �s| ' oEK| � s|� n B n o�*7|

Wklv phdqv wkdw wkh exgjhw frqvwudlqw uroohg iruzdug iurp |W wr | 	 A lv

K| � s| ' eoE|3|
W�EK|W � s|W� n

] |

|W
EB n o

�

7|
�e3oEr3|�_r

' eoE|3|
W�E[�

�

7
� n deoE|3|

W�
� �o

B

o
n o�eo|

] |

|W
�3�
| e3or_r�

Wkh lqwhjudo fdq eh frpsxwhg qxphulfdoo| mxvw dv zh frpsxwhg
U A
|W �

3�
| e3or_r/ deryh1

| � A

Khuh zh qrwh wkdw S| ' S/ Z| ' > dqg 7| ' �| ' �A e
>E|3A �1 Iurp wkh suhylrxv vxevhfwlrq

qrwlfh wkdw

' � *�4
|<A

K| � s| ' eoEA3|
W�E[�

�

7
� n deoEA3|

W�
� �o

B

o
n o�eoA

] A

|W
�3�
| e3or_r�

Wkhq dw gdwh A wkh exgjhw frqvwudlqw kdv d mxps/ vr wkdw

KA � sA ' '�{6A ' 'n
�W

�A
�

�A

�A
' 'n �SA � S�

:



Iru A 	 | 	 A � +dqg zh dozd|v ljqruh A �, wkh  rz exgjhw frqvwudlqw lv

�K| � �s| ' oEK| � s|� n B n o�*7| � �6| � Z|6|

' oEK| � s|� n B n
o�

�A

e3>E|3A � � >S�

Khqfh wkh exgjhw frqvwudlqw uroohg iruzdug iurp A wr | 	 A � lv

K| � s| ' eoE|3A �EKA � sA � n
] |

A

�
B � >Sn o

�

�A
e3>Er3A �

�
e3oEr3|�_r

' eoE|3A �E'n �SA � S� n deoE|3A � � �o
B � >S

o
n

o�

�A

�

>n o
deoE|3A � � e3>E|3A �o�

;


