Some Facts About the HP Filter

Craig Burnside The World Bank
January 2000

1 Basics

When a filter H(L) = 372 h;L7 is applied to a time series y;, the spectrum
of the transformed series z; = H(L)y; can be obtained from the spectrum of

y; according to the rule

faz(w) = T(w)fy(w)a w e [07 77]

where f,(w) is the spectrum of z, f,(w) is the spectrum of y, T (w) is the
transfer function associated with H(L), and w is the frequency. Period is
obtained from frequency according to the rule p = 27 /w. The function T'(w)
is obtained from the formula

where i = \/—1. Notice that H(e ™) =32 hje ™.
For the HP filter with parameter A, the transfer function is given by
16A%(1 — cosw)*
T(w|A) = — TR
[1+4X(1 — cosw)?]

The transfer function is strictly positive so we may take the square-root of
it, which is

4N(1 — cosw)?
tw|A) = .
(@A) 1+ 4X(1 — cosw)?



2 Properties of the HP Filter

Notice that the derivative of ¢(-) with respect to wis

8A(1 — cosw) sinw >0
1+ 4M(1 — cosw)?)? ~

This simply implies that the transfer function is upward sloping, and thus,
the filter attenuates higher frequencies less than low frequencies. In fact,
t(0|]A) =0, and t(m|A) = 16A/(1 + 16\) which is close to 1 for large A.

The derivative of ¢(-) with respect to A is

4(1 — cosw)?
[14+4X(1 — cosw)?]?

ty =

Notice that ty = 0 when w = 0, but ¢, > 0 for all w > 0. This means that
the higher A is the less attenuated is the spectrum. In other words, higher
As leave in more variation. Lower As leave in less variation.

3 Quarterly to Annual

Suppose one wanted to use a filter for annual data that was roughly “equiv-
alent” to the filter one was using for quarterly data. Let grepresent the A
for quarterly data (usually 1600) and a represent the A for annual data. We
should compare the transfer function for the quarterly filter over the domain
[0,7/4] to the transfer function for the annual data over the domain [0, 7].
Why? Because in the quarterly case [0, 7/4] is the range of frequencies that
corresponds to cycles of between 8 and co quarters, while in the annual case
[0, ] is the range of frequencies that corresponds to cycles of between 2 and
oo years. We want to compare the transfer function of the quarterly filter at
frequency w to the transfer function of the annual filter at frequency 4w for
w € [0,7/4].
This implies that we should compare

16¢*(1 — cosw)?
[1+4q(1 — cosw)?]?

T(wlq) =

to
16a?(1 — cos 4w)*

T(4wla) = [1+ 4a(1l — cosdw)?]?
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To make the filters roughly equivalent to one another we would like T'(w|q) =
T (4wla) for w € [0, 7/4].

Since T'(w|q) and T'(4w|a) are complicated functions of ¢, a, and w there
will not be some unique value of a which makes T'(w|q) = T'(4w|a) for all w,
given a value of q. Instead, with ¢ = 1600, I experimented to see for which
value of a

/4
/ [T(w|q) — T (4wl|a)]*dw ~ 0.
0
Experimenting with this, I found that a = 10 was about right.!
Another possibility is to find the w at which

4q(1 — cosw)? 1

t ey _ —
(]a) 1+4q(1 —cosw)? 2

which I denote w. For ¢ = 1600, w ~ 0.15828. So we would set T'(w|q) =
T(4w|a). We get a =~ 6.6555.

1\ 22 129000 approximately solves the similar equation for monthly data.
2The equivalent number for monthly data is A ~ 129120.
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