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Environmentally enhanced crack propagation in a chemically degrading
isotropic shale

M. M. HU! and T. HUECKEL!

Crack propagation is studied in a geomaterial subject to weakening by the presence of water, which
dissolves a mineral component. Such weakening is common when tensile microcracks develop,
constituting sites of enhanced mineral dissolution. A previous concept is adopted of reactive chemo-
plasticity with the yield limit depending on the mineral mass dissolved, causing chemical softening.
The dissolution is described by a rate equation and is a function of variable internal specific surface
area, which in turn is assumed to be a function of dilative plastic deformation. The crack vicinity in
plane strain is subject to a constant subcritical all-round uniform radial tensile traction. The behaviour
of the material is rigid-plastic with chemical softening. The extended Johnson approximation is
adopted, meaning that all fields involved are axisymmetric around the crack tip, with a small,
unstressed cavity around it. Initial dissolution proportional to the initial porosity activates the plastic
yielding. The total dissolved mass diffuses out from the process zone and the exiting mineral mass
flux can be correlated with the displacement of the crack tip. A simplified semi-analytical solution for
this model is presented.
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INTRODUCTION
This paper focuses on understanding the mechanisms of
crack propagation caused by chemically induced weakening
of intact rock material, with a view to application to shale
and industrial argillites. There are multiple geochemical
changes that induce mechanical response in earthen materi-
als; these include deformational or permeability reaction of
clays to change in ionic concentration, or dielectric constant
of the invading pore fluid (Hueckel, 1992, 1997, 2002; Gajo
et al., 2002, Loret et al., 2002; Wahid et al., 2011); change
in mechanical properties of rocks and sands as a result of
their inundation with water (Hueckel et al., 2001, 2005; Hu
& Hueckel, 2007a, 2007b); and slope instability in response
to infiltration of acid rain water into cracks between clay
mineral layers (Zhao et al., 2011). The specific mechanisms
of these chemo-mechanical interactions are various and
include osmotic effects, diffuse double layer changes, ion
replacement phenomena, dissolution and precipitation of
minerals, and transformation of clay minerals (Hueckel &
Pellegrini, 2002; Zhan et al., 2011).

This study addresses a possible mechanism in which rocks or
cohesive soils undergo a chemical reaction of dissolution
resulting in the removal of the mineral mass and hence weaken-
ing of soil/rock mass at and around the chemical reaction site.
The focus is on a particular situation at a crack tip, at which
degradation is induced in the form of an advanced irreversible
deformation aside and ahead of the crack, as a swarm of micro-
fissures in mode I (Lin & Labuz, 2011). The chemically
induced propagation of a stressed crack under a constant mech-
anical load is investigated. An extension of the Cam-Clay
model into a chemical domain is used (Hueckel, 1992, 1997,
2002), in particular a concept of chemical softening, which is
coupled with irreversible deformation (Hu & Hueckel, 2007a).
A simplified semi-analytical solution of an extended cavity

expansion concept is applied to model the crack vicinity; this
can be easily coupled with axisymmetric solution for the
chemical fields around the crack tip process zone.

In the past several decades, there has been a growing
understanding that a number of problems in relation to rock
mechanics and rock engineering in general could be, or need
to be, tackled by addressing fracture mechanics. Some of the
examples stem from areas of energy engineering and slope
stability. The technique of hydraulic fracturing has been
increasingly used all over the world owing to its advantages
in efficiently creating fractures in the rock formation, which
dramatically enhances rock or sediment permeability and
hence oil/gas production (Howard & Fast, 1970; Carter et
al., 2000; Dershowitz et al., 2001; Rahman, 2008; Jackson et
al., 2011,) as well as heat extraction from geothermal fields
(Portier & Vuataz, 2010; Zimmermann et al., 2010). More
recently, attention has shifted towards fracture propagation
enhancement by acidising the rock (i.e. injecting chemically
active fluids), especially for low-permeability carbonate re-
servoirs (He et al. (2010) or to enhance a geothermal system
(Portier & Vuataz, 2010; Zimmermann et al., 2010).

Meanwhile, a heated debate on acidising treatment in
hydraulic fracturing performance arose, owing to the potential
harm caused by disposal and transport of the toxic wastewater,
which may include formaldehyde, boric acid, hydrochloric
acid and isopropanol (Coffman, 2009). Poorly controlled
hydraulic fracturing, often due to inadequate understanding of
fracture mechanisms involving acid–rock interaction, may not
only pose threat to the environment, but also result in un-
necessary costs and low productivity (Rahman, 2008).

This paper addresses possible chemo-mechanical mechan-
isms of rock/shale weakening resulting in fracture propaga-
tion enhancement, to arrive at an effective predictive tool to
control the efficiency of hydraulic fracture and the fate of
possible contaminants.

CONCEPT OF CHEMO-PLASTICITY
Solid–fluid interaction in geomaterials has been studied

for many years, focusing on the effect of pore pressure on
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rock and soil matrix. The concept of reactive chemo-
plasticity is based on the notion that a mineral mass
removed from or added to a solid can affect both the
medium compliance and strength (Hueckel, 2002; Hu &
Hueckel, 2007a, 2007b). As one of the primary sources of
mass removal, chemical dissolution has been attracting much
attention. A key mechanism that links the chemical process
and mechanical degradation has been known for some time
to be rock microcracking. Bathurst (1958) and Ostapenko
(1968, 1975) noted that microcracking leads to the genera-
tion of a new solid–fluid interface, where enhanced mineral
dissolution takes place. Tada et al. (1987) found that micro
fractures and plastic deformation play an important role in
the process of pressure solution.
The concept of chemical dissolution coupled with plasti-

city was addressed by Hu & Hueckel (2007a, 2007b),
linking the irreversible dilatancy and the related increase of
free specific surface area to the amount of mineral dissolu-
tion per unit volume. This coupling mechanism, usually
referred to as ‘reactive chemo-plasticity’, acts at a compara-
tively long time scale, as distinguished from ‘non-reactive
chemo-plasticity’, that is when the mechanical properties of
a solid skeleton can be affected instantaneously by an altered
concentration (of selected species) in the pore fluid.
From a microscopic point of view, reactive chemo-

plasticity starts when a mineral mass dissolves into water at
available dissolution sites on the solid–fluid interface. It is
commonly assumed that the dissolution reaction rate and
hence mass removal rate is proportional to the specific surface
area of the interface. It is hence postulated that the irreversible
damage-induced dilatancy is associated with the generation of
new microcrack walls. The increased wall surface area adds to
the pre-existing specific surface area of the pores, hence
advancing the overall mineral mass production of the medium.
Because mass removal affects the strength of the medium, the
central part of the description of the chemo-mechanical cou-
pling is how to quantify the amount of weakening of the
material owing to dissolution. Therefore the coupling between
the irreversible strain and the chemically induced mass re-
moval is a two-way coupling (see also Hueckel & Hu (2009)).
To quantify the above coupling mechanisms, a representa-

tive elementary volume (REV) of the drained porous med-
ium is considered, represented by a single geometrical point,
to which both mechanical and chemical properties are
attributed. The solid phase material is assumed as rigid-
plastic. This assumption is a matter of convenience, because
it enables a semi-analytical solution to be obtained. On the
other hand the elastic stress component is much smaller than
the irreversible one in the area of interest near the crack tip.
The partial stress carried by the fluid phase is considered
negligible. The theory of plasticity states that the yield locus
of a material is affected by stress ! ij and, when a sufficient
load is applied, that induces initial yielding, also owing to
variation of a set of internal variables. In reactive chemo-
plasticity (Hueckel, 2002), the internal chemical variables
denoted as "n, (n " 1, 2, . . .), are the accumulated dissolved
masses of the n th species of mineral per unit volume of the
porous medium. The mechanical, strain-hardening variable is
chosen as irreversible deviatoric strain intensity (#irrq ):
The rate of the deviatoric strain intensity is defined as an

invariant of deviation strain rate _eirrij

_#irrq " 2

3
_eirrij _e

irr
ij

! "1=2

(1)

where

_eirrij " _#irrij # 1

3
_#irrkk$ij

With the assumption of rigid-plasticity, there are no elastic
strain rates and no strain at all for a stress state below the
yield limit, that is when f (! ij) , 0: With the stress at the
yield locus, the strain rate is non-zero and irreversible.
Hence

f " f (! ij, pc), and
_f " _f ( _! ij, _pc) (2)

_#ij " 0 when f , 0, or f " 0, _f , 0 (3)

_#ij " _#irrij 6" 0 when f " 0 and _f " 0 (4)

where the superimposed dot over a symbol denotes the time
rate. Tensile stress and strain are considered as negative. pc
denotes a geometric size characteristics of the yield locus,
and it plays the role of the hardening function of irreversible
deviatoric strain (#irrq ) and of the accumulated relative dis-
solved mass of each mineral species ("1, . . ., "n), hence
pc " pc(#

irr
q , "1, . . ., "n): During the process of dissolution,

the material is chemically softened to the condition where
there is dilatant microcracking; on the other hand plastic
deviatoric strain induces a hardening effect. This indicates
that the two factors, plastic deviatoric strain and chemical
softening, affect the yield locus of the material with opposite
contributions. At an imposed constant stress at yielding, the
plastic deviatoric strain hardening compensates for the dis-
solution-induced strength loss.

The chemical softening parameters ("1, . . ., "n), represent-
ing the accumulated mass removal of each particular mineral
species, can be calculated from the rates of reactions in
which the given species is involved. In reality, multiple
reactions may affect the strength of any geomaterial, the
processes of which might be simultaneous or sequential,
with varied rates of progression or within different time
scales. However, there is currently no widely accepted ap-
proach to identify and quantify contributions of individual
mineral components to the overall degradation of material
strength or other mechanical properties. Meanwhile, it is
common for one type of chemical reaction to be predomi-
nant, as, for instance, in the case of carbonate reservoirs
subjected to an acid environment or calcite exposed to water
(Ciantia & Hueckel, 2013). In what follows, a single reac-
tion effect with a single rate will be considered only, and the
chemical softening parameter becomes the reaction progress
variable ", and hence, pc " pc(#

irr
q , "): The mechanisms of

chemically induced mass removal will be detailed in the
following section.

The irreversible strain rate can be obtained through the
associated flow rule

_#irrij " _̧ @ f

@! ij
(5)

where the multiplier _̧ , can be expressed as a function of
rate of stress and chemical reaction process

_̧ "
@ f =@! ij

# $
_! ij $ @ f =@"% & _"

# @ f

@#irrq

2

3

@ f

@skl

@ f

@skl

% &1=2 ;

_̧ " 0 if f , 0 or f " 0 and _f , 0

(6)

is determined by way of the extended Prager’s consistency
law, _f (! ij, #irrq , ") " 0: The yield locus gradient @ f =@! ij

determines the mode of strain rate, whereas the magnitude
of strain rate is controlled by multiplier _̧ , which implies
that a purely chemical process can promote the development
of irreversible strain when stress is fixed (see Hu & Hueckel
(2007a, 2007b) for details).
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MECHANISMS OF MINERAL DISSOLUTION IN A
CARBONATE GEOMATERIAL COUPLED WITH
VOLUMETRIC STRAIN

As one of the two major reservoir lithotypes, carbonates
(the other is sandstones) have been intensely studied in the
petroleum industry (Dusseault, 2011). The most common
chemical process in carbonate reservoirs is the dissolution of
calcite and dolomite (André et al., 2007). Because the
dissolution of dolomite, described as

CaMg(CO3)2 $ 2H$ $ Ca2$ $Mg2$ $ 2HCO3
#

is found to be geochemically similar to calcite, calcite
dissolution is discussed here as a representative for carbonate
minerals in general. When subjected to low-concentration
acid in an aqueous environment, calcite undergoes the
predominant reaction described as

CaCO3(s)$ H$(aq) $ Ca2$(aq)$ HCO3
#(aq) (7)

This is usually the first step of the calcite–water interaction;
the product HCO3

# formed in aqueous solution is unstable
and inclined to convert to CO2(g) with the presence of
excessive H$: However, since it is the most significant
reaction involved in solid mass removal, the present authors
believe it is acceptable to omit the subsequent reactions and
consider reaction (7) as the dominant and hence only reac-
tion. Based on the mass conservation of calcium, the mole
number of calcite removed from the solid phase (CaCO3) is
equal to the change in number of calcium ions in the
solution, and the reaction rate is expressed as

daCa2$

dt
" ~AAªCa2$ (k$aCaCO3

aH$ # k#aCa2$aHCO3
# ) (8)

where ~AA is a non-dimensional quantity denoting the total
fluid–solid interface surface area per unit volume; ai are
activities and ªi are activity coefficients of the ith species;
k$ and k# are rate constants of forward and backward
reactions, respectively.

The rate of calcite removal from the solid phase of
carbonate material can be represented by the rate of change
of activity of Ca2$ in pore water, written as

_" " s
daCa2$

dt
(9)

where s denotes a ratio between the number of moles of
water and that of calcite in the initial state. To maintain the
linearity of the proposed model, the precipitation term in
equation (8) is omitted.

Scalar variable ~aa is introduced to represent a normalised
amount of the increased surface area per unit volume of the
medium, which is linked to the dimensionless total reactive
surface area per unit volume of fluid (denoted by ~AA) by way
of

~aa " ~AA
nrw
r0

where r0 " 1 kg=m3, rw is the density of water and n
denotes porosity taken at its initial value.

The newly generated specific surface area can be assumed
as proportional to the irreversible dilatant volumetric strain,
as suggested by a model of a two-dimensional hexagonal
crystal assembly (Hu & Hueckel, 2007b). Then we have
~aa " 8=(

'''
3

p
$)j#irrv j ' 1m for #irrv , 0, where $ denotes an

average microcrack opening at the apex. Hence

~AA " f (#irrv ) " %j#irrv j$ %c, #
irr
v , 0 (10)

% " 0, #irrv . 0 (11)

where % is a proportionality constant, %c denoting the
dimensionless specific surface area of the pre-existing voids

per unit volume. When the volumetric strain is compressive,
it is assumed that there is no microcracking and that the
specific surface area remains constant.

NUMERICAL SIMULATION OF CRACK PROPAGATION
IN THE PRESENCE OF COUPLED DAMAGE–
DISSOLUTION PROCESSES

There are at least two circumstances of industrial interest
involving the chemical enhancement of crack propagation.
One typical scenario features a remote constant radial tensile
stress, which goes to zero at the inner (artificial) boundary
of the process zone, r " a. At the same time, yielding which
induces irreversible deviatoric strain is localised near the
crack tip, also producing a proportional amount of irreversi-
ble dilatancy (meaning microcracking). The latter induces
the chemical mass removal enhanced by its rate dependence.
Owing to the chemical action of the fluid, the material
weakens in that zone. The circumferential stress is also
tensile everywhere. Because of boundary constraints the
stress state does not evolve significantly, hence the whole
process is dominated by compensation of the chemical soft-
ening by the strain hardening (Hueckel, 2009).

One other scenario describes a single crack being affected
by the pressure of the fluid acting on the walls of the crack,
and at the same time by a chemical infiltrating from the
crack and weakening the crack surroundings. No other load
is considered. The action of the pressure transmitted to the
rock causes dilatant damage near the crack tip and hence
engages the chemo-mechanical coupling in that location.
The stress state near the crack tip is different from the
previous one in that the stress near the crack tip is compres-
sive orthogonally to the crack edges. This problem is dealt
with elsewhere.

From the field point of view, in the former scenario the
chemical effect plays a primary role, whereas the stress field
plays a secondary role. In what follows this case becomes
the focus. It corresponds to a situation of a pre-existing
crack inundated with water or an aggressive liquid (e.g. acid
rain), while a tensile stress source is remote. A possible field
analogue could be a reactivation of a landslide with a pre-
existing slip zone (see, for example, Zhao et al. (2011)). In
the latter case both factors, chemical and mechanical, are
equally important. This case is likely to occur during fluid
pressure (static) pulse assisted by the chemically aggressive
fluid component.

Classically, a mechanically stimulated crack extends when
a sufficiently high level of stress intensity is attained in the
material at the crack tip. The microcracking can be repre-
sented macroscopically through the inelastic strain near the
crack tip and its yielding is affected by the strain softening.
In contrast, in the considered case, the external tractions are
kept constant, while the process is activated and driven by
way of the chemical field.

To address the solution of the boundary value problem for
the system of equations describing the coupled chemo-
mechanical processes around the crack tip, the extended
Johnson approximation is adopted (Johnson, 1970), assuming
that all the fields involved are axisymmetric around the
crack tip point with a small, unstressed cavity around it, as
shown in Fig. 1. This is analogous to the cylindrical cavity
expansion problem often used for pile or piezocone model-
ling in geotechnical problems, see, for example, Collins &
Stimpson (1994) or Bigoni & Laudiero (1989). For simpli-
city, the plane strain is considered. The boundary conditions
impose the radial stress at the external boundary as constant
and uniform, and zero at the inner boundary

! rjr"a " 0; ! rjr"b " const: (12)

ENVIRONMENTALLY ENHANCED CRACK PROPAGATION IN AN ISOTROPIC SHALE 3
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Note that the other boundary conditions that one normally
would impose on a boundary value problem, as shown in
Fig. 1, such as zero circumferential stress at the crack faces,
are ignored by virtue of adopting the Johnson approxima-
tion, which makes it possible to use axial symmetry fields.
While notably the obtained solutions are not exact, the
benefit from capturing principal interrelationships between
the variables involved and their distribution and evolution is
significant. Note also that assuming zero radial stress at the
inner boundary excludes any realistic description of the
stress concentration near the crack tip. However, the current
focus is rather on the adjacent process zone of microcrack-
ing, which is away from the crack tip by a non-negligible
distance, represented in this case by the radius a (Bazant &
Kazemi, 1990; Lin & Labuz, 2011).
The equilibrium equation and kinematic relationships for

the plane strain axisymmetric problem are given as

d! r

dr
$ ! r # !&

r
" 0 (13)

_#r " # d _u

dr
, _#& " # _u

r
, _#z " 0 (14)

where & and r denote the circumferential and radial coordi-
nates (respectively) and u, which denotes a radial displace-
ment, is defined as positive when pointing outwards. The
circumferential displacement is null owing to axisymmetry.
A linearised yield surface is chosen for simplicity after

Mróz & Kwaszczyńska (1971) and Hueckel & Mróz (1973),
as shown in Fig. 2(a). Tensile stress or strain is considered
negative in the present system, hence, the process of yield-
ing starts from the third quadrant in Figs 2(a) and 2(b). The
locus segment ED determines the relationship between ! r

and !& at the initial yielding:

!&0 " tan
'
4
# W

! "
! r0 # tan

'
4
# W

! "
$ tan%

% &
! 01

where W, % and ! 01 are parameters shown in Fig. (2a). The
linearised yield locus undergoes an expansion with an in-
crease of the shear strain intensity (equation (1)), while it
shrinks with the square of the loss of the mineral mass, ":
The assumed hardening rules are

! r " ! r0(1$ Æ#irrq # ("2); (15)

!& " tan
'
4
# W

! "
! r # tan

'
4
# W

! "
$ tan%

% &

3 ! 01(1$ Æ#irrq # ("2)

(16)

It should be noticed that equation (15) and equation (16)
apply exclusively for !& , ! r , 0: Æ and ( are constant
coefficients for strain hardening and chemical weakening,
respectively. Deviatoric strain intensity #irrq can be calculated
using equation (1) integrated with time. The axial stress
component sz is assumed not to influence yielding in the
plane strain rate conditions. It can be calculated through
equation (5) from the condition d#irrz " 0 as

! z "
1

2
(! r $ !&)( 3BJ

1=2
2

where B is a constant and J2 is the second invariant of
deviatoric stress, and the sign ( refers to either the top or
the bottom part of the yield locus, Fig. 2(a) (see also Mróz
& Kwaszczyńska (1971)).

Recall that the precipitation effect has been neglected.
Hence the combination of equations (8) and (9) yields

_" " s ~AAªCa2$k$aCaCO3
aH$ (17)

It is further assumed that the activities and activity coeffi-

r a! r b!

Crack

r

Tension,   ( )
uniformly distributed

p t

Conceptualised
process zone

Fig. 1. Schematic diagram of the process zone around the crack
tip

!"

F

K

!01

#0 !r

D

A2

A
A1

!
B2

B1

B d 0$r "

d$

d 0$" #

E

(a)

B2

B1

B

A2

A
A1

(b)

Fig. 2. (a) Linearised yield locus for the material. (b) Sketch of
stress profiles within the process zone
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cients are unities for the convenience of simulation, and
hence _" can be rewritten as

_" " sk$(%j#vj$ %c), #v , 0 (18)

Hence, if #v is negative

("2 " (
(t

0

_"dt

! "2

" (s2k2$ %
(t

0

j#vjdt $ %ct

! "2

(19)

which leads to

("2 " K2

(t

0

j#vjdt
! "2

$ 2KKct

(t

0

j#vjdt
! "

$ K2
c t

2 (20)

where K "
'''
(

p
sk$%, Kc "

'''
(

p
sk$%c represent the overall

chemical softening rate coefficients associated with newly
generated micro-cracking and the initial void ratio, respec-
tively.

An initial dissolution, proportional to a constant specific
surface area associated with the initial porosity, even for a
low stress prior to yielding, that is, for

! ij : f " f ! ij " const:, " " Kc

(
t

! "
, 0

through a slow mass removal _" . 0 and corresponding
shrinkage of the yield locus can eventually activate the
plastic yielding at ED (Fig. 2(a)), in other words, bring the
condition f " 0 around the initially subcritical crack. At
that point, with the continuing reaction, _" . 0, but now also
enhanced by the microcracking as manifested by _#v . 0, the
coupled process is significantly intensified.

Numerical solutions were obtained by solving (using
Matlab#) the above-mentioned system of equations, given the
initial and boundary conditions, as specified earlier. The input
parameters are Æ " 1, ( " 1, W " '=6, tan% " 0:2, b=a " 10,
Kc " 2:03 10#8 s#1, and K is set to be 5:03 10#6 s#1,
unless it is a subject of a parametric study. The displacement
ua at the internal circumference is used to represent propaga-
tion of the crack tip and its dimensionless form ua=a, as shown
in Fig. 3. If the value of chemical softening coefficient, K, is
increased by one order of magnitude, the displacement ua
within 1 month (30 days) starts growing exponentially, mean-
ing an accelerated crack propagation, which is an expected
result of the damage–dissolution coupling. Fig. 4 further

demonstrates the relationship between the crack propagation
as represented by ua=a and a total integrated dissolved mass

1

b# a

(b

a

(t

0

_"dtdr

Notably, within the range studied at an advanced mass
removal, a decelerating crack propagation is observed for a
sufficiently high valued K: As seen also, for the same
accumulated mass of dissolution, a smaller chemical coeffi-
cient K leads to a deeper crack penetration, as _" is propor-
tional to K and #irrv , whereas the latter is linked to ua: The
evolution of the distribution of relative mass dissolution as
well as of dissolution rate is shown in Fig. 5 and Fig. 6,
respectively. Fig. 5 indicates that the evolution of the
accumulated dissolved mass distribution along the radius is
confined to the near-crack-tip area. The maximum accumu-
lated relative mass removal reaches 0.67, which is very high.
Note that dissolution of carbonate rock can be very fast and
advanced (see, for example, Ciantia & Hueckel (2013)). The
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confinement to the near-tip zone is even sharper in the
dissolution rate distribution; as Fig. 6 demonstrates, the rate
of chemical dissolution in the inner area of the process zone
undergoes a huge change, while that outside the area is
almost negligible, because it comes mainly from the pre-
existing surface area of the initial porosity. The rate distribu-
tion is clearly linked to that of dilatancy, along the radius,
which (as shown in Fig. 7) develops in a similar fashion,
indicating that the near-crack-tip area is subject to the most
severe damage. Given the linear form of the yield locus and
the normality rule, there is no compaction in the process
zone. Fig. 8 and Fig. 9 show the evolution of the radial and
circumferential stress component distribution, respectively.
Because the radial stresses on both the interior and exterior
boundaries are fixed, there is little freedom for any evolu-
tion. However, the distribution of !& undergoes a noticeable
change, specifically from t " 550 h to t " 1100 h, during
which the crack penetrates almost ten times deeper (as
observed in Fig. 3). It is interesting to notice that in the
near-crack-tip area the tensile (negative) stress experiences a

small increase before it collapses back, which indicates an
initially dominating strain-hardening followed by the pro-
gressive overtaking by chemical softening. This is visible at
the stress profiles for two representative moments in the
evolution delineated in Fig. 2(b), where A1, A2 stand for
stress state at the interior, r " a, and B1, B2 represent the
counterpart exterior, r " b, respectively. The exterior of the
process zone is subjected to consistent but much more
modest chemical weakening mainly linked to the background
dissolution, because the deformational effect is very small.

MODELLING OF DIFFUSION OF DISSOLVED CALCITE
COUPLED WITH IRREVERSIBLE DAMAGE INSIDE THE
PROCESS ZONE

Inside the process zone, the phenomenon of diffusion
occurs once the solute, that is the calcite, is dissolved in
water. The reference condition is set as a uniform dissolution
at the surface of pre-existing voids within a REV. Intercon-
nected voids within the process zone form microchannels,
providing pathways for calcite transport. At the crack tip, it
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is assumed that within the macro-pore, water washes away
the excess mineral, and for simplicity zero concentration is
assumed, hence xCa2$ " 0 at r " a: The exterior of the pro-
cess zone is an artificial boundary and is assumed to stay as
it was at the initial state of the material, when dissolution
was limited to the pre-existing micro-pores, hence
xCa2$ " x0 at r " b: An initial background steady-state diffu-
sion field is created with the imposed boundary conditions.

The reactive diffusion is approximated as an axisymmetric
field of concentrations (molar fraction of calcite) with
uniformly distributed sources (reaction sites) described by
the following governing partial differential equation with
given boundary conditions as well as the initial conditions.

@xCa2$

@t
" D

@2xCa2$

@r2
$ 1

r

@xCa2$

@r

! "
$ k$(%j#v r, t% &j$ %c)

(21)

where xCa2$ is the molar fraction of calcium in the fluid
phase within the process zone, and D represents the calcium
diffusion coefficient, which is assumed a constant within the
process zone. As seen in equation (21), the source term
depends on the amount of volumetric deformation, hence its
solution is coupled to the solution of independent equations
(12)–(21).

The damage-affected zone of the material induces evolu-
tion of the concentration of solutes, coupled with the
evolving deformation (microcracking) (see Fig. 10). The
distribution of mineral concentration and the flux of
the solute mass are hence affected by the solid mechanics of
the problem. The diffusive flux at the inner boundary,
representing the influence of the mechanical damage on the
net dissolved mass, is of particular interest, and it can be
correlated with the displacement of the crack tip, or crack
propagation. Figs 11 and 12 show the evolution of mass flux
Ja at r " a and its dimensionless counterpart. M is a coeffi-
cient representing the effect of deformation/damage asso-
ciated with the dilatant volumetric strain on the mass
transfer, M " s%k$a2=Dx0: M " 0 means a pure diffusion
process without the presence of chemo-mechanical coupling.
As indicated in both Fig. 11 and Fig. 12, the reactive
dissolution coupled with the irreversible damage of the
medium plays an important role in the diffusion processes.
Finally, it is possible to set the crack propagation against the
flux of the solute at the near-tip perimeter, Fig. 13. Because
the total flux of mass removal is experimentally measurable,

it is possible to verify the simulation results against an
experiment and perform an in situ calibration.

CONCLUSIONS
A damage-enhanced reactive chemo-plasticity model was

adopted to describe a simplified scenario of a chemically
induced propagation, of an otherwise subcritical crack in a
pre-stressed geomaterial. An open system was selected,
meaning that the local precipitation is neglected, and chemi-
cal dissolution was considered as a form of mass removal.
The chemo-plasticity coupling effect was investigated with
an assumption of simple hardening rules, linear form of
yield condition and rigid behaviour prior to yielding; yet a
number of meaningful conclusions were reached. The results
have demonstrated a significant role of the compensatory
mechanism between strain hardening and chemical softening.
It was possible to obtain the rate of crack propagation
against time, total accumulated relative mass removal and
against the exiting mineral flux. Chemical softening inten-

Coupled diffusion–damage-

affected range

r b  x x, const.! ! !solute 0

r a  x, const. 0! ! !solute

Microchannels providing
pathways for the transport

Fig. 10. Coupled diffusion–damage-affected zone around the
crack tip
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sity, dominating the rate of mineral dissolution, has been
proved essential to the progress of crack propagation, as well
as that of soil/rock degradation.
Most importantly, it is seen that with the mass removal,

the rate of crack penetration initially substantially increases.
However, at some point (around 700 h) the penetration rate
starts decelerating (for K " 53 10#6 s#1). This time corre-
sponds to the moment when the quadratic nature of the
chemical hardening formula in the hardening law starts to
be felt. In other words, starting from that time, there needs
to be much more of the mass loss to compensate for the
linear strain hardening term (which is a linear function of
the crack tip displacement). The findings of this paper may
be applied to several energy source harvesting areas includ-
ing petroleum/natural gas and geothermal engineering (to
such processes as acid-enhanced hydraulic fracturing or
reservoir engineering), as well as in the area of slope
stability, and so on, where the soil/rock mass is subjected to
chemically induced degradation.
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NOTATION
A1, A2 stress states at the interior, r " a

~AA non-dimensional quantity denoting total fluid–
solid interface surface area per unit volume

a radius
~aa scalar variable
ai activities of i th species
B constant

B1, B2 stress states at the exterior, r " b
D calcium diffusion coefficient
_eirrij invariant of deviation strain rate
f

@ f =@! ij yield locus gradient
Ja
J2 second invariant of deviatoric stress
K "

'''
(

p
sk$%, overall chemical softening rate

coefficient associated with newly generated
microcracking

Kc "
'''
(

p
sk$%c, overall chemical softening rate

coefficients associated with initial void ratio
k$, k# rate constants of forward and backward

reactions respectively
M coefficient representing the effect of

deformation/damage associated with dilatant
volumetric strain on the mass transfer

n porosity taken at its initial value
pc geometric size characteristics of the yield locus
r radial coordinate
s ratio between number of moles of water and that

of calcite in the initial state
u radial displacement

xCa2$ molar fraction of calcium in the fluid phase
within process zone

Æ constant coefficient for strain hardening
( constant coefficient for chemical weakening
ªi activity coefficients of i th species
$ average microcrack opening at the apex

(#irrq ) irreversible deviatoric strain intensity
& circumferential coordinate
W
_̧

" reaction progress variable
("1, . . ., "n) accumulated relative dissolved mass of each

mineral species
"n, (n " 1, 2, . . .) accumulated dissolved masses of the n th

species of mineral per unit volume of porous
medium

rw density of water n denotes porosity taken at its
initial value

! ij stress
!r radial stress component
!z axial stress component
!& circumferential stress component
! 01

% proportionality constant
%c dimensionless specific surface area of pre-

existing voids per unit volume
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