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Abstract

Chemically active saturated homoionic clays are considered in a two-phase framework. The solid phase contains the

clay particles, absorbed water and salt. The fluid phase, or pore water, contains free water and salt. Water, and possibly

salt, can transfer between the two phases. In addition free water may diffuse through the porous medium. A global

understanding of the phenomena involved, namely deformation, transfer and diffusion, is proposed. Emphasis is laid on

the chemo-mechanical constitutive equations in an elastic–plastic setting. Elastic chemo-mechanical coupling is in-

troduced through a potential, in such a way that the tangent poro-elasticity matrix remains symmetric. Material pa-

rameters needed to quantify the coupling are calibrated from specific experiments available in the recent literature. The

elasto-plastic behaviour aims at reproducing qualitatively and quantitatively the typical experimental responses ob-

served on almost pure Na-Montmorillonite clays during chemical and mixed chemo-mechanical loadings. Increase of

the salinity of pore water at a constant confinement stress leads to a volume decrease, so-called chemical consolidation.

Subsequent exposure to a distilled water solution produces swelling: however, the latter is smaller than the chemical

consolidation so that the chemical loading cycle results in a net contractancy, the amount of which increases with the

confinement. In fact, plastic yielding takes place at low salinities of pore water, and when it stops, chemical precon-

solidation is generated.

Natural clays which contain cations of different species are considered in a companion paper, Gajo et al. [Int. J.

Solids Struct., this issue], as they require to account for electro-chemo-mechanical couplings. � 2002 Published by

Elsevier Science Ltd.
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1. Introduction

Swelling is an important property of soils being exploited or fought, or engineered in a variety of
circumstances, from laying foundations, to setting hydraulic or contamination barriers, to petroleum
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drilling. Swelling may cause a non-uniform soil heave, resulting in damage of over-structures, or weak-
ening of bore walls in petroleum drillings. On the other hand, swelling of bentonite is taken advantage of to
build barriers to water flow, or contaminant transport in hazardous and nuclear waste disposal technol-
ogies.

Swelling of soils is generally understood to be driven by capillary forces and/or by chemical gradients.
The former one, termed matric swelling, occurs when soil is unsaturated. The latter one, termed chemical
swelling, is characteristic of the so-called expansive clays, rich in mineral smectite, and occurs when there
exists a positive difference in concentration of certain species in the soil and in the water in contact with the
soil. Typically, these species are salts of metals (Na, K, Ca, etc.).

This paper aims at a mathematical modeling of expansive clays. Saturation of pore space with water is
assumed. Swelling of unsaturated and chemically neutral soils is discussed within a three-phase framework
similar to the present one in Loret and Khalili (2000). The formulation developed here does not use pa-
rameters measured at the microscopic scale, that is at the scale of the clay clusters. It requires only pa-
rameters measured at a macroscopic scale through laboratory tests, like oedometer and triaxial tests.
Nevertheless, even if the framework to be developed is macroscopic and does not address directly the
mechanisms that occur at the molecular scale, it intends to keep track at the larger scale of these mecha-
nisms which are briefly described first.

1.1. Current understanding of microscopic mechanisms of chemical swelling

Fundamental to understanding and modeling of chemically driven swelling of expansive clays are their
microstructure and organization of their pore space and water. For smectite, this microstructure (see Fig. 1)
is dominated by clusters of parallel arranged platelets of clay mineral separated by 10–20 �AA interlamellar
pores filled with few one-molecule layers of water, called interlayer water, or internal absorbed water. This
water has properties, such as density, or viscosity, substantially different from those of free water. Interlayer
water does not flow, even when subjected to high hydraulic gradients, and it deforms together with the solid
part of clusters. Clusters are enveloped by external adsorbed water layer, up to seven molecular diameter in
thickness. For Ca-Montmorillonites, clusters may contain from 5 to 15 platelets and up to 1000 platelets in
compacted clays, and they are generally believed to have random orientation of their parallel platelet
systems. Ordinarily, clusters are separated by pores with the characteristic size of the order of 1 lm and
more. Water that resides in such pores is called free water. Indeed, this water can be displaced by ordinary
hydraulic gradients.

Swelling of compacted clays develops in two distinct regimes, Norrish (1954), Posner and Quirk (1954)
and Sposito and Prost (1982). During swelling at the lowest water contents, called crystalline swelling,
interlamellar space absorbs water, until it is filled with three or four molecular water layers. After the
interlamellar space has been saturated with this amount of water, water starts to adsorb to the exter-
nal surfaces of clay particles, producing osmotic swelling. If relatively large particles exist originally in clay,
they split after saturation of the interlamellar space with four water layers, opening new external surfaces
where an additional adsorption occurs, Saiyouri et al. (2000). However, the model presented here does not
pretend to address such details, and we shall gather crystalline and osmotic swelling under the term
chemical swelling and make no distinction between adsorbed and absorbed water, both being parts of the
solid phase.

From the physico-chemical point of view, crystalline swelling is widely seen as driven by solvation or
hydration mechanism of the counterions, and the negatively charged clay surface, Norrish (1954), Delville
(1991), Israelachvili (1992) and Sposito et al. (1999): thus it is critically affected by the clay sheets.

The current understanding of the phenomena involved evolves rapidly following developments in ex-
perimental techniques and Monte Carlo and molecular dynamics simulations of the interlamellar water
structure. Still the issue of the dominant mechanism remains controversial. Counterion solvation is seen as
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a dominant mechanism by Sposito and Prost (1982), while hydration of the counterions imbedded in the
clay surface is believed to be an equally important cause of swelling by Low (1987), Delville (1991) and
others. The solvation mechanism arises due to the presence of the constraining geometry of clay sheet
surfaces, and the presence of a cavity in this surface. Most important for our purpose is the finding that
solvation forces are proportional to the difference in ionic density between the surface and the mid-plane of
the interlamellar space, Israelachvili (1992).

While the distribution of solvating ions and forces can be simulated via equilibrium configuration
snapshots, e.g. Karaborni et al. (1996), the mechanisms of changes in the solvation states and transport of
water into the interlamellar space are much less understood, Delville (1992). Removal or entrance of liquids
from/into nano-slit interlamellar pores appears in Monte Carlo simulations to occur by an instantaneous
insertion or depletion of the entire molecular layer, Schoen (1996). There is very little quantitative data,
regarding specific nanoscopic mechanisms of the water structuring or transport occurring during the
particle spalling and cracking after three to four layer saturation of the interlamellar space, Saiyouri et al.
(2000).

Fig. 1. Cartoon of clay microstructure: (1) interlamellar absorbed water organized in one to four one-molecule thick layers, with water-

solvated Naþ counterions, gives rise to crystalline swelling; (2) external adsorbed (to the external solid cluster surfaces) water up to 7

molecule diameter thick gives rise to osmotic swelling; (3) silicate solid platelets of clay, about 10 �AA thick, negatively charged due to the

presence in the surface cavities of isomorphic substitution metals; (4) charged external surface of clay clusters; (5) free water in large

(>1 lm) intercluster pores.
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As for swelling due to the adsorption on the existing external surfaces of the particles, it is attributed
either to osmotic phenomena, or to a fully developed diffuse electrical double layer.

The mass transfers, that is fluxes, between various types of pores, are postulated to be dependent on
the differences in chemical potentials of the individual species, or local ionic concentration midway between
the charged platelets, Bolt (1956), van Olphen (1963) and Staverman and Smit (1975). However, pure
osmotic analysis leads to a well-known underestimation of the swelling pressure or free swelling defor-
mation, Bolt (1956) and Mitchell (1993). Double layer theory can be suitably calibrated to match experi-
mental findings, Sridharan and Jayadeva (1982), but particulate models of a suspension indicate that the
spatial arrangement of particles play a major role in the resulting overall deformation, Anandarajah and Lu
(1991).

As for reversibility of the deformation in swelling, crystalline swelling is largely seen as hysteretic,
Boek et al. (1995). Experiments with clay hydration/dehydration indicate a more than 10 �AA hysteresis in
terms of the layer spacing (12.5% strain of 1-D parallel layered stack), Fu et al. (1990) and Huang et al.
(1994).

However, whether particles tendency to break after absorbing more than four water layers, Saiyouri
et al. (2000), is reversible remains unclear. Formation of a system of intercluster cracks in general larger than
200 �AA (intrinsic failure) observed by Murray and Quirk (1990), were attributed to hydration–dehydration
cycles, suggesting indeed an irreversible formation of separate particles. Accumulation of macroscopic
irreversible strain upon cyclic application and removal of NaCl at large stresses was also observed by Di
Maio (1996).

The above reviewed findings are crucial for the evaluation of the choice of macroscopic or continuum
variables to govern fluxes associated with chemical swelling and the significance of the threshold of re-
versible swelling phenomena.

1.2. Previous mechanical approaches

The approach to modeling of the mechanical aspects of clay swelling is typically tailored to the appli-
cation in hand and specific processes involved.

In petroleum engineering, stability of the wellbore can be improved by circulating a mud that is believed
to create a membrane, which is at least partially impermeable to salts: if pm, pr are the pressures and xm, xr
the salt molar fractions of the mud applied to the wellbore and of the rock, respectively, water flow will
cease when the chemical potentials equilibrate, which implies the differences pm � pr and xm � xr to be of the
same sign.

For a sufficient difference in salinity between mud and rock, the pore pressure in the rock may at
equilibrium be forced to be lower than its initial value, Charlez et al. (1998). Simulations of this phe-
nomenon have been presented by Sherwood (1994a,b), who makes use of a constitutive behaviour referred
to as inert, Sherwood (1993): the solid particles constitute the solid phase but the fluid phase contains
several species, water and salts, and, at a fixed chemical potential, the mass of a species squeezed out is
proportional to its molar fraction. The problem of chemically induced hydration and dehydration of rocks
has been addressed by Heidug and Wong (1996): they consider the chemical potentials in equilibrium, i.e.
they assume the diffusion processes to occur at a much slower rate than the transfer processes. However, in
the above works, transport and transfer phenomena are not addressed separately, that is, it is not recog-
nized that the changes of mass are due to both a transfer (or reactive) contribution and a diffusive con-
tribution. This distinction is necessary to provide elastic constitutive equations that describe coupling effects
in swelling clays, and it will be stressed in the present formulation.

Ma and Hueckel (1992) and Hueckel (1992a,b) proposed to treat clays exposed to thermal and chemical
loads as a two phase mixture, with absorbed water being a part of solid phase, and an interphase transfer to
model its absorption and desorption process. Hueckel (1992a,b) extended Terzaghi’s principle of effective
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stress by postulating an a priori equality of the skeletal and absorbed water isotropic partial stresses, and an
explicit chemical strain additive with mechanical strain, focusing on its impact on plasticity. Karalis (1993)
dealing with simultaneous chemical and capillary swelling discussed a number of ad hoc constitutive
functions devised to describe both types of swelling. Bennethum and Cushman (1999) and Murad (1999)
have addressed the transfer of water into interlamellar space in clays through a two- or three-spatial scale
modeling using homogenization schemes. This type of approach entails a substantial number of constit-
utive assumptions, requiring sophisticated identification procedures. A multi-constituent mixture, involving
charged species and thermal effects, has been suggested by Huyghe and Janssen (1999), but this general
framework does not account for the special configuration of clays that will be developed here.

1.3. A model for chemo-mechanical coupling

We consider saturated clay as a porous deformable continuum consisting of two overlapping phases,
each phase containing several species. However, the strictly physical distinction between the phases may not
serve best our purpose, because of ambiguous nature of absorbed water. Adsorbed water has been con-
sidered as a third phase by Murad (1999) and endowed with a partial stress, related thermodynamically to
the total fluid volume fraction. Here, we will follow a kinematic criterion of phase identification, Hueckel
(1992a) and Ma and Hueckel (1992), and attribute the absorbed water to the solid phase based on the
affinity of their velocities.

At the heart of the modeling of deformable porous media is the coupling of the deformation of pore
space in soil and the concomitant in- or out-flow of pore liquid. In chemically sensitive soils, this coupling is
additionally affected by chemical potentials of the species of the solid and fluid phases. By assumption,
mechanics of the medium, e.g. balance of momentum, is considered at the phase level, whereas chemical
processes, i.e. transport, reaction and balances of masses, concern the species. The link between the two
levels is obtained through energetic considerations. Whether or not the chemical potentials are in equi-
librium, water absorbed between the clay platelets can transfer into free pore water, or conversely, de-
pending on the chemical composition of the clay and pore water phase, and on the mechanical conditions in
terms of volume and pressure. The chemo-mechanical elastic–plastic constitutive equations involve the
species present in the solid phase but treat the fluid phase as a whole. The species of the fluid phase only
diffuse through the porous medium, obeying generalized diffusion equations. The transfer of absorbed
water and species between the solid and fluid phases involves a fictitious membrane surrounding the clay
platelets, which may be permeable to the chemical species at various degrees. The transfer equations are
time-dependent but, in the present form, they are not intended to imply creep.

The theoretical framework is illustrated by simulations of typical phenomena observed during labora-
tory experiments: the change of chemical composition of pore water has, due to chemo-mechanical cou-
pling, consequences to the mechanical state of the porous medium. Parameters involved in the model are
calibrated. Mechanical, chemical and chemo-mechanical loading and unloading paths are considered. In-
crease in the salinity of pore water at constant confinement leads to a volume decrease, so-called chemical
consolidation. Subsequent exposure to a distilled water solution displays swelling: however, the latter is
smaller than the chemical consolidation so that the chemical loading cycle results in a net contractancy
whose amounts increases with the confinement. With respect to previous publications, the key feature of the
present analysis is that the model developed is not only qualitative but it is able to simulate a rather ex-
tensive number of experimental data which have been recently published: these include not only oedometric
tests but also triaxial tests in drained and undrained conditions.

Although attention is paid mainly to the elastic–plastic constitutive equations, the latter are shown to be
embedded in a general formulation where both transfer and diffusion processes can be considered in initial
and boundary value problems to be treated through the finite element method, Gajo and Loret (2001).
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Moreover, clays containing essentially a single counterion, namely Na-Montmorillonite, are considered
here: in this situation, the dissolved salt is NaCl and electroneutrality makes it possible to treat the phases
as electrically neutral since chlorine Cl� and sodium Naþ transfer together. Counterions are considered to
be attached to the negatively charged platelets, and a streaming potential that ensures a vanishing electrical
current is limited to a small layer around clay clusters. In a companion paper, Gajo et al. (2002), the
framework is extended to include the presence of several counterions, namely sodium Naþ and potassium
Kþ, by introduction of electrochemical potentials and enforcement of electroneutrality in both solid and
fluid phases.
Notation: Compact or index tensorial notation will be used throughout this note. Tensor quantities are

identified by boldface letters. I ¼ ðIijÞ is the second-order identity tensor (Kronecker delta). Symbols ‘�’ and
‘:’ between tensors of various orders denote their inner product with single and double contraction, re-
spectively. tr denotes the trace of a second-order tensor, dev its deviatoric part and div is the divergence
operator.

2. The two-phase framework

2.1. General framework

We consider a two-phase porous medium in isothermal conditions. Each phase is composed of several
species:

• the solid phase S contains three species:

clay particles c;
absorbed and adsorbed water w;
salt in absorbed water s;

8<
: ð2:1Þ

• the fluid phase W contains two species:

pore water w;
salt in pore water s:

�
ð2:2Þ

The solid phase presupposes the existence of clusters of particles surrounded by a semi-permeable membrane
which is, see Fig. 2, always impermeable to clay particles, and therefore clay suspensions are out of the
realm of this study,

mcS ¼ constant; ð2:3Þ
• and either perfect, that is permeable to water only, not to salt; the mass of salt in the solid phase is then

constant,

msS ¼ constant; ð2:4Þ
• or imperfect in the sense that it is permeable to both salt and water at various degrees.

To highlight these aspects, we shall introduce the following sets of species:

• species in solid phase S ¼ fw; s; cg and species in fluid phase W ¼ fw; sg;
• species that can cross the membrane when it is imperfect, W$ ¼ S$ ¼ fw; sg;
• species that can cross the membrane when it is perfect, W$ ¼ S$ ¼ fwg.
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The main assumptions which underly the two-phase model follow mainly the strongly interacting model of
Bataille and Kestin (1977), namely,

(H1) For each species, only the mass balance is required, not the momentum balance.
(H2) Mass balance for each phase is obtained from mass balances of the species it contains. Momentum
balances are required for each phase.
(H3) The velocity of each species in the solid phase is that of the phase, vkS ¼ vS 8k 2 S, but each species
is endowed with its own pressure pkS. This is motivated by the role that absorbed water may have in
transmitting a part of the total stress.
(H4) In the fluid phase, pressure is assumed to be uniform across all species, pkW ¼ pW 8k 2 W, but each
species k is a priori endowed with its own velocity vkW.

The process of chemical deformation is understood as occuring due to the transfer of mass of water and
salt from the pore space into the interlamellar space and/or external surface of clusters and conversely.

2.2. Basic entities

In an open system that substances can enter and leave isothermally, the variation of free energy per unit
initial volume, i.e. the work done by the total stress r in the incremental strain d� of the solid phase and by
the chemical potentials lkK during the addition/subtraction of mass dmkK of the species k to/from the phase
K, is

Fig. 2. Schematic of a chemo-mechanical experiment. The pore water is in contact with a large reservoir whose chemical composition is

controlled. In the sample submitted to a variable mechanical load in terms of stress or strain, schematized here by P, the fluid phase

(pore water) and the solid phase (clay clusters with absorbed water and salt) are fictitiously separated by a membrane. Absorbed water

is exchanged with pore water depending on the respective salt contents in the two phases and on mechanical conditions. Salt may also

transfer between the solid and fluid phases depending on the efficiency of the membrane: due to electroneutrality, a cation Naþ and an

anion Cl� must transfer simultaneously. The membrane has been delocalized on the sketch, while in fact it surrounds clay clusters.
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dW ¼ r : d�þ
X
k;K

lkKdmkK : ð2:5Þ

Summation extends to k ¼ w; s and K ¼ W; S since the contribution due to the clay particles vanishes due
to (2.3). The chemical potentials are mass-based 1(unit: J/kg) and the mkK ’s are the fluid-mass contents per
unit initial volume of the porous medium (unit: kg/m3). Since the volume of the solid phase is also the
volume of the porous medium, tr� is the relative volume change of both these quantities.

The chemical potential of the species k in the fluid phase W is expressed through the classic formula, e.g.
Haase (1990, Chapter 2–5), Kestin (1968, Chapter 21), which includes a purely mechanical contribution
involving

• the intrinsic pressure of the fluid phase pW,
• the intrinsic density of the species qkW,

and a chemical contribution which accounts for the molar fraction xkW of the species k in phase W. The
incremental change of chemical potential reads,

dlkW ¼ dpW
qkW

þ RT

mðMÞ
k

d ln xkW; k ¼ w; s: ð2:6Þ

As for the species within the solid phase S, the mechanical contribution to the chemical potential of species
k involves its intrinsic mean-stress pkS,

dlkS ¼
dpkS
qkS

þ RT

mðMÞ
k

d ln xkS; k ¼ w; s: ð2:7Þ

In these formulas, R ¼ 8:31451 J/molK is the universal gas constant, T ðKÞ the absolute temperature and
mðMÞ

k is the molar mass of the species k, e.g. mðMÞ
w ¼ 18 g.

As mentioned earlier, swelling and chemical consolidation involve both interlamellar, (parallel) and (not
necessarily parallel) external cluster surfaces, including the conversion of internal surfaces into new external
surfaces in particle splitting. The exact mechanisms of interaction of non-parallel surfaces are not known,
including the role of intercluster porosity. Since for the materials of the densities of our interest, the
dominant number of platelet surfaces are parallel and swelling (or water mass transfer) is controlled by
osmotic pressure, we shall refer to that concept in our formulation of chemo-elastic portion of the potential.

The density of absorbed water has been reported to be non-uniform between the platelets and to be
slightly higher than that of free water. However, some algebraic simplifications arise if we assume the
density of any species to be one and the same in both solid and fluid phases,

qkS ¼ qkW; k 2 S$ ¼ W$: ð2:8Þ

One of the principal tasks in building a theory of deformable porous media is to link the change of pore
space to the mass of pore liquid flowing in or out of the representative volume element. This description is
more complex when reactions take place, resulting in generation or disappearance of mass. We shall define
below different measures of mass changes and volume changes that will be used in the constitutive equa-
tions.

The molar fraction xkK of the species k in phase K is defined by the ratio of the mole number NkK of that
species within the phase K, namely

1 Another convention is to use mole-based chemical potentials and measure the amount of substances in moles.
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xkK ¼ NkKP
l2K NlK

: ð2:9Þ

Summation extends to l ¼ w, s for K ¼ W, and to l ¼ w, s, c for K ¼ S. The molar fractions satisfy the
constraints,

xwW þ xsW ¼ 1; xwS þ xsS þ xcS ¼ 1: ð2:10Þ
Let the initial volume of the porous medium be V0 and let V ¼ V ðtÞ be its current volume. The current

volume of the species k of phase K is denoted by VkK and the current volume of phase K by VK . Then the
volume fraction of the species k of phase K is defined as

nkK ¼ VkK
V

; ð2:11Þ

while the volume fraction of phase K is

nK ¼ VK
V

¼
X
k2K

nkK with nS þ nW ¼ 1: ð2:12Þ

The ratios of the current volumes to the initial total volume V0 introduce the volume contents vkK for the
species k of phase K and vK for the phase K, namely,

vkK ¼ VkK
V0

¼ nkK
V
V0

; vK ¼ VK
V0

¼ nK
V
V0

: ð2:13Þ

The mass contents mkK per unit initial volume V0 of the species k of phase K, and mK for the phase K, are
obtained from the above quantities:

mkK ¼ MkK

V0

¼ qkKvkK ðno summation on k;KÞ; mK ¼ MK

V0

¼
X
k2K

mkK : ð2:14Þ

The apparent density of the species k in the porous medium, namely qkK , and the apparent density of the
phase K, namely qK , refer to the volume of the porous medium V,

qkK ¼ nkKqkK ðno summation on k;KÞ; qK ¼
X
k2K

qkK : ð2:15Þ

Since NkK ¼ mkKV0=m
ðMÞ
k , the molar fractions xkK can be expressed in terms of the mass contents

xkK ¼ mkK=m
ðMÞ
kP

l2K mlK=m
ðMÞ
l

: ð2:16Þ

For the record, let us note the partial derivative,

oxkK
omlK

¼ xlK
mlK

ðIkl � xkKÞ 8k; l 2 K: ð2:17Þ

Let us denote vðMÞ
kK the molar volume of the species k of phase K,

mðMÞ
k ¼ qkKv

ðMÞ
kK ðno summation on k;KÞ: ð2:18Þ

Note that, if the densities are assumed to be independent of the phases, Eq. (2.8), so do the molar volumes.
The molar volume of the fluid phase is

vðMÞ
W ¼ xwWvðMÞ

wW þ xsWvðMÞ
sW : ð2:19Þ

We will also need the densities referred to the fluid phase rather than to the porous medium, usually re-
ferred to as mass concentrations, namely
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ckW ¼ mass of species k of fluid phase

volume of fluid phase
¼ MkW

VW

¼ qkW

nW

; k ¼ w; s: ð2:20Þ

From (2.19) and (2.20) follows

ckW ¼ mðMÞ
k NkW

vðMÞ
W ðNwW þ NsWÞ

¼ mðMÞ
k

vðMÞ
W

xkW; k ¼ w; s ðno summation on kÞ: ð2:21Þ

2.3. The Gibbs–Duhem relation

For a fluid phase, the Gibbs–Duhem relation provides the fluid pressure pW in terms of the chemical
potentials of the species lkW, namely Haase (1990, Chapter 1–13),

dpW ¼ cwWdlwW þ csWdlsW: ð2:22Þ
This relation is easy to retrieve from the definitions above by forming a linear combination of the chemical
potentials (2.6) that eliminates the chemical contribution via (2.10)1; the result follows by using successively
(2.18), (2.19) and (2.21). In order to define the mechanical constitutive equations of the porous medium in
Section 4, we will need to isolate the chemical effects in pore water. For that purpose, following Heidug and
Wong (1996), we define the chemical energy per current unit volume of the fluid phase through its dif-
ferential

dwW ¼ lwWdcwW þ lsWdcsW; ð2:23Þ
which, via the Gibbs–Duhem relation (2.22), can be integrated, up to a constant, to

wW ¼ lwWcwW þ lsWcsW � pW: ð2:24Þ
Using (2.13), (2.14)1 and (2.20), one has ckWvW ¼ mkW, k ¼ w; s. Therefore, the chemical energy of the fluid
phase per unit initial volume of porous medium is, using (2.13),

WW ¼ wW

VW

V0

¼ wWvW ¼ lwWmwW þ lsWmsW � pWvW: ð2:25Þ

Indeed, due to the Gibbs–Duhem relation (2.22), the differential of WW simplifies to

dWW ¼
X
k2W

lkWdmkW � pWdvW: ð2:26Þ

2.4. Incompressibility constraint

A situation of particular interest arises when all species are incompressible, dqkK ¼ 0 8k;K. Then, there
exists a relation between the set of variables f�; vW;mwS;msSg. With (2.14), the increment of fluid volume
content can be expressed as, Appendix A, Eq. (A.8),

dvW ¼ d tr�� dmwS

qwS

� dmsS

qsS

: ð2:27Þ

3. The global picture: deformation, mass transfer and diffusion

The change of mass of each species is due a priori to both transfer, i.e a physico-chemical reaction, and
diffusion, namely
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dmkK

dt
¼ d

dt
mreactive

kK þ d
dt
mdiffusive

kK : ð3:1Þ

In practice, the changes in the species of the solid phase are purely reactive, namely by transfer, through the
membrane, of water and salt between the solid and fluid phases. On the other hand, the species of the fluid
phase K ¼ W may also undergo mass changes by exchanges (diffusion) with the outside, i.e.,

d
dt
mdiffusive

kK ¼ �divMkK ; ð3:2Þ

where MkK is the mass flux of the species k of phase K through the solid skeleton, namely,

MkK ¼ qkKðvkK � vSÞ; ð3:3Þ

which clearly indicates that the diffusive flux is non-zero only for species of the fluid phase. Also dmreactive
kK =dt,

abbreviated to q̂qkK in the sequel, is the rate of transfer of mass density towards the species k of phase K, see
Appendix A, Eq. (A.1). Since each of these transfers concerns a single species as indicated by Fig. 2, then

q̂qwS þ q̂qwW ¼ 0; q̂qsS þ q̂qsW ¼ 0: ð3:4Þ

In absence of thermal effects, starting from the statements of balance of mass for each species, and of
momentum and energy for the phases, e.g. Eringen and Ingram (1965), the Clausius–Duhem inequality for
a mixture as a whole can be cast in the following form,

dD ¼ �dW þ r : d�þ
X
k;K

lkKðdmkK � q̂qkKdtÞ �
X
k;K

rlkK �MkKdtP 0: ð3:5Þ

The Clausius–Duhem inequality can be viewed as containing the sum of three contributions, dD ¼ dD1 þ
dD2 þ dD3, associated with mechanical work, mass transfer and diffusion. These contributions will be re-
quired to be positive individually, that is

dD1 ¼ �dW þ r : d�þ
X
k;K

lkKdmkK P 0;

dD2=dt ¼ �ðlwS � lwWÞq̂qwS � ðlsS � lsWÞq̂qsS P 0;

dD3=dt ¼ �rlwW �MwW �rlsW �MsW P 0:

ð3:6Þ

If body force density bkW and acceleration dkWvkW=dt are accounted for, rlkW should be substituted by
rlkW � bkW þ dkWvkW=dt in dD3=dt. The chemo-hyperelastic behaviour, Section 4, will be constructed in
order the first term dD1 to exactly vanish. Satisfaction of the second and third inequalities leads to a
generalized transfer law and a generalized diffusion law respectively, detailed in Gajo and Loret (2001).
Transfer equations introduce memory effects, akin to transfer of fluid between the types of cavities
in double porosity theories. They might also be viewed as a vehicle to introduce viscous effects in these
otherwise rate-independent elasto-plastic constitutive equations. Generalized diffusion equations imply that
matter transfers/diffuses from a phase of larger chemical potential to a phase of lower chemical potential.
On one hand, this implication appears just as a generalization of Darcy’s seepage law. On the other hand, a
chemically induced flow might turn out to be a counterflow to usual Darcy’s flow when the chemical
potentials and pressures have their relative orders of magnitude reversed. Identification of diffusion coef-
ficients in terms of measurable quantities is described in the above reference where finite element simula-
tions of laboratory experiments are presented.
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4. Elastic constitutive equations

The absorption/desorption of water (and salt) into/from the solid phase introduces a chemo-mechanical
coupling. On the other hand, the presence of salt in the water phase does not affect directly the mechanical
behaviour of the porous medium, it just flows through. Its amount is governed by an equation of mass
conservation and a flow law. Therefore, to develop the chemo-mechanical constitutive equations, we will
treat the fluid phase as a whole and, temporarily, ignore its chemical composition. Therefore constitutive
equations are developed for the following variables: two thermodynamic dual variables characterizing the
mechanical state of each phase, namely ðr; �Þ for the solid phase and ðpW; vWÞ for the fluid phase, as many
thermodynamic dual variables of chemical potential-mass content as there are species that cross the
membrane, namely ðlkS;mkSÞ; k 2 S$. Incompressibility of the species will reduce the number of constit-
utive equations by one.

In view of extension to the elastic–plastic behaviour, generalized strains will henceforth be denoted by a
superscript ‘‘el’’. Instances are strains, volume and mass contents, number of moles. Later, these entities
will be decomposed into an elastic, or reversible, part and a plastic, or irreversible, part. Given a reference
state, and a process which is reversible from that reference state to the current state, the elastic part of each
of above entities is by convention equal to the total entity.

4.1. Dependent and independent variables

When the behaviour is elastic, the energy of porous medium per unit initial volume Wel ¼ Wel � Wel
W can

be viewed as the elastic energy of the porous medium for which the chemical effects in the fluid phase are
disregarded. It depends on the restricted set of independent variables 2 f�el; velW;mel

wS;m
el
sSg. Indeed, with the

work definition (2.5) and the Gibbs–Duhem relation (2.22), we have the following incremental decompo-
sition of Wel into Wel and Wel

W:

dWel ¼ r : d�el þ
X
k2S$

lkSdm
el
kS þ

X
k2W

lkWdmkW;

dWel ¼ r : d�el þ pWdvelW þ
X
k2S$

lkSdm
el
kS;

dWel
W ¼ �pWdvelW þ

X
k2W

lkWdmkW:

ð4:1Þ

Thus constitutive equations for the dependent variables fr; pW; lwS; lsSg in terms of the independent
variables f�el; velW;mel

wS;m
el
sSg are obtained in the format:

r ¼ oWel

o�el
; pW ¼ oWel

ovelW
; lkS ¼

oWel

omel
kS

; k ¼ w; s: ð4:2Þ

Alternative choices in the sets of independent and dependent variables can be postulated by partial or total
Legendre transforms of Wel.

4.2. Incompressible species

In the sequel, we will restrict the formulation by assuming that all species are incompressible. We shall
adopt f�el;mel

wS;m
el
sSg as the set of independent variables and then the increment of elastic fluid volume

2 Notice that only the arguments that vary during loadings are listed; for example, since the mass-content in clay is constant inside

the solid phase, its influence is not shown explicitly in the list of arguments although it is tacitly assumed.
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content is given by (2.27) written in terms of elastic quantities since we require the incompressibility
condition to hold in both the elastic and elastic–plastic regimes.

Hence, dWel, Eq. (4.1), becomes

dWel ¼ �rr : d�el þ lwSdm
el
wS þ lsSdm

el
sS; ð4:3Þ

in terms of Terzaghi’s effective stress �rr and of the effective chemical potentials lkK ,

�rr ¼ r þ pWI; lkK ¼ lkK � pW

qkK
: ð4:4Þ

If the mass transfer does not alter the density, Eq. (2.8), equilibrium of the chemical potentials, i.e.
lkS ¼ lkW, is equivalent to equilibrium of the effective chemical potentials, i.e. lkS ¼ lkW. Of course,
chemical equilibrium applies only for species that can cross the membrane.

The constitutive relations take now the form,

�rr ¼ oWel

o�el
; lkS ¼

oWel

omel
kS

; k ¼ w; s: ð4:5Þ

Notice that, when there is only a single species present per phase as in the usual poro-elasticity, that is,
dmel

wS ¼ dmel
sS ¼ 0, the classical relations are retrieved. Indeed, the incremental energy reduces to r : d�el þ

pWdvelW in the compressible case. In the incompressible case, the incremental energy is equal to �rr : d�el since
then the incompressibility condition is dvelW ¼ d tr�el and the remaining constitutive equation (4.5)1 specifies
the effective stress only, that is the pore pressure pW does not enter explicitly the constitutive equations: in a
boundary value problem, it is defined by boundary conditions.

4.3. Logarithmic isotropic hyperelasticity

Experimental data over a large range of stress show that the elastic bulk moduli of soils depend on the
stress state. A usual approximation linked to the Cam–Clay models consists in assuming the volumetric
elastic strain to be proportional to the logarithm of the mean-effective stress. On the other hand, Bolt (1956)
has shown the influence of the chemical composition of pore water on the isotropic rebound (unloading)
curves from high stresses: in the plane ðln p-void ratio eÞ, they are almost linear trajectories emanating from
a restricted zone with a very narrow range of void ratios. In our formulation, a constant chemical com-
position of the pore water is equivalent, if the pore pressure is constant, to a constant chemical potential of
any species in fluid phase, and to a constant chemical potential of any species that can cross the membrane.
Thus, one would be lead a priori to use the effective stress and chemical potentials as primary variables.
However, the extension to electrolyte solutions is facilitated if the effective stress and the mass of species in
the solid phase mel

kS (or the molar fraction xelkS derived consistently from the latter according to Eq. (2.16))
are considered as primary variables instead. From a practical point of view, the above-mentioned un-
loading curves can be associated with an almost constant xelkS as mechanical loading, at constant chemical
potential lkS, will be shown to have a small influence on the chemical composition of the solid phase.

Before introducing logarithmic hyperelasticity in this chemo-mechanical context, let us first consider the
purely mechanical and purely chemical contributions to the chemo-elastic potential independently. For this
purpose, let us introduce the decomposition of the strain and total and effective stress tensors into their
spherical and deviatoric parts, namely

�el ¼ tr�el

3
Iþ dev�el; r ¼ �pIþ s; �rr ¼ �pIþ s ð4:6Þ

with the total and effective mean-stresses p, p and deviatoric stress q,
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p ¼ � trr

3
; p ¼ � tr�rr

3
; q ¼ 3

2
s : s

� �1=2

: ð4:7Þ

For chemically inert soils, the logarithmic stress-based formulation starts by assuming the stored energy in
the following form,

jp ln
p
p0

� ��
� 1

�
þ q2

6G
; ð4:8Þ

where j and G are material constants and p0 a reference mean-stress. The corresponding secant bulk
modulus and tangent bulk modulus,

dtr�rr=3
dtr�el

¼ p � p0

j lnðp=p0Þ
> 0;

d tr�rr=3
d tr�el

¼ p
j
> 0; ð4:9Þ

are thus increasing with p.
Let us consider now the purely chemical contribution to the chemo-elastic potential, namely RT =

V0uðxelwS; x
el
sSÞ. We require the chemical part of the chemical potentials lkS to have the classic form (2.7), that

is since N el
kK ¼ mkKV0=m

ðMÞ
k , we require ou=oN el

kS ¼ ln xelkS; k ¼ w; s. Then up to a constant depending on the
number of moles of solid particles NcS,

uðxelwS; x
el
sSÞ ¼

X
k2S$

N el
kS lnN el

kS �
X
k2S

N el
kS

 !
ln

X
l2S

N el
lS

 !
: ð4:10Þ

We are now in the position to obtain the chemo-elastic potential in the above motivated mixed form. For
that purpose, let us first define a partial Legendre transform Wel

Mð�rr;mel
wS;m

el
sSÞ of the energy Wel, namely

dWel
M ¼ dð�rr : �el �WelÞ ¼ �el : d�rr �

X
k¼w;s

lkSdm
el
kS ð4:11Þ

from which follow the constitutive relations,

�el ¼ oWel
M

o�rr
; lkS ¼ � oWel

M

omel
kS

; k ¼ w; s: ð4:12Þ

Let us consider now the case of a membrane permeable to water only. The remaining conjugate chemical
variables are mel

wS and lwS. In order to reproduce the expected elastic behaviour, Fig. 3, we set

Wel
Mð�rr;mel

wSÞ ¼ �p tr�elj þ jðxelwSÞF ðp; pjÞ þ
q2

6G
� RT

V0

uðxelwSÞ: ð4:13Þ

Here F ðp; pjÞ is the function that introduces a logarithmic dependance in mean-stress,

F ðp; pjÞ ¼ p ln
p
pj

� p;
dF
dp

¼ ln
p
pj

ð4:14Þ

and tr�elj is the value of the volume change when the effective mean-stress varies from the convergence stress
pj to a small reference value p0 while the pore fluid is distilled water, namely Fig. 3,

tr�elj ¼ �jdw ln
pj

p0

with jdw ¼ jðxel;dwwS Þ; ð4:15Þ

where xel;dwwS is the elastic molar fraction of absorbed water when pore water is distilled. In absence of precise
experimental influence of the chemical composition of pore water on the shear modulus G, the latter will be
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simply assumed to be constant. Then, in view of the elastic potential (4.13), the elastic constitutive Eq.
(4.12) reduce to:

�el ¼ tr�elj

�
� jðxelwSÞ ln

p
pj

�
I

3
þ s

2G
;

lwS ¼ �F ðp; pjÞ
dj

dmel
wS

þ RT

mðMÞ
w

ln xelwS:

ð4:16Þ

Although the formulation is by no means restricted to such states, the manipulations will become more
familiar to Cam–Clay users if the deviatoric stress and strain are assumed to maintain fixed directions
during loading, e.g. as for triaxial compression or extension paths, or more generally paths with constant
Lode angle. Then the stress and strain states can be fully characterized by only two work-conjugate in-
variants, namely ðp; qÞ and ðtr�el; �elq Þ, since then the incremental work �rr : d�el reduces to pd tr�el þ qd�elq . An
incremental form of the elastic constitutive equations giving ð�dp; dq; dlwSÞ in terms of ðd tr�; d�elq ; dmel

wSÞ
can be expressed via the symmetric matrix,

�dp
dq

dlwS

2
4

3
5 ¼

B 0 Bw

0 3G 0
Bw 0 b

2
4

3
5 d tr�el

d�elq
dmel

wS

2
4

3
5; ð4:17Þ

where the tangent bulk modulus B and the coefficients Bw and b are defined as follows:

B ¼ p
jðxelwSÞ

; Bw ¼ � op
omel

wS

¼ olwS

otr�el
¼ B ln

p
pj

dj
dmel

wS

ð4:18Þ

and, using relation (2.17) for k ¼ l ¼ w applied to elastic entities,

b ¼ olwS

omel
wS

¼ B2
w

B
� F ðp; pjÞ

d2j

d2mel
wS

þ RT

mðMÞ
w

1� xelwS

mel
wS

: ð4:19Þ

Fig. 3. In the simplified model, a sample keeps approximatively its chemical composition during a purely mechanical loading cycle and

behaves like a Cam–Clay material. Chemical loading and unloading occurs in an elastic regime: after a chemical cycle, the final point G

is back on the initial curve, corresponding here to a sample in contact with distilled water. Increase of salt concentration up to solution

saturation BC leads to chemical consolidation while later re-exposure to distilled water ED displays swelling. (a) A mechanical loading

cycle on a sample in contact with distilled water and on another sample in contact with a saline solution. (b) Idealized mixed me-

chanical and chemical cycle. The purely mechanical experiment with distilled water as a pore fluid is shown for comparison.
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Notice that the symmetry of the constitutive matrix in (4.17) is due to the existence of the chemo-elastic
potential. Moreover, since G is independent of the chemical composition of the solution, there is no
coupling between shear components and the chemical variable.

The calibration of a typical interpolation function for jðxelwSÞ is provided in Appendix B, with data
corresponding to distilled and salt-saturated pore water.

5. Elastic–plastic constitutive equations

Exchange of matter between the clay cluster (solid phase) and pore water (fluid phase) implies changes in
the thermomechanical state of the porous medium. Both elastic and elastic–plastic properties are affected.
Chemical effects act reversibly on the plastic properties by increasing or decreasing the preconsolidation
stress and also by changing the shear-strength. But by the same token, they also implicitly trigger or prevent
plastic strains. Therefore chemical effects are, even qualitatively, different from thermal effects which es-
sentially decrease the preconsolidation stress or from desaturation effects which increase this preconsoli-
dation stress.

The terms elastic and plastic mass change are to be understood as reversible and irrreversible reactions,
that is which can proceed in both or only one direction of transfer, in agreement with the respective
meanings in mechanics of solids.

We begin by providing a simplified description of experimental data, delineating the key features of the
model that will be given an analytical formulation in a second step.

5.1. Experimental observations

As already stated, the present analysis is devoted to clays which contain essentially one type of cation,
like the Ponza bentonite studied by Di Maio (1996) which is a predominantly Na-Montmorillonite. The
presence of several cations requires to account explicitly for electroneutrality and will be the subject of a
companion paper, Gajo et al. (2002). The main features of the behaviour of Na-Montmorillonite that
emanate from the oedometric tests of Di Maio (1996) and that we intend to model are listed now.

5.1.1. Mechanical loading
The specimen is in contact with a large reservoir of constant chemical composition and at atmospheric

pressure, so that pW  0. The load is continuously varied, sufficiently slow however that chemical equi-
librium can be established at the end of each load increment. Therefore, one may assume the chemical
potentials of all species that can transfer to be equal, at the end of each load increment, to the known
chemical potentials of their counterparts in pore water.

Experiments show that the curves (ln p, void ratio e) are nearly straight and converging to a narrow
interval of void ratio, Fig. 3 (the coefficients je and ke refer to the void ratio while the coefficients j and k
refer to the volumetric strains). However, the slopes of the loading and unloading curves decrease as the
Na-content of the pore water increases. This trend holds whatever this content, that is from zero Na-
content (distilled water) to saturated solutions (that is at 20 K and under atmospheric pressure, 6.15 moles
of Na per liter of water).

5.1.2. Chemical loading: chemical consolidation and swelling
Under constant mechanical conditions, a chemical loading consists in varying the Na-content of the pore

water. When the latter increases, the void ratio decreases, and the decrease rate is especially large at small
salt content: in fact most of the volume change occurs for Na-concentrations between 0 and 1 mol/l. This is
true for both chemical consolidation and swelling according to unpublished results by Di Maio, Fig. 8(b). If
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the Na-content of pore water is decreased, either immediately at constant stress, or after a mechanical
loading path, the volume of the sample increases. Notice that these volume changes are in qualitative
agreement with the osmotic effect: flow occurs towards the region of higher salinity. Alternatively, one may
say that water desorption/absorption to clay surfaces occurs to equilibrate the salt contents in pore water
and clay pockets.

5.1.3. Chemical softening and preconsolidation: a paradox
Mechanical loading at constant chemical composition corresponds clearly to an elastic–plastic behaviour

while mechanical unloading can be conjectured to be purely elastic, see Fig. 8 of Di Maio (1996). The
situation is more complex for chemical loadings. At relatively low stresses, a chemical loading cycle seems
to be practically reversible while the amount of plastic contractancy increases with the applied stress, Fig. 7.

Also, when chemical consolidation at a constant low stress is followed by mechanical loading, the slope
of the stress–strain curve is the elastic–plastic slope right from the beginning of the stress increase, so that
there seems to be almost no chemical preconsolidation, Fig. 6(e) and (f). The data available do not allow to
reveal if this description is still correct or not at larger stresses.

The above interpretation may have to account for the large void ratio of Ponza bentonite. Other tests on
Bisaccia clay 3 at smaller void ratios, Fig. 9(b), show in fact some chemical preconsolidation. This state of
affairs, chemical softening leading to plasticity and chemical preconsolidation, seems somehow paradoxical.
The model developed here is able to provide an explanation of these phenomena. In fact, we have

(i) a first conceptual model for which chemical loading and unloading are purely elastic, Fig. 3. In this
model, loading curves have slopes k that depend on the chemical composition of pore water, that is
equivalently, as explained above, k ¼ kðlwSÞ. 4 They converge at a point Pk, from which unloading curves
emanate as well, i.e. Pj ¼ Pk, with slopes j depending also of the chemical composition of pore water. This
dependance has been introduced in the previous section through the elastic mass content of absorbed water
mel

wS, Eq. (4.16); alternatively, it could be introduced through its chemical potential lwS. The two repre-
sentations are different only in form. Quantitatively they are almost equivalent because the chemical term
dominates the mechanical term in the chemical potential.

In this simplified model, the difference k � j is constant at varying chemical pore composition. To ex-
plore the consequences of this assumption, let us consider a mixed mechanical and chemical loading and
unloading path, Fig. 3(b). The chemical swelling ED is assumed elastic and a constant k � j implies CE to
be equal to BD, and so the chemical consolidation BC is equal to the chemical swelling ED, and it is
therefore elastic.

(ii) a more complete model that accounts for chemical softening and preconsolidation. In this model,
chemical consolidation has first an elastic–plastic stage, possibly followed by a purely elastic stage, the
relative size of the former increasing with the stress level, Fig. 4(a). Moreover, the limit points Pj and Pk are
a priori distinct. There are two competing effects during chemical consolidation at constant stress. Plasticity
leads to plastic contractancy, that is to hardening which increases the preconsolidation stress pc. Chemical
effects tend to decrease pc up to some value of the chemical load, say in terms of the chemical potential lcr

wS,
i.e. stage BE of Fig. 4(a); for a larger chemical load the behaviour is elastic since the chemical effect tends to
increase pc, so that there is chemical preconsolidation, i.e. stage EC of Fig. 4(a). From the data available,
namely Fig. 7 of Di Maio and Fenelli (1997), this elastic (chemical preconsolidation) stage EC seems to
decrease with respect to the elastic–plastic and chemical softening stage BE at higher stresses.

3 Bisaccia clay is not a Na-Montmorillonite clay. However part of its behaviour can be explained as if it were. But simulations of

complex mixed mechanical and chemical loadings on that clay require to account for the presence of several cations, see Gajo et al.

(2002).
4 This formalism is adequate for incompressible species and a semi-permeable membrane.
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Let us describe now the expected behaviour upon resuming mechanical loading, in the context of this
more complete model:

• if mechanical loading resumes during the elastic–plastic stage, point R1 between points B and E on Fig.
4(b), the behaviour will continue to be elastic–plastic following the current kðlwSÞ-line.

• if mechanical loading resumes during the elastic stage, point R2 below point E on Fig. 4(b), the behav-
iour will be elastic, following the current jðlwSÞ-line, up to the point where the kðlE

wSÞ-line is reached.

Let us consider now a chemical load cycle, Fig. 5. The final void ratio, point D, is below the initial void
ratio, point B, due to the plastic contractancy during chemical consolidation BE, Fig. 5(a). Mechanical
loading from point D will show an elastic behaviour since the negative chemical effect is more than
compensated by the positive plastic hardening which has kept the value it has acquired during loading at
point E: Fig. 5(c) indicates the evolution of pc during chemical unloading.

The qualitative behaviour described above is now given an analytic expression.

5.2. Incremental elastic–plastic relations

5.2.1. The general case of compressible species and imperfect membrane
The generalized strains are endowed with an elastic part (superscript ‘el’) and a plastic part (superscript

‘pl’), namely

� ¼ �el þ �pl; vW ¼ velW þ vplW; mkS ¼ mel
kS þ mpl

kS; k ¼ w; s: ð5:1Þ

The elastic components in this expression are expressed through (4.12), (4.16) or (4.17). The plastic in-
cremental flow relations are motivated by the dissipation inequality (3.6). In fact, using the hyperelastic
relations and the strain decomposition (5.1), the resulting dissipation, dD1, can be cast in the following
format,

Fig. 4. Chemical loading (increase of salt concentration) occurs first plastically and later elastically. Mechanical reloading shows

preconsolidation only if this second stage has been reached. (a) During chemical loading, the relative part of the plastic stage increases

with the level of the effective mean-stress. The chemical loading path BC in this. (b) Mechanical reloading from R1 in the plastic stage

displays a plastic behaviour. Reloading from R2 in the elastic stage shows an elastic behaviour and reveals chemical preconsolidation.
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dD1 ¼ r : d�pl þ pWdvplW þ
X
k2S$

lkSdm
pl
kS P 0; ð5:2Þ

which motivates the generalized normality flow rule,

d�pl ¼ dK
og
or

; dvplW ¼ dK
og
opW

; dmpl
kS ¼ dK

og
olkS

; k ¼ w; s; ð5:3Þ

where dK P 0 is the plastic multiplier and g ¼ gðr; pW; lwS; lsSÞ the plastic potential.

5.2.2. Incompressible species and perfect semi-permeable membrane
Henceforth, the analysis is restricted to incompressible species and to a membrane permeable to water

only. The incompressibility constraint (2.27), that holds in both the elastic and elastic–plastic regimes,
provides the increment of plastic volume change of the fluid phase,

dvplW ¼ d tr�pl � dmpl
wS

qwS

� dmpl
sS

qsS

: ð5:4Þ

Fig. 5. Evolution of preconsolidation stress during a chemical loading cycle. Chemical loading is first elastic–plastic, next elastic while

chemical unloading is elastic: so the strain-induced preconsolidation remains fixed on the paths EC and CED. The preconsolidation

stress is affected both reversibly and irreversibly by chemical content. (a) Chemical loading BC and unloading cycle CD, that is

progressive salinization and desalinization of pore water. (b) Evolution of preconsolidation stress pc during chemical loading BC.

During the plastic stage BE, pc ¼ �pp as there is competition between plastic hardening and chemical softening. In the elastic stage EC,

chemical hardening produces preconsolidation. (c) Evolution of preconsolidation stress pc during chemical unloading CD. During

desalinization of pore water, chemical strengthening is reversibly wiped out until point E is reached. Upon further unloading, the

previously chemical softening reverses sign and becomes chemical hardening.
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The dissipation inequality (5.2) becomes

dD1 ¼ �rr : d�pl þ lwSdm
pl
wS ¼ �p trd�pl þ s : devd�pl þ lwSdm

pl
wS P 0: ð5:5Þ

If, for simplicity, one restricts the analysis to stress paths with constant Lode angles, that expression
motivates the generalized normality flow rule

trd�pl ¼ �dK
og
op

; devd�pl ¼ dK
og
oq

3

2

s

q

�
) d�plq ¼ dK

og
oq

�
; dmpl

wS ¼ dK
og
olwS

: ð5:6Þ

Notice that in general the plastic increment of volume change of the fluid phase (5.4) has no reason to
vanish: in fact, it has been introduced specifically in order the incompressibility condition be satisfied. Its
existence in the compressible case allows a smooth transition between compressible and incompressible
materials.

The plastic potential g and consequently the yield function f depend on the three arguments p, q, lwS, to
which we add tr�pl, which will allow hardening or softening. When there is plastic loading, that is the stress
point is on the yield surface and stays there, f ¼ 0 and df ¼ 0, the incremental constitutive equations
become,

�dp
dq

dlwS

2
4

3
5 ¼

B� 1
H gpfp � 1

H gpfq Bw � 1
H gpfw

� 1
H gqfp 3G� 1

H gqfq � 1
H gqfw

Bw � 1
H gwfp � 1

H gwfq b � 1
H gwfw

2
4

3
5 d tr�

d�q
dmwS

2
4

3
5: ð5:7Þ

The general expressions of the coefficients entering in (5.7), namely fp; fq; fw; gp; gq; gw, of the plastic
modulus H > 0 and of the hardening modulus h are reported in Appendix C, together with their special-
izations when the yield function and plastic potential are of the Modified Cam–Clay type, namely

f ¼ f ðp; q; lwS; tr�
plÞ ¼ q2

M2p
þ p � pc; ð5:8Þ

with M ¼ MðlwSÞ and pc ¼ pcðlwS; tr�
plÞ. Notice that the major symmetry of the elastic–plastic incremental

relations holds iff the flow rule is associative, namely f ¼ g.
The calibrations of typical interpolation functions for kðlwSÞ and M ¼ MðlwSÞ are provided in Appendix

D, with data corresponding to distilled and salt-saturated pore water.

5.2.3. Mechanical and chemical hardening/softening
To close the model, the influence of absorbed water on the preconsolidation stress pc is now addressed.

The more complete model is described first, as the simplified model will be just a particular case.
The consolidation lines have a slope kðlwSÞ and they converge to the effective mean-stress pk,

tr� ¼ tr�k � kðlwSÞ ln
p
pk

; tr�k ¼ �kdw ln
pk

p0

ð5:9Þ

while the unloading curves emanate a priori from a different point pj, Eqs. (4.15) and (4.16),

tr�el ¼ tr�el
j � jðxelwSÞ ln

p
pj

; tr�el
j ¼ �jdw ln

pj

p0

; ð5:10Þ

with kdw ¼ kðldw
wSÞ, jdw ¼ jðxel;dwwS Þ. Combining (5.9) and (5.10) provides the preconsolidation stress pc. In

order to reduce the chemical dependance of pc to a single parameter, namely lwS, we introduce a slight
qualitative modification, expressing the chemical dependance of j in terms of lwS, namely j ¼ ~jjðlwSÞ. The
resulting preconsolidation stress pc given implicitly in the following format:
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ðk � ~jjÞ ln pc

p0

¼ �tr�pl þ ðk
�

� ~jjÞ � ðkdw � ~jjdwÞ
�
ln
pk

p0

þ ð~jj � ~jjdwÞ ln pk

pj

; ð5:11Þ

with differential

ðk � ~jjÞ dpc
pc

¼ �d tr�pl þ ln
pk

pc
dk � ln

pj

pc
d~jj; ð5:12Þ

appears as a generalization of the usual Cam–Clay expression.
Implicit in the above description is the assumption that plasticity occurs first during the chemical

loading. This requires that the initial value of the chemical contribution to pc, Eq. (5.12), be negative. In the
example detailed later, this condition will imply some relations between the chemical variations of ~jj and k,
see Appendix D, namely between the initial slopes j3 and k3. If, on the other hand, one were assuming that
elasticity occurs first followed by plasticity, then preconsolidation would be excluded at saturation, a sit-
uation which is not impossible a priori for some clays but that does not correspond to the experimental
behaviour of Bisaccia clay as described in Section 6.

Remark 5.1. The simplified model without chemical preconsolidation.

When the difference k � j is constant and the effective mean-stresses pj and pk are equal, the precon-
solidation stress pc, Eqs. (5.11) and (5.12), does not depend on the chemical effects. Chemical loadings and
unloadings are then elastic, Fig. 3. Furthermore, the elastic–plastic incremental response to isotropic paths
simplifies, since then f and g do not depend on lwS : dq ¼ 0, d�q ¼ 0, and, for the associative Modified Cam–
Clay (5.8),

�dp
dlwS

� �
¼ 1

k

p Bwj
Bwj bk � B2

w
B ðk � jÞ

� �
d tr�
dmwS

� �
: ð5:13Þ

6. Simulations of mechanical, chemical and mixed loading paths

The subsequent simulations aim at quantifying the capacity of the model to capture the main features of
the chemo-mechanical coupling that have been described in the previous sections. For that purpose, it
would be necessary to have available a series of experiments on homogeneous specimens. Unfortunately, it
proves difficult either to prepare artificial specimens or to get in situ specimens that can be considered
homogeneous, especially in view of the complex microstructural compositions of sensitive clays. Specimens
from a single borehole but taken at different depths may differ considerably even if they belong to the same
soil layer. Another key difficulty stems from the time duration necessary to perform chemical loading for
which chemical equilibrium can be considered to hold at any time. Only steady states at which the con-
centrations are deemed uniform throughout the specimen are considered. An order of magnitude of the
duration the physico-chemical processes need to reach equilibrium can be grasped from the chemical tests
at fixed mean-stresses shown in Fig. 7(b). They refer to oedometric tests on cylindrical specimens of initial
height 20 mm. Chemical consolidation appears to reach equilibrium in few days, while swelling is a much
slower process, requiring several weeks. The experimental data used here are assumed to represent effec-
tively a succession of equilibrium states, i.e.

lkS ¼ lkW 8k 2 S$: ð6:1Þ

The validity of the above assumptions of homogeneity and equilibrium is critically examined in a subse-
quent finite element analysis, Gajo and Loret (2001).
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6.1. Material parameters

The main source of data that we have used concerns clays of Southern Italy, Di Maio (1996), Di Maio
and Fenelli (1997) and Di Maio and Onorati (1999). As mentioned previously, one of the clays analyzed by
these authors, Ponza bentonite, is an almost pure Na-Montmorillonite which fits in the present analysis.
Part of the behaviour of Bisaccia clay, a natural marine-origin clay, is also explained when it is exposed to
distilled water or saline solutions of NaCl only. Most of the experimental data have been obtained in
oedometric tests; however for the sake of simplification, they are used as isotropic tests for parameter
calibration and subsequent simulations. The key material parameters of these clays are reported in Table 1
and the resulting model coefficients are provided in Table 2: they have been obtained using the calibration
methods described in Appendices B and D.

The material behaviour referred to as ‘Ponza bentonite simplified’ has been modeled using a simplified
calibration, with j3 and k3, Eqs. (B.4) and (D.3), simply set equal to 1.

The Ponza bentonite and Bisaccia clay have been remolded using distilled water and later exposed to
various saline pore solutions. The mixed Bisaccia clay has been obtained by mixing clay particles with a
saline solution (1 mol/l of NaCl). During mechanical loading, the sample has been assumed to remain in
contact with its initial pore solution; however even if it is exposed to distilled water during the mechanical
loading, the duration of the triaxial test is so small that a chemical loading which involves a diffusion
process has no time to take place.

Initial conditions are obtained as described in Appendix E.

6.2. Simulations of mechanical and chemical loadings and unloadings

In most of the simulations, the situation where the specimen is in contact with distilled water and un-
dergoes a purely mechanical loading has been used as a reference.

Fig. 6 shows a mixed chemo-mechanical loading and unloading cycle. The mechanical load is induced by
the change of effective mean-stress while the chemical load is induced by the change of molar fraction of
NaCl in pore water. Due to the elastic–plastic behaviour that takes place during increase of the salinity of
pore water (chemical loading), the final void ratio after completion of the loading cycle does not reach
exactly the distilled water reference although the gap is quite small. The consolidation curves are nearly

Table 1

Initial conditions and material parameters

Clay type e0 pc0 (kPa) jdw jsat kdw ksat Mdw M sat

Ponza bentonite 8.00 20 0.081 0.011 0.171 0.101 – –

Ponza bentonite

(simplified)

8.00 20 0.081 0.011 0.180 0.121 – –

Bisaccia clay 3.24 10 0.044 0.009 0.129 0.094 – –

Mixed Bisaccia clay 2.80 10 0.047 0.012 0.109 0.048 0.401 0.803

Table 2

Model coefficients

Material j1 j3 �ppj (kPa) k1 k3 �ppk (kPa) M1 M3

Ponza bentonite �0.070 6 1400 �0.070 6 2600 – –

Ponza bentonite(simplified) �0.092 1 1400 �0.080 1 2600 – –

Bisaccia clay �0.035 3 700 �0.035 6 700 – –

Mixed Bisaccia clay �0.035 3 700 �0.061 6 700 0.402 6
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straight in the model ‘Ponza bentonite simplified’, Fig. 6(a) and (b). In fact, instead of taking an average
slope over the available range of mean-stresses, we have preferred to calibrate the model from the straight

Fig. 6. Comparison of a purely mechanical loading cycle for a specimen in contact with distilled water (dashed curve) with a mixed

mechanical–chemical loading cycle for a specimen initially in contact with distilled water (solid curve). The salinity of pore water (with

NaCl) is varied between its minimum value (distilled water) and its maximum value corresponding to saturation. Increase of salinity

leads to chemical consolidation while decrease of salinity leads to swelling. Model simulations (a)–(d) and experimental data (e) and (f)

on Ponza bentonite by Di Maio (1996, Fig. 8). (a) Model simulations, j3 ¼ k3 ¼ 1; (b) model simulations, same as (a); (c) model

simulations, j3 ¼ k3 ¼ 6; (d) model simulations, same as (c); (e) experimental data; (f) experimental data.
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part of the mechanical compression. As a consequence, the void ratio at the end of the loading process is
slightly smaller than it should. On the other hand, when the chemical dependance of j and k is more
properly calibrated from the chemical consolidation test in Fig. 8, the consolidation curves tend to become
less steep at large stresses, in agreement with experimental data.

6.3. Simulations of chemical loading cycles

Simulations of purely chemical loading cycles at given effective mean-stress are displayed in Fig. 7: plastic
loading that occurs during chemical consolidation leads, at larger mean-stresses, to an increased proportion
of plastic contractancy with respect to elastic swelling. This feature of the model is also displayed by ex-
perimental data. However the agreement between model simulations and experimental data seems to be

Fig. 7. Chemical cycle at constant effective mean-stress. Model simulations (solid curve) versus experiments by Di Maio (1996, Fig. 7)

(symbols). In the model simulations, the timescale is purely fictitious. Increase of salinity of the pore solution by addition of NaCl up to

saturation implies an elastic–plastic consolidation while decrease of salinity occurs elastically, resulting in a net contractancy whose

amount increases with the effective mean-stress. The model simulates these features, although the plastic contractancy at large mean-

stresses is less than the experiment. This discrepancy might be due to the fact that the specimen tested here has not the same properties

as the one used to calculate the material parameters, Fig. 6 above: for comparison, both the data and model simulation of the chemical

loading at �pp ¼ 1200 kPa from that figure are shown in (f).
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only qualitative. In fact, this apparent discrepancy should be viewed with care, in line with the remarks
above concerning the homogeneity of the state of specimens tested and other possible experimental sources
of inaccuracy. Indeed, the experimental chemical consolidation (volumetric strain) at p ¼ 1200 kPa in Fig. 6
is 0:4=ð1þ e0Þ ’ 4:44% while it is 12% at p ¼ 960 kPa in Fig. 7. On the other hand, the chemical con-
solidations from the two figures agree to approximatively 25% at p ¼ 40 kPa. Note that the volume changes
shown in Fig. 7 of Di Maio (1996) have been calculated with an initial void ratio equal to 13:4 based on
information provided by the experimentator. They have been re-scaled by the ratio ð1þ 13:4Þ=ð1þ 8Þ ¼ 1:6
for comparison with her Fig. 8 reproduced in our Fig. 6(a). Since we are concerned here with pointwise
material properties, the timescale along the abscissa for simulated results in Fig. 7 is purely fictitious. In
order to obtain the time-evolution of the volume change of the sample, a complete initial and boundary
value problem including transfer and diffusion effects would have to be considered, Gajo and Loret (2001).

More details of a purely chemical loading are given on Fig. 8 which complements Fig. 7(a) and serves to
calibrate the initial slopes j3 and k3, see Appendices B and D. The slope of the chemical consolidation
versus salinity change decreases as the pore water departs from distilled water. On the other hand, increase
of salinity above 1 M NaCl per l of solution is practically without effect. Observe that the experimental
slope of the chemical consolidation curve is larger than that of the swelling curve, k3 > j3. Although the
experimental loading/unloading curves are not available for Bisaccia clay, the same type of inequality is
expected to lead, for that clay, to chemical preconsolidation, Fig. 9.

6.4. Chemical preconsolidation

Tests on Bisaccia clay remolded with distilled water have been partially calibrated from the purely
mechanical loading cycles shown in Fig. 9 corresponding to distilled and saturated pore solutions. It seems
that Bisaccia clay displays a tendency to higher chemical preconsolidation than Ponza bentonite, compare
the slopes at the reinitiation of mechanical loading on Figs. 6(e) and 9(b). Even if pj ¼ pk, the model can
capture this feature, if k � ~jj is not a constant at varying chemical composition of solid phase as explained in
Section 5.1.3. Since j1 ¼ k1, Table 2, setting j3 ¼ k3 will not produce preconsolidation, case (a) in Fig. 9.
On the other hand, an increasing difference k3 � j3 implies an increasing preconsolidation, cases (b) and (c)
in Fig. 9. Indeed, the variation of pc due to chemical effects is negative for pore solutions close to distilled
water, as can be checked in Eq. (5.12) with the material parameters given in Tables 1 and 2. Hence plasticity
occurs right at the beginning of chemical consolidation up to the point where the sign of the derivative of

Fig. 8. Chemical consolidation and swelling of Ponza bentonite starting from distilled water up to NaCl saturation (solid curve) at

constant mechanical load �pp ¼ 80 kPa. The essential of the volumetric contractancy occurs experimentally for NaCl concentrations

smaller than 1 mol/l, that is for molar fractions xsW of NaCl inferior to 0.018. Each of the experimental points corresponds to a single

experiment. (a) Model simulations with different initial slopes j3, Eqs. (B.1) and (B.2) and ðk3Þ, Eqs. (D.1) and (D.2). (b) Experimental

data, courtesy Di Maio.
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chemical contribution to pc changes sign, Fig. 10. There the competition between the negative chemical
effect, i.e. softening, and positive plastic effect, i.e. hardening, ceases because the latter is no longer required
as the chemical effect becomes positive.

Since here pj ¼ pk, the analytic solution of (5.12) can be easily calculated. In reference to Fig. 5(b), from
point B to point E, pc ¼ p is constant and (5.12) provides the variation of plastic strain

tr�pl � tr�plB ¼ ln
pk

p
ðk
�

� ~jjÞ � ðkB � ~jjBÞ
�
< 0: ð6:2Þ

Later on from point E to C and D, the behaviour is elastic and (5.12) provides pc,

pc
pk

¼ p
pk

� �ðk�~jjÞ=ðkE�~jjEÞ

: ð6:3Þ

To estimate the chemical contribution to pc, one might assume pc ¼ p in (5.12) (this is an approximation in
the elastic range only), and then

Dpc
p

chem

¼ ln
pk

p
ln

k � ~jj
kB � ~jjB

: ð6:4Þ

Fig. 9. Mixed chemo-mechanical loading on Bisaccia clay reconstituted with distilled water. The dashed line corresponds to distilled

pore water and the solid line to a NaCl saturated pore water. Experimental data by Di Maio and Fenelli (1997, Fig. 7(a)). For the

numerical simulations (a), three cases are shown: (a) k3 ¼ 3; (b) k3 ¼ 6; (c) k3 ¼ 9 while j3 ¼ 3 (see text).

Fig. 10. Evolution of the chemical contribution to the preconsolidation stress pc, (a), and of pc itself, (b), during chemical consolidation

(solid curves) and swelling (dashed curves) for the three cases shown in Fig. 9 at the mean-effective stress �pp ¼ 40 kPa. (a) Evolution of

the chemical contribution to pc. (b) Evolution of the preconsolidation stress pc.
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From Table 1, it turns out that ksat � ~jjsat ¼ kdw � ~jjdw. So, dpchem
c is zero at saturation, point C in Fig. 5(c),

and pc at point D, where the chemical cycle ends, returns to its value at C. Notice that this special behaviour
is closely tied to the values of the parameters in Table 1 mentioned in the lines above.

6.5. Drained and undrained triaxial tests

In order to clearly demonstrate that the model is not restricted to a one-dimensional setting and that is
embodied in a three-dimensional framework, normally consolidated and overconsolidated undrained tri-
axial paths performed on a cylindrical apparatus have been simulated, Figs. 12 and 13. Fig. 13 also shows
drained triaxial tests. The parameters are partly calibrated from the data corresponding to mechanical
loadings on Bisaccia clay remolded with a saline pore solution, Fig. 11. These tests indicate a very strong
influence of the pore water chemical composition on the friction angle u, i.e. in our model on the gener-
alized Cam–Clay coefficient M equal for triaxial compression to 6 sinu=ð3� sinuÞ: a saline pore water
implies water desorption and thus increases the value of the friction angle, as already noted by Mesri and
Olson (1970).

7. Concluding remarks

The model developed in this paper is embedded in a general three-dimensional framework that can be
viewed as extending the classic elastic–plastic framework for porous media to account for chemo-
mechanical couplings. Therefore, it can capitalize upon the available theoretical and computational devel-
opments in view of solving initial and boundary value problems in a multi-dimensional setting. The local
interphase mass transfer phenomena have to be accounted for in addition to diffusion. Although analyses of
instrumented in situ cases are the ultimate goal, it is necessary in a first step to simulate laboratory tests to
check the validity of certain assumptions that have been made to interpret the experimental results, e.g.
assumption of chemical equilibrium and uniformity of the chemical fields throughout the sample at the
times where measurements are made. Such a companion analysis is performed in Gajo and Loret (2001).

An extension of the framework is necessary to analyze natural clays where several cations co-exist. The
electrolytic nature of the solutions requires to account for electro-neutrality and replace chemical potentials
by electro-chemical potentials. This subject is examined in Gajo et al. (2002), with finite element analysis of
boundary value problems in Gajo and Loret (2002). On the other hand, the present formulation is thought

Fig. 11. Purely mechanical load cycle on Bisaccia clay obtained by mixing clay particles with distilled pore water (dashed curve) and a

NaCl saturated solution (solid curve). Experimental data by Di Maio and Onorati (1999, Fig. 4). (a) Model simulations and (b) ex-

perimental data.

B. Loret et al. / International Journal of Solids and Structures 39 (2002) 2773–2806 2799



Fig. 12. Undrained tests with different initial effective mean-stresses on normally consolidated Bisaccia clay obtained by mixing clay

particles with distilled water (dashed curves) and with a 1 molar NaCl solution (solid curves). The specimen mixed with a saline pore

water has an increased strength (friction angle usat ¼ 20:7�) with respect to the specimen with distilled pore water (friction angle

udw ¼ 10:8�). Experimental data (b) by Di Maio and Onorati (1999, Fig. 9), and (d) courtesy Di Maio. (a) Model simulations, (b)

experimental data, (c) model simulations and (d) experimental data.

Fig. 13. Drained and undrained triaxial tests with different initial effective mean-stresses on Bisaccia clay overconsolidated to 800 kPa

and obtained by mixing clay particles with a 1 M NaCl solution. The friction angle is usat ¼ 20:7� as in the previous plot. Experimental

data (b) by Di Maio and Onorati (1999, Fig. 11), and (d) courtesy Di Maio. (a) Model simulations, (b) experimental data, (c) model

simulations and (d) experimental data.

2800 B. Loret et al. / International Journal of Solids and Structures 39 (2002) 2773–2806



to constitute at least a useful tentative framework to analyze the behaviour of clays submitted to non-ionic
solutes, such as organic pollutants.

Implicit in this work is the assumption that the experiments used are isothermal. However, we have no
information on this aspect: it would be interesting to have available chemo-mechanical experiments with
controlled fixed temperature, and further with controlled varying temperature in order to assess the im-
portance of the thermo-chemo-mechanical couplings.

Finally, to the authors’s surprise, no consistent database exists analogous to that of experiments by Di
Maio and coworkers referred here, regarding processes that begin with a decrease of ionic concentration of
pore water.
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Appendix A. Mass balance equations for incompressible species

For the species k of the phase K, the balance of mass reads, e.g. Bowen (1976),

dkK

dt
qkK þ qkKdivvkK ¼ q̂qkK ; ðA:1Þ

where the symbol dkK=dt denotes the derivative following the particles of species k of phase K. 5 It can be
expressed in terms of the derivative following solid particles,

dkK

dt
ð�Þ ¼ dS

dt
ð�Þ þ rð�Þ � ðvkK � vSÞ: ðA:2Þ

Using the definition (2.15) and the incompressibility condition, the above balance of mass can be recast in
terms of the volume fraction nkK ,

dkK

dt
nkK þ nkKdivvkK ¼ q̂qkK

qkK
: ðA:3Þ

Summing up for the species of each phase and using the volume contents (2.13), one obtains the balance of
mass for phase K as,

dSvK
dt

þ div
X
k2K

nkKvkK

 
� nKvS

!
¼
X
k2K

q̂qkK

qkK
: ðA:4Þ

Therefore, we have for the mass contents of the phases (2.14),

5 In the text, the derivative dS=dt is denoted by d=dt.
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dSmS

dt
¼
X
k2S

q̂qkS;

dSmW

dt
¼

X
k2W

q̂qkW

reactive part
zfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflffl{

� div
X
k2W

MkW

 !

diffusive part
zfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflffl{

ðA:5Þ

with MkW ¼ qkWðvkW � vSÞ flux defined by (3.3). These relations correspond to our assumptions that the
species (salt and absorbed water) of the solid phase are only reactive,

dSmkS

dt
¼ q̂qkS; k 2 S; ðA:6Þ

while the species of the fluid phase are both diffusive and reactive, that is, mass changes are due both to
transfer into/from the solid phase and to exchange with the exterior of the representative elementary
volume.

The incompressibility condition may be cast in the formula, obtained by summing (A.4) for K ¼ S and
K ¼ W,

div nSvS

 
þ
X
k2W

nkWvkW

!
¼
X
k;K

q̂qkK

qkK
; ðA:7Þ

hence

dSvW
dt

¼ divvS �
X
k2S

q̂qkS

qkS
¼ divvS �

X
k2S

1

qkS

dSmkS

dt
: ðA:8Þ

Appendix B. Chemical interpolation for the elastic coefficient j ¼ jðmel
wSÞ

To estimate the effect of pore water composition on the elastic coefficient j, one has in a first step to find
the associated mass of absorbed water at reference states. Now, the elastic coefficient j depends on the mass
of reversibly absorbed water mel

wS, or equivalently, since only the mass of water is changing in the solid
phase, on the molar fraction xelwS: the latter is obtained from the elastic mass of absorbed water and the
masses of the other species through the definition (2.16). Although an abuse of notation, we note
jðxelwSÞ ¼ jðmel

wSÞ. For example, we may measure the values of jdw ¼ jðxel;dwwS Þ and jsat ¼ jðxel;satwS Þ corre-
sponding, respectively, to distilled and salt-saturated pore water.

Then the chemical effect on j is introduced through interpolation between these two extreme situations,
for example

jðxelwSÞ ¼ j1UðxelwSÞ þ j2; ðB:1Þ

where the ji’s, i ¼ 1; 2, are constants. The hyperbolic tangent is chosen as interpolation function U,

UðxelwSÞ ¼ tanh j3

xelwS � xel;dwwS

xel;satwS � xel;dwwS

 !
: ðB:2Þ

The variation of pore water composition is observed to lead to fast changes of mechanical properties es-
pecially at small departure from distilled water. So, the constant j3 can be obtained from the slope dj=dxelwS

at xelwS ¼ xel;dwwS , namely
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j3

tanhðj3Þ
¼ xel;satwS � xel;dwwS

jsat � jdw

dj
dxelwS

ðxelwS ¼ xel;dwwS Þ; j1 ¼
jsat � jdw

tanhðj3Þ
; j2 ¼ jdw: ðB:3Þ

The following derivatives are needed,

dj
dmel

wS

¼ dj
dxelwS

dxelwS

dmel
wS

;
d2j

d2mel
wS

¼ d2j

d2xelwS

dxelwS

dmel
wS

� �2

� 2
xelwS

mel
wS

dj
dxelwS

dxelwS

dmel
wS

: ðB:4Þ

They make use of the general relation (2.17) applied to elastic entities and of the specific formulas deduced
from (B.1),

dj
dxelwS

¼ j1j3

1� U2ðxelwSÞ
xel;satwS � xel;dwwS

;
d2j

d2xelwS

¼ �2j1j
2
3UðxelwSÞ

1� U2ðxelwSÞ
ðxel;satwS � xel;dwwS Þ2

: ðB:5Þ

Appendix C. Elastic–plastic stiffness

The coefficients fp; fq; fw; gp; gq; gw entering the elastic–plastic stiffness (5.7) are obtained from the con-
sistency condition df ¼ 0:

fp ¼ �B
of
op

þ Bw

of
olwS

; gp ¼ �B
og
op

þ Bw

og
olwS

;

fq ¼ 3G
of
oq

; gq ¼ 3G
og
oq

; ðC:1Þ

fw ¼ �Bw

of
op

þ b
of
olwS

; gw ¼ �Bw

og
op

þ b
og
olwS

:

The plastic modulus H is assumed to take only strictly positive values,

H ¼ hþ B
of
op

og
op

þ 3G
of
oq

og
oq

� Bw

of
op

og
olwS

�
þ og

op
of
olwS

�
þ b

of
olwS

og
olwS

ðC:2Þ

while the hardening modulus h will be positive for hardening, and negative for softening,

h ¼ pc
k � ~jj

og
op

: ðC:3Þ

For the Modified Cam–Clay model (5.8), the following derivatives are needed,

of
op

¼ 1� 1

M2

q2

p2
;

of
oq

¼ 2

M2

q
p
;

of
olwS

¼ � 2

M3

q2

p
dM
dlwS

� opc
olwS

; ðC:4Þ

where

opc
olwS

¼ ln
pk

pc

ok
olwS

 
� ln

pj

pc

o~jj
olwS

!
pc

k � ~jj
: ðC:5Þ

Appendix D. Chemical interpolation for the plastic coefficients k and M

To estimate the effect of pore water composition on the plastic coefficients k andM, one has in a first step
to find the associated chemical potential of absorbed water. At equilibrium, the latter is simply equal to the
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chemical potential of pore water. 6 Since the chemical effects on these two coefficients are assumed to be
similar, we just consider one of them, say k ¼ kðlwSÞ.

We may measure the values of kdw ¼ kðldw
wSÞ and ksat ¼ kðlsat

wSÞ corresponding, respectively, to distilled
and salt-saturated pore water. Then the chemical effect on k is introduced through interpolation between
these two extreme situations, for example

kðlwSÞ ¼ k1UðlwSÞ þ k2; ðD:1Þ

where the ki’s, i ¼ 1; 2, are constants. The hyperbolic tangent is taken as the interpolation function,

UðlwSÞ ¼ tanh k3

/ðlwSÞ � /ðldw
wSÞ

/ðlsat
wSÞ � /ðldw

wSÞ

� �
; ðD:2Þ

where

/ðlwSÞ ¼ exp
mðMÞ

w

RT
lwS

� �
: ðD:3Þ

The constant k3 can be obtained from the slope dk=dlwS at lwS ¼ ldw
wS

k3

tanhðk3Þ
¼ /ðlsat

wSÞ � /ðldw
wSÞ

ksat � kdw

dk
dlwS

d/
dlwS

� ��1

ðlwS ¼ ldw
wSÞ; k1 ¼

ksat � kdw

tanhðk3Þ
; k2 ¼ kdw: ðD:4Þ

The following derivatives are needed,

d/
dlwS

¼ mðMÞ
w

RT
/ðlwSÞ;

dk
dlwS

¼ k1k3

1� U2ðlwSÞ
/ðlsat

wSÞ � /ðldw
wSÞ

d/
dlwS

: ðD:5Þ

Appendix E. Determination of the initial state in the solid phase

We seek for an approximation of the state in the solid phase while the chemical composition of pore
water corresponds to distilled water. Thus xwW  1 is large and xsW ¼ 1� xwW  0. To ensure electro-
neutrality, cations should be present in the solid phase to counterbalance the negatively charged clay
particles. Since we consider a single salt in this analysis, to maintain electroneutrality in both phases, ca-
tions Naþ and anions Cl� need to transfer together. Let us concentrate on the case where the membrane is
permeable to water only. Since we are considering a situation in which pore water is distilled, we take the
rough approximation to agglomerate salt and clay in a single species in the determination of initial con-
ditions. In fact, for compacted clay, Ransom and Helgeson (1994) find 15 moles of H2O and 3 moles of clay
per mole of monovalent cation. So we set formally NsS ¼ 0. Therefore, the chemical composition of the
solid phase requires just xwS. As shown below, its determination in turn requires the knowledge of (a) the
initial void ratio e and (b) some guess on the ratio of volumes of absorbed water and free water.

For that purpose, the void ratio e is roughly approximated as ðVwW þ VwSÞ=VS as if absorbed water could
be entirely removed through heating at 105�. A more accurate approximation is presented in Gajo et al.
(2002). Assuming the molar volumes of pore and absorbed water to be identical, namely vðMÞ

wW ¼ vðMÞ
wS ¼

18 cm3, and using the fact that the volume occupied by any species is equal to the number of moles times its
molar volume, the void ratio becomes,

6 In fact, the equality holds to within an unknown constant. So in practice, initially one has first to find the molar fraction xelwS and

next one approximates lwS by RT=mðMÞ
w ln xelwS.
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e ¼ NwS

NcS

1

�
þ NwW

NwS

�
vðMÞ
wS

vðMÞ
cS

: ðE:1Þ

Under the assumption that the number of moles of salt in the solid phase is small with respect to that of clay
and absorbed water, the molar fraction of absorbed water xwS ¼ NwS=ðNwS þ NcSÞ is obtained from (E.1) as

xwS 
1

1þ ðNcS=NwSÞ
¼ 1 1

",
þ 1

e
1

�
þ NwW

NwS

�
vðMÞ
wS

vðMÞ
cS

#
: ðE:2Þ

Hence, determination of the initial molar fractions xwS and xcS requires the knowledge of the (easily ac-
cessible) initial void ratio e and some guess on the ratio of volumes of absorbed water and free water.

In a unit volume of porous medium, the number of moles of absorbed water is, using (E.1),

NwS 
e

1þ e
1

1þ ðNwW=NwSÞ
1

vðMÞ
wS

ðE:3Þ

from which the volume and mass of absorbed water per unit volume of porous medium can be estimated,
namely vwS ¼ NwSv

ðMÞ
wS and mwS ¼ NwSmðMÞ

w , with mðMÞ
w ¼ 18 g. The volume and mass of free water are equal

to their counterparts in the solid phase times NwW=NwS.
The number of moles of clay per unit volume of porous medium is,

NcS ¼
1

1þ e
1

vðMÞ
cS

; ðE:4Þ

from which the volume and mass of the clay particles are vcS ¼ NcSv
ðMÞ
cS and mcS ¼ NcSmðMÞ

c . Using the
technique of structural analogy, Ransom and Helgeson (1994) have obtained vðMÞ

cS  146 cm3 for an an-
hydrous smectite of formula NaAl3Si3O10(OH)2 of molar mass mðMÞ

c ¼ 382 g.
Once the initial condition corresponding to distilled pore water has been obtained, the state of the solid

phase in equilibrium with pore water saturated by salt is deduced simply by solving the equation(s) of
equilibrium of the chemical potential(s) of the species that can cross the membrane.
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