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1. Key Elements of the Model

Government Transfers We assume that the economy is in initially in a steady state
with a constant flow of lump-sum transfers from the government to households equal to v.
Initially agents assume that this constant flow will persist indefinitely. At time 0 agents
learn about a future increase in lump-sum transfers beginning at time 7" > 0. Specifically
we assume that

nw=v for0<t<T,
v >v fort>T.

and

/Ooo e (0 — v)dt /oo e (0 —v)dt = 6> 0. (1.1)

/

Thus, ¢ denotes the present value of the increase in transfers.

Money Demand We assume that the demand for money takes the familiar Cagan form:

M,

(==t
n(Pt

) =In(0) + In(y;) — nRs, (1.2)

where M, is nominal money balances, P; is the consumer price index, y; is real GDP, and R;
is the nominal interest rate. Since our model is one in which agents have perfect foresight

from period 0 forward, we have R; = r + 7; where 7, = dIn(P,)/dt = Pt/Pt
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Tradables and Nontradables We allow for two types of goods: tradable goods whose
wholesale price is given by P!, and nontradable goods whose price is given by PNT. We
assume that selling a unit of the tradable good in the domestic market requires the use of

8 units of the nontradable good.! Hence, the retail price of tradables is given by P! +§PNT.

The Consumer Price Index The CPI is defined as the geometric average of the price of

nontradables and the retail price of tradables:

Pt = (PtT + (SPtNT)w(PtNT)l_w.

Purchasing Power Parity We assume that PPP holds for the wholesale price of tradable
goods: Pl = S;PI* where S; is the nominal exchange rate expressed as units of local
currency per unit of foreign currency, and PI* is the foreign price of tradable goods. To
simplify we normalize the foreign price of tradables to one, i.e. we let P* = 1. Hence PPP

implies
.F)tT — St'

Local Price Stickiness Motivated by the data we assume that P¥7 = 1 until some period

Ty > 0. At time 77 the price of nontradables will start growing at the same rate as P;.

The Time of a Speculative Attack We use the notation ¢* to denote the time at which
the speculative attack against the local currency takes place, and the fixed exchange rate

regime is abandoned.

The Path of Output To model the effect on government finances of a possible recession
in the wake of a speculative attack, we assume that the level of output is constant and equal
to y until ¢*. Between periods t* and t* + A we assume that output declines exponentially
at the rate p. Then from t* + A to t* + 2A we assume that output increases exponentially
at the rate p. From t* 4+ 2A forward, we assume that output is once again constant at the

level y. To summarize

'We think of the nontradables as providing distribution services in the retail sector.



Y for0 <t<t*

) yertt) for t* <t <t*+ A (13)
YT\ giacl ) for  H A <t < t* 4 2A :
Yy for t > t* + 2A.

Government Debt The government that has two types of debt. Dollar-denominated debt
is denoted by b;. This debt earns the interest rate r in dollar terms, or Ry, = r + 77 in local
currency terms. Here 77 = PT /P, denotes the inflation rate for the wholesale price of
tradables.

In addition, we assume that prior to time 0 the government had issued D consols, yielding
a constant coupon denominated in local currency. These nominal bonds were issued before
agents learned about the increase in transfers. The coupon rate is equal to the nominal
interest rate before the shock—since expected inflation was zero before the shock, this implies
that the value of the bond is the same as its face value. To simplify our notation we assume

that all debt issued after time 0 is dollar-denominated.

Government Spending In addition to the transfers, v, referred to above (which we
assume are measured in units of the tradable good), we imagine that the government has
additional spending commitments. We assume that the government purchases a constant
quantity of tradable goods, g7, at the price PT. Furthermore, we assume that the government
is commited to purchasing a constant quantity of nontradable goods, gV, at the price P72
Finally, we assume that the government has some transfer commitments denominated in units
of local currency, Z;.> Total real spending by the government, exclusive of v;, measured in
units of the tradable good is g7 + (PNT¢gNT + Z,) /P, For symmetry we will assume that Z;

is constant at the level Z until some time To > T;. After time T5 it increases exponentially

at the same rate as P;.

Taxes We assume that the government raises tax revenue at a constant rate 7, so that

revenue in units of local currency is given by P Ty;.

20One example of such a commitment might be the government wage bill.
30ne example might be social security payments.



The Government Budget Constraint The government’s flow budget constraint for

t>0is
Bt = RtBt + rD + PtT(gT + vy — Tyt) + PtNTgNT + Zt — Mt-

where B; = Ptht is the local-currency value of the dollar-denominated bonds. This implies

that

PNTNT+Zt 7 -

rD
+ gt v — Ty + BT —m, —mm (1.4)
t

bt = Tbt + —= PT
where m! = M, /P! is real balances in units of the tradable good.*

At some points in time, ¢ € I, the money supply may jump discretely, although the
price level will not. At such instants in time, the government’s budget constraint is AB; =

—AM,;, where AX; is the magnitude of the jump in variable X;at time ¢. It follows that

Initially Sustainable Government Finances We assume that before the shock at time
0, a fixed exchange rate regime in which S; = S for all ¢ would have been sustainable. By this
we mean that with S, = S, v, =v, Z, = Z, y, = y for all t, the paths of PT, PNT | P,) M, and
by would all be constant with PT' =S, PN =1, P,= P = (S+6)*, My = M = (§e™™) Py
and b; = by, such that

T+ Z

r(b0+D/S):7'y—gT— 3

(1.5)

The Threshold Rule Under the fixed exchange rate regime, the government must acco-
modate money demand. We assume that the government immediately abandons the fixed

exchange rate regime if money demand falls to the level e XM for x > 0.

New Monetary Policy Given the increase in transfers announced at time 0, we assume
that the government implements a new monetary policy. At some period T" > 0 we assume

that the government increases the money supply to the level My = e?M for some v > 0.

4To see that this condition follows, notice that the budget constraint implies

B, rD PNTgNT + 7, M,

PT _Rbt+PT +g +’Ut_7'yt+P—tT—P—tT-

Since By = by PT" we have B, = btPtT —|—btPtT and Bt/PT = b, +m1bs. Similarly, Mt/PT = 1y + 7 'my. Since
R =r+7/, the equation in the text follows.



Furthermore, we assume that from date T forward, the money growth rate is u, so that
M, = Mpet®T) for t > T.

What about the period prior to 77 Initially the government keeps the exchange rate
fixed. Suppose the exchange rate stays fixed up to time ¢t*. Then for 0 <t < t*, M; = M.
As we saw above, the government would abandon the fixed exchange rate regime at time t*
if money demand fell to the level e ™¥M. We assume that for t* < ¢ < T the money supply

remains at this level.
Timing We assume that 75 > T} > T and that 7" > T.

2. Solving the Model

To solve the model we calculate t* given the various parameters describing the economy
and government policy. It turns out that given all the other parameters, the parameters of
monetary policy cannot be set arbitrarily. For example, given arbitrary values of T" and ~, the
value of p is restricted by the condition that the government must satisfy its lifetime budget
constraint. Hence, in this case, we must solve simultaneously for u and t*. Alternatively we
can set T" and p and solve for v and t*.

Fortunately we can obtain a closed-form solution for ¢* in terms of an arbitrary choice
of p, v and T' (and other parameters). This considerably simplifies the process of finding a
(u,,T) triple such that the government’s lifetime budget constraint is satisfied.

In this section, we first describe how we solve for t*. We then describe our numerical

algorithm for obtaining, say, the value of u, given arbitrary values of all the other parameters.

2.1. Solving for t*

The key equation in determining the time of the speculative attack is the money demand
function, (1.2), which can be used to solve for the price level for any time ¢ at which exchange

rate is floating. Notice that (1.2) can be rewritten as a differential equation in p; = In B;:
pe = nr —In6 +In(My/y:) + npe.
It follows that

InP,=nr—Ind+ . / e~ In(M, /ys)ds. (2.1)
n

t



is the solution.?

By definition, the currency is floated at time t*, so that

1 [> .
InPe=nr —1Inf+ - / In(M, /ys)e~“)/ds. (2.2)
1

t*
The instant before the currency is floated, we know, from above, that money demand is

given by
InM—-InP=In6+Iny—nr. (2.3)

Furthermore, we know that the absence of arbitrage opportunities in currency trading re-
quires that S = S. This combined with the fact that PYT = 1 implies that P = P =
(S+06)“. Hence ln P« =In P =nr —Inf +1In M —Iny. Combining this result with (?7), we
get
InM—Iny = %/OO In(M, /y,)e~ 7t nds
t

*

1 [ . 1 [ .
= —/ In Mye~=4)/ngs — —/ Iny,e” )/ ds, (2.4)
nJe U

. .

Our next step is to evaluate the two integrals on the right-hand side of (2.4). The first
of these integrals depends on the path of the money supply after the speculative attack.
The monetary policy rule we described above implies that M; = e XM for t* <t < T, and
M,; = exHE=T) M for t > T.5 Hence, the first term on the right hand side of (2.4) is

1 *° " 1 T . 1 00 X
_/ In Mse*(S*t )ngg — _/ In Msef(s—t )nds 4+ _/ In Msef(sft )/n s
N J n Je nJr

In the appendix we show that this can be rewritten as

1 > * * *
— / In Mye==)/Mds =In M — x [1- e (Tt )/"} + (7 + pn)e” T/, (2.5)
nJt

*

5To verify that this is indeed the solution differentiate both sides with respect to ¢ to obtain
, — L L (% 0y
pr = —=In(M/y:) + - € "n(M;/ys)ds
n n-Ji
which implies

1 o0
we =~ -+ [ e ) ds
t

= —In(Mi/y:) +pt — a.

SImplicit in this description is the assumption that a solution for ¢* such that ¢* < T exists. We will see
that this assumption is valid.



The second integral on the right-hand side of (2.4) can be evaluated using (1.3) as follows:
1 [ . I .

—/ Iny,e (=t)/nds = —/ In y,e=)/Mds +

nJe nJt

1 t*4+2A . 1 %)
—/ Inyse /Mg + —/ Iny.ds
N Je=+A N Je+2n

*

In the appendix we show that this can be rewritten as
1 [ X
— / Inyse 1 /ds = Iny — pn (1- e_A/")2 : (2.6)
n J

Subsitituting (2.5) and (2.6) into (2.4) we get

x— o (L= &M = (x + 7+ pm)e T/,

This equation can be solved for t*. The time of the speculative attack is given by

(2.7)

f:T_nm[ X+ + ]

X — o (1 —e2/n)?

Since the numerator is positive, we must assume that

X > o (1—e2m)°

in order to obtain a solution for the time of the attack. Second, notice that if a solution
exists t* < T since the numerator is larger than the denominator. Finally, note that if the
solution implied by (2.7) is less than 0, the attack happens immediately, i.e. t* = 0.

In the case where there is no post-attack recession, the second term in the denominator

is zero. That is
t* =T —nln {—x+7+un] )
X

This means that the attack happens sooner if there is a post-attack recession than it would
if output was constant. The reduction in output is a negative money demand shock. This
means that if we keep the path of money constant, there is more inflation than in the model
with constant output. These higher rates of inflation translate into a quicker attack.

This completes our determination of the time of the attack. We turn next to our analysis

of the government’s lifetime budget constraint.



2.2. The Government Budget Constraint

Above, we noted that the government’s flow budget constraint is given by (1.4). We also
noted that if we allow for jumps in real debt at specific points in time, these will satisfy:
Ab; = —AmI. Given our description of monetary policy, we know that the dates at which
such jumps occur are t* and T'. Using this fact and (1.4), in the appendix we show that the

government faces the following intertemporal budget constraint:

0o rD PNT NT + VA )
by = —/ [—T—FQT—l—vt—TymL—t gT t—m;‘r—ﬂfmtT e "tdt +
o LE B
e " AmL + e T Am?. (2.8)

The last two parts of this expression reflect the jumps in real balances (and government
debt) occurring at times t* and T'.
In the appendix we show that (2.8) can be rewritten as

¢ = / (! +7lmD)e ™ dt + e AmL + e T AmE —
t

*

t*4+2A oo NT NTPNT
7'/ (y —y,)e "dt + / g_ 9 e "dt +
t* t* S St

° (7 Z\ _. “/rD rD\ _,
/t* <S St)e dt—l—/t* <S St)e dt. (2.9)

The left-hand side of (2.9) is the present value of the increase in lump-sum transfers (of

tradables) due to the shock at time 0. The right-hand side of (2.9) represents the different

sources of revenue generated or lost during and after the speculative attack at time t*:

(i) the first three terms on the right hand side, [2° (] +7f m{ )e " dt+e~ ™" Ami+e T AmZ,
represent the present value of seignorage,

(ii) the fourth terms on the right hand side, —7 |, rea (y — y)e~"dt, is present value of tax
revenues lost as a result of the post-crisis recession,

(iii) the fifth term, g™ [°(1/S — PNT/S;)e~"'dt, represents the reduced cost of the govern-
ment’s spending on nontradables,

(iv) the sixth term, [°(Z/S — Z,/Si)e""dt, represents the reduced cost of the government’s
local currency transfer commitments, and

(v) the seventh term, rD [2°(1/S — 1/S;)e""dt, represents the devaluation of the govern-

ment’s nominal debt obligations acquired before the shock at time 0.

In the appendix we show that parts of (2.9) can be obtained analytically, while others



must be calculated numerically. We turn next to a description of our algorithm for solving

the model.

3. Algorithm

We calibrate many of the parameters describing our economy. The full list of parameters
that we calibrate is n, x, A, ¢, . Let the vector containing all these parameters be W. We
calibrate the parameters in ¥ with reference to empirical evidence for each of the countries
we examine. The remaining parameters are those describing the post-crisis monetary policy:
T, v and u. As we stated before, if the expression for t*, (2.7), is substituted into (2.9), the
resulting equation is of the form f(W,T,~,u) = 0. Hence, given calibrated values of ¥, T
and 7, (2.9) can be solved for u. However, this must be done numerically. Our algorithm

for finding the equilibrium value of pcan be described as follows:

1. Fix ¥, T and 7 and guess a value for p,
2. Use (2.7) to compute t*,

3. Subsitute ¢* into (2.9). If the two sides of (2.9) are approximately equal—within
some small tolerance—u is the solution and the algorithm stops. If they are not, the

algorithm iterates by repeating step 1.

Once the algorithm has converged, we have the equilibrium values of the time of the

attack, t*, and the new steady state money growth rate, p.

4. Appendix

4.1. Some Useful Formulas

Here we derive expressions for fab e~(5=9/1ds and fab se~(=9/n1ds. First, we note that for any

function e¥®

/ewwdaj =C+e¥" 9 (4.1)

and

/ e’ dy = O + (x — 1/9) (% /3) (4.2)



where in each case C' is some arbitrary constant of integration. It is straightforward to verify
these solutions. Notice that the derivative of the right-hand-side of (4.1) with respect to z
is e¥*, while the derivative of the right-hand-side of (4.2) with respect to z is ze¥?.

b b
/ =0/ _ ot/ / =5/
a a

= cn(pe i)
= —net/"(e_b/" — e_a/") (4.3)

b b
/ se~5=/ngg = et/n / se*/"ds
a a

= (s +n) (=ne M
= —ne"(b+n) e — (a+n)e ). (4.4)

Hence we can write

and

4.2. Solving for t*

In the section on solving for ¢* we need simplified expressions for the following integrals:
nt [ In Meem =) /ds and n7t [ Iny,e”)/1ds. We have

1 0 . 1 T . 1 0o §

~ / In Mye™¢")/ds = — / In Mye =/ 4 = / In Mye=C=t)/nds.

nJi nJe nJr
Since M; = Me X for t* <t < T and M, = Me"™*(=T) for ¢ > T this becomes

*

1 [T , 1 [ )
= _/ ln(e*XM)ef(sft )/nds + _/ ln[e'yﬁu(sz)M]ef(s—t )/nds
t

N Ji nJr
T o0 o0
_ ImM-—x / e (6=t /ngg 4 Mty = pl / e (=g 4 B / se” 57t/
n t n T nJr

= WM —x)[1—e T/ 4 (In M+~ — pT)e” T 4 e T )

In the last line we have used (4.3) and (4.4) derived above. Simplifying our expression

further, we have

1 o0 * * *
—/ In Mye= 1) /nds = In M — y [1 — e (Tt )/’7} + (v + ,un)e_(T_t )/n
nJs

We also have:

1 [ . 1 e .
—/ Iny,e =)/nds = —/ In yee~ )/ Mds 4
nJt t

* n
1 t*4+2A . 1 [e%)
—/ Inyze )/"d8+—/ Iny,ds
N Jet+n N Je42n

*

*

10



Using (1.3) this becomes

1 t*+A t*+2A
_ 1 / Infye—re—t e~ 6—t/ngs 1 L / Iy, p P+t g 4
N J N Ji4+A
1/ Inye~ =t/ s
N Jt2n
* t*+A t*+A
_ Iny+pt / ==t gg _ P / se~ (=g 1
n t n Ji
* t*+2A t*+2A
Iny — p(t* +24) / oty 4 P / se ) gg 1
n A N Je=+A
Iny o—(s=t) /g
N Jet2a
00 * t*+A * t*+2A
_ Iy 7 emgy P / et /gy _ P+ 24) / ) ngs _
Ui 1 n Je n t*+A
N t*+2A
P / se Gt mgg 4 P / etV
N Je nJe+a

Once more, we can use (4.3) and (4.4) to show that this means

% /OO Iny,e ¢ /ds = Iny— pt* [e‘A/'” — 1]+ p(t* + 24) {[e‘m/" — e_A/'”]}
"
ol A e — @+ )]}
+% (ot + 20 + )e 221 — (¢ 4 A+ n)e=d/m)
= Iny—pn (1 — e’A/")z.
4.3. The Government Budget Constraint

We consider two cases: t* = 0 and ¢t* > 0.

4.3.1. When t* > 0

Notice that (1.4) can be rewritten as b, = rb, + x; where

PN+ 7,
+9" o — Ty + ng Ll —7Tm?!
i

rD

CF

Ty

T

Multiplying through by e ™ we have be™™ = rbe" + z,e~ . Notice that this means

/l}te_rtdt:/ rbte_’"tdt—l—/ xe "dt. (4.5)

11



The standard rules of integration by parts imply that

/ bee "tdt = e 7"thy|S + r/ bre "dt. (4.6)

Combining (4.5) and (4.6) we have

e S = / ze " dt. (4.7)
If we let a =T and ¢ = oo we have

lim e ", — e " Tbyp = / xe "dt.
T

t—o0

If we impose the no-Ponzi scheme condition, lim;_,. e "*b, = 0 we obtain

[e.e]
e by = —/ ze "t (4.8)
T

Notice that by is the level of debt immediately after the jump in the money supply at time
t. That is by = lim |7 b;. There is a jump in real money balances at time 7" which we denote

AmZ. Hence if we define by = limy7 b, we know that by — by = —AmZ or
by = by + AmZ. (4.9)

Once again we use (4.7), this time with a = t* and ¢ = T' to write

T

— — * —
e TTbI—e " by :/ xe "dt.
t*

Using (4.8) and (4.9) this implies

T
ey = e’"T(bT—l—Am:‘;)—/ ze "tdt
t*

= —/ zie " dt + e Ami.. (4.10)
t*

Notice that by« is the level of debt immediately after the jump in the money supply at
time t*. That is b+ = lim, 4« b;. There is a jump in real money balances at time ¢* which we

denote Aml.. Hence if we define by = limy« by we know that by — by = —Aml. or
by = by + AmlL. (4.11)
Finally we use (4.7) again, this time with a = 0 and ¢ = t* to write
* t*
e " b — by = / ze "t
0

12



Using (4.10) and (4.11) this implies
by = ot (b + Amg) — /t* ze "tdt
0
= — /oo ze "tdt + e Aml + e Ami. (4.12)
0
We now rewrite (4.12) as
bp = — /OO ze "tdt — /Oo(mt —x)e "dt + e AmL + e T AmE (4.13)
0 0

where x is the value that x; would take on under the sustainable fixed exchange rate regime.
Le.

N+ Z +rD
S )

Notice that (1.5) implies that rby = —z. Hence (4.13) can be rewritten as

=g  +v—Ty+

/ (z, — x)e "dt = e AmL + e AmE, (4.14)
0

Subsitituting in the definitions of x; and z, and noting that P! = S; we get

[e'¢) PNT NT VA D NT VA D
/ {vt—v—T(yt—y)nL R e A e e ) e "t =
0 St S
/ (ml 4+ 7imD)e ™ dt + e AmL 4+ e T Ami. (4.15)
0

We can rearrange this as

/ (v —v)e "t = / (I 4+ 7TmDe ™ dt + e AmL + e T AmEL +
0 0

00 00 PNTgNT gNT
_ thdt . t _ 77"tdt _
/0 (g — y)e /0 ( s, 5 ) e

= é_g —rt _/OO Q_Q —rt
/0 (St S)e dt i (St S)e dt (4.16)

The next step is to simplify (4.16). First, we note that [;(v, — v)e "dt = ¢. Then we

simplify terms on the right hand side.

First term.—It requires us to evaluate [;~ (] +m{ m{ )e "dt. Recall that for 0 <t < ¢*
we have M; = M and S; = S, hence 1 = n{ = 0. For t > Ty, (1.2) implies that m{ = m1,
and we know that 77 = . Hence we have

e T MmT
/ (! +almle dt = / (! +almIe tdt + L
0 t* r

13



At this point it is convenient to note that
ml +alm!I = M,/S, — (M,/S?)S, + 7I'm? = M,/S,.
For t* <t < T, M, = Me X so that M, = 0. Also, for t > T, M, = uM,, so that

/ (mip + mef)e_”dt = / /mee_”dt + Ty Ty
0 - ,
For T < t < T; we know that M, = Mpet*=T) so that

T o0 1

T T t

implying

<o T T\ —rt r [ (u—r)t [
. —r _ —u p—r 1 ,—rTy
= ILL —_ —_— .
/ (my + mmy e "dt = uMre / e dt + e
0 T St r

Fourth term.—Here, note that

o A ) *+2A )
/ (g —y)e "dt = y/ (e”’(t’t ) — 1)e "dt + y/ (e”(t’t )72 _ L)e "dt
0 t

*

t*+A

t*+A t*+2A t*+2A
= yept*/ e~ rtotgs 4 ye(pt*+2pA)/ e~ (r=ptgp _ y/
¢ t

*

t*+A

Using (4.3) we have

*

t*+A ept*
yept* / ef(rer)tdt - _ Y [ef(r+p)(t*+A) — ei(r+p)t*]
o r+p
= ye " tme ™ e e
r+p ’
t+2A —(pt*+2pA
e (ot +20) / gy yerY [ P +28) _ o~ +8)]
A r—p
. [6(r+p)A _ 62Ar‘|
—_= ye
r—=p
and
t*+2A
y/ e "tdt = _g [efr(t*+2A) _efrt*]
t* /r‘
. 1— e—r2A
= ™y {—] )
r

14
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This means

/ (y: — y)e "dt = —e " yA, (4.17)
0

where

1— e—TQA 1— e—(r+p)A e—(r—l—p)A _ 6—2A7'
A, = _ _
Y T r+p rT—p

Notice that A, does not depend on the parameters of monetary policy. It measures the
percentage of the present value (at time ¢t*) of output that is lost as a result of the post-attack
recession. Thus, the fourth term is given by [;° 7(y, — y)e "dt = —re ™ yA,.

Fifth term.—For the fifth part of (4.16) we have

00 PNT NT NT o] PNT 1
/ t 9 _ 9 e—rtdt — gNT / t e—rtdt =
0 Sy S 0o St rS
t* 1 T 1 00 PNT 1
NT —rt —rt t —rt
= — dt — dt —_ dt —— | .
g (/0 s¢ 4T 5e +/T1 s, ° rs)

For t > T, recall that PNT grows at the same rate as P;. This implies that PN /S, = 1/Sp,

for ¢t > T,. Hence we have

o) PtNTgNT gNT " N 1 . T 1 1
- — dt — T ___— _—rt + / - —rtdt —rTy )
/0 ( S, s )€ g g° AT

We evaluate the remainder of this expression numerically using the solutions for the path of

the exchange rate described above.

Sixth term.—The sixth part of (4.16) is

(7 Z\ _, /“Ztt 7z

— — = |e"dt = —e "dt — —

/; (St S) 0 St Sr
t*Z

A ~ 7z 7
— Zertdt + / et + / ety — 2
/0 S t* St T2 St ST

7 B Z
— _Z T VA _ frtdt = —ry )

In the last line we have used the fact that Z; grows at the same rate as P, (and S;) for ¢t > T5.
We evaluate the remainder of this expression numerically using the solutions for the path of

the exchange rate described above.
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Seventh term.—The seventh part of (4.16) is

< (rD rD\ _, /°° 1 ., 1 )
—— — e "dt = rD —e "'dt — —
/0 <St S > < 0 St ’I”S
1 i | 1
= rD —e_’"tdt+/ —e_’"tdt+/ —e_’"tdt——>
</0 S t* St Tl St TS

T 1 o)
e(l”f’”)tdt)

]. * ].
= rD|——e " ¢+ —e”dt—l——e”Tl/
< TS t* St ST1 T

D 1 —rt* + /Tl 1 —rtdt + 1 —rT1
= r ——€ —€ — €
TS t* St (/—L + T)STI

We evaluate the remainder of this expression numerically using the solutions for the path of

the exchange rate described above.

4.3.2. When t* =0

The analysis in the previous subsection applies up through equation (4.9). Then we use

(4.7), this time with a = 0 and ¢ = T to write

T
e or — by = / ze"tdt,
0

where by = limy | b;. Notice that by is the level of debt immediately after the shock and jump
in the money supply at time 0. Using (4.8) and (4.9) this implies

T
by = eTT(bT+Am%)—/ ze "dt
0
= —/ ze "dt + e T Am. (4.18)
0

There is a jump in real money balances at time 0 which we denote Am". This means that

bo = by + Aml. (4.19)
So finally we have
bp = — /OO zie "t dt + AmE + e T Aml. (4.20)
0
Since rby = —x we can rewrite this as
/Oo(mt —x)e"dt = e Aml + e Aml. (4.21)
0

16



This means that when t* = 0, we can once again use equation (4.16). As before wemust
then simplify (4.16). First, we note that [;* (v, — v)e "dt = ¢. Then we simplify terms on
the right hand side.

For the first term on the right hand side we may again write

o) T ,umT
/ (i +mm] e "dt = / (ml +7I'mDe~"tdt + e,
0 0 r
Once more, we note that m! + 77m!l = M,/S,. For 0 <t < T, M; = Me™X, the level of
money balances right after the speculative attack, so that M; = 0. As above, we end up
with
[e.e] T1 1 mT
/ (m! +xl'mI)e "t dt = pMpe T / — ety ¢ F —rmy
0 T t r
For the fourth, fifth, sixth and seventh terms we get identical expressions as before, while

noting that ¢* = 0.

4.4. Summary of Formulas that Must be Computed Numerically

In the first part of the formula we need (1) TTl Sy tew=mtdt and (2) Sy since mi, =
M} /S, = Me t#i=1) /S, . In the second part of the formula we need Am. which is
(Me X —M)/S for the case where t* > 0 but is (MeX/S;— M/S), where S5 = limy ¢ S, for
the case where t* = 0. Hence we need (3) Sp in that case. In the third part for the formula
we need AmZ which is (Me” — Me™X)/Sr which means we need an expression for (4) Sr.
In the fifth part of the formula we need the expression for (5) t:fl S;te~rtdt. In the sixth

" §-1ertdt and (7) Sp,. To evaluate these expressions we

part of the formula we need (6) ..

must solve for the path of prices.

4.5. Determining Prices

4.5.1. Determining the CPI

Since, by assumption, PNT = 1fort < Ty and T} > T > t*, we have P, = (S+6) for t < t*.
Since the exchange rate must follow a continuous path (when ¢t* > 0) we also have S = S
and P = (S 4+ 0)“. Of course, if t* = 0, we need to solve for the price level as below.

As we saw above, once the currency is floated, and for all ¢ > t*, the price level is
determined by (2.1), which we rewrite here:

1 o0
InP=nr—Inf+ - / e~ /M n (M, /y,)ds.
n

t
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We consider three cases each of which has subcases.
Case 1.—t > t* 4+ 2A. In this case this (2.1) can be written as

InpP, = nr—ln@—l—l/ e~ /M n(M, /y)ds
nJe

1 [~ 1 >
= nr—Inf+ - / e~ =D/ n M,ds — =Y e~ =D/
nJe nmJe

1 o0
= nr—Inf+— / e~/ n M,ds — Iny.
nJi

a.) t > T. With this additional assumption we have M, = Mpet=T) for s > t. Hence,

In Mp — puT [ o0
P, = pr—Inf—lny+—" " / e 0mgg 4 1 / se— =0/
N ¢ nJi
= pgr—Il—Iny+InM+~vy+un+ult—T)

= InP+y+pun+pt—T)

b.) t* +2A <t < T. With this additional assumption we have M, = Me X. Hence,

In M — T
InP, = nr—lne—lny+u/ e~ (s=0/ngg 4
n t

In Mr — uT /OO e(=0/gs 1 K /OO se” D/
n T nJr

= nr—Inf—Iny+ (InM — x)[1 - e(t—T)/n] +(InM + v+ lm)e(t_T)/”
= InP—x+ (y+x+pn)et 0.

Case 2—t* + A <t < t*+2A. In this case this (2.1) can be written as
L R
InP, = nmr—Ind+ - e "In Myds —
nJe

1 t*+2A 1 %)
— / e~y ds — = / e~/ nyds
nJ N Je=+2a

1 o0
= npgr—Inf+ — / e~ =D/ n M,ds —
nJi

1 t*+2A . 1 0o
1 / e (-D/ g {yer 28N g _ L / e~ =0/ 11 yds
nJt N Jix42n

where we have substituted in the definition of y, for t* + A < s < t*4+2A. Our last equation
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can be rewritten as

1 [ 1 [
InP, = nr—ln@—{——/ e(St)/nlnMsds——/ e’(sft)/nlnyds—
nJ nJ
0 t*+2A
P / s — (£ + 2A) Dy
nJt

1 o0
= nr—ln@—{——/ e/ n M,ds — Iny +
nJ

* t*+2A t*4+2A
p(t" +24) / o~ gs _ P / so—(=0/n g
n t nJi

Finally, using (4.3) and (4.4) we have
1 o0
InP, = ngr—Inf+ — / e/ n M,ds — Iny +
nJi
p(t* 4 2A) (1 — elt=E 2Ry ol 4 2A 1) el E 2RV _ (4 1))

or

1 o
InP = nr—ln@—l——/ e/ n Myds — Iny +
nJe

p{ el 1} — plt — (¥ + 2A)].

Since the first four parts of this formula are the same as in Case 1, we immediately get the
two subcases.

a.) t > T. With this additional assumption we have

InP, = mMP+vy+pun+put—T)+
p{el A 1} — plt — (t* + 24)).

b.) t* + A <t < T. With this additional assumption we have

P, = InP—x+(y+x+pne "4
p{el A 1} — plt — (t* + 24)).
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Case 3— t* <t < t*+ A. In this case this (2.1) can be written as

1 [ 1 [ttA
WP = pr—Inf+ - / e~ =0/ In Mds — ~ / e M ny,ds
nJ mJe

1 t*+2A 1 0
— / e~ /My, ds — = / e~ /M nyds
nJe+a N Je=v2n

1 [ I .
= nr—Inf+— / e~ =0/ n Myds — — / e~ 5=/ {ye’p(sft )} ds
nJ nJ
L ey ls—(t*+24)] L Ry
— e\ "ln{yeps }ds—— e M nyds
N Je+n N Jix2A
where we have substituted in the definitions of y, for t* < s < t*+A and t*+A < s < t*+2A.

Our last equation can be rewritten as

1 [ 1 [~
InP, = nr—Inf+— / e =0/ Myds — = / e "M Inyds +
nJt t

n
p t*+A P t*+2A
= / (s —t*)e~ e D/mgs — Z / [s — (t* + 2A))e” /(s
nJt M Jt+A
1 o
= nr—an—I—g/ e 70/ n Myds — Iny +
t
x t*+2A x A
p(t” +24) / o—(=/ngs _ P / oD/ 4
n t* A nJ
A t*+2A
P / co—(s—D/ngs _ P / e (/g
nJt N Je+a

Finally, using (4.3) and (4.4) we have

1 o0
InP, = nr—1nf+ —/ e 7/ n Myds — Iny +
nJ
p(t* + 2A) {e[t*(t*+A)}/n _ e[t*(t*+2A)]/n} + pt* (el HANM 1) 4
pAE ) = (7 + A ) el

p{(t* +2A 4 n) el "EFRANM (x4 A 4 ) el THRMY

or

1 [ee)
InP = m‘—lnc9+—/ e~ /M Myds — Iny +
nJt

Since the first four parts of this formula are the same as in Case 1, we immediately get the

two subcases.
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a.) t > T. With this additional assumption we have

InP, = mP+y+un+plt-T)+
on {1 — elt=+2)/n e[t—(t*HA)}/n} + p(t — t¥)

b.) t* <t < T. With this additional assumption we have
InP, = InP—x+(y+x+uneDM4
4.5.2. The Price of Nontradables

For t <Tj, PNT = 1. For t > T}, we have PNT growing at the same rate as P;. Hence, for

t>Ty, PNT/P, = P%YT/PTl = 1/Pr,, implying that PNT = P,/ Pr, .
4.5.3. The Exchange Rate

The exchange rate always satisfies P, = (S; + 6PNT)@(PNT)1=« implying that
S, = {]gtl/w(ﬂNT)1—1/w} - 6PtNT.

4.6. Initial Lower and Upper Bounds for p

Our algorithm uses a simple bracketing method for finding the solution for p given T and
7. The initial lower bound, y, is 0. The initial upper bound is set equal to a value of u that
would likely provide more seignorage than necessary to finance the increased deficit. If we
ignored the effects of the recession, price stickiness in tradables, nominal transfers and debt,
and the jumps in the money supply that take place at times t* and 7', and assumed that
My = M rather than Me?, (2.9) would be

o 1
o= um?/ e "tdt = pmI—e™T.
T r

If we also assumed m1. = M/S we would have an equation that could be solved for y:

Since this is not necessarily an upper bound for the equilibrium value of © we set our initial

guess equal to 100 times this value, i.e. we set i = 10. We set our initial guess equal to ji.

21



