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Active portfolio management is typically conducted within constraints that
do not allow managers to fully exploit their ability to forecast returns.
Constraints on short positions and turnover, for example, are fairly
common and materially restrictive. Other constraints, such as market-
capitalization and value—growth neutrality with respect to the benchmark
or economic-sector constraints, can further restrict an active portfolio’s
composition. We derive ex ante and ex post correlation relationships that
facilitate the performance analysis of constrained portfolios. The ex ante
relationship is a generalized wversion of a previously developed
“fundamental law of active management” and provides an important
strategic perspective on the potential for active management to add value.
The ex post correlation relationship represents a practical decomposition
of performance into the success of the return-prediction process and the
“noise” associated with portfolio constraints. We verify the accuracy of
these relationships with a Monte Carlo simulation and illustrate their
application with equity portfolio examples based on the S&P 500 Index as
the benchmark.

ost portfolio managers appreciate the

tact that value added ultimately

depends on their ability to correctly

forecast security returns. Managers
work hard to create valuable information about
future returns but may not pay as much attention
to limitations in the pertfolio construction process.
Constraints such as no short sales, industry limita-
tions, and restrictions on investment styte or turn-
over—all limit a manager’s ability to transfer
valuable information into portfolio positions. We
introduce a conceptual framework, as well as diag-
nostic tools, for measuring the impact of constraints
on value added. The framework provides an
important strategic perspective on where and how
managers have the potential to add value. The
diagnostic tools measure the degree to which real-
ized performance is attributable to return forecasts
versus the “noise” induced by portfolio constraints.
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Terminology and Notation

The discussion will focus on residual security
returns, r;, the portion of security i's total return that
is uncorrelated with the benchmark portfolio. Fore-
casted residual security returns, a;, are the portfolio
manager’s forecast of r; for each of the i = 1 to N
securities in the portfolio. Our focus on the residual
portion of security returns (both forecasted and
realized) is motivated by an adjustment for non-
unity betas in managed portfolios, as explained in
Appendix A, “Framework and Notation.” We also
refer to the active weight of a security, Aw,, which
is the difference between the weight of security i in
the actively managed portfolio and its weight in the
benchmark portfolio. A positive active weight indi-
cates that the security is overweighted in the man-
aged portfolio as compared with the benchmark,
and a negative active weight indicates that it is
underweighted. Active security weights, which
sum to 0 (rather than 1), are a compact way to
describe a managed portfolio’s benchmark-relative
positions.

In additton to active weights for securities, we
also use the word “active” to describe the difference
between the managed portfolio return and the
benchmark portfolio return, with adjustment for
the managed portfolio’s beta with respect to the
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benchmark. This portfolio return difference is a
summary measure of managed portfolio perfor-
mance commonly referred to as the active return,
R . The standard deviation of active return, R4, is
the active risk, 6 4, or tracking error of the managed
portfolio.

Figure 1 characterizes the relationships
between forecasted and realized residual security
returns and active security weights. The base of the
triangle represents the value added through active
management. Value added is measured by the
active return, R 4—that is, the difference between
the returns on the actively managed and bench-
mark poertfolios. As shown in Appendix A, R4 is
algebraically equivalent to the sum of the products
of active weights and residual returns for the stocks
in the portfolio:

N
Ry = ZA“’:"]- 0
i=1

Equation 1 indicates that value is added when
positive-active-weight securities have positive
residual returns and negative-active-weight secu-
rities have negative residual returns. In other
words, performance in any given period is related
to the cross-sectional correlation between the active
security weights and realized residual returns—the
security data in the bottom two corners of the cor-
relation triangle in Figure 1.

Although the direct cross-sectional correlation,
or “performance coefficient,” at the base of the
triangle reflects value added, a clearer understand-
ing of the sources and limitations of value added
can be obtained by examining the cross-sectional

correlations on the two legs. First, there is little
hope of value added if the manager’s forecasts of
returns do not correspond to actual realized
returns. Signal quality is measured by the relation-
ship between the forecasted residual returns, or
alphas, at the top of the triangle and the realized
residual returns at the right corner. This cross-
sectional correlation is commonly called “the infor-
mation coefficient.” Managers with a high informa-
tion coefficient (ability to forecast returns) will add
more value over time—but only to the extent that
those forecasts are exploited in the construction of
the managed portfolio. The second correlation, the
relationship between the active weights in the left
corner and forecasted residual returns at the top of
the triangle, measures the degree to which the man-
ager’s forecasts are translated into active weights,
We refer to this cross-sectional correlation as “the
transfer coefficient.”!

The transfer coefficient (correlation between
active weights and forecasted residual returns) is
equal to 1.0 in the absence of constraints in portfolio
construction. However, investment managers
rarely enjoy the luxury of a completely uncon-
strained investment portfolio. Portfolio constraints
such as no short sales and mandated industry or
sector concentrations limit the full transfer of infor-
mation into active weights and lead to transfer
coefficients lower than 1.0. As a result, performance
is a function of both signal quality (the right leg of
the triangle) and the constraints imposed in the
portfolic construction process (the left leg of the
triangle).

Figure 1. The Correlation Triangle
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The Generalized Fundamental
Law

The conceptual framework in Figure 1 can be for-
malized through a generalized version of Grinold’s
{1989) fundamental law of active management. We
first review the original form of the law; then, we
generalize the law to account for portfolio con-
straints.

The fundamental law describes an ex ante rela-
tionship between expected performance and the
assumed information coefficient, IC, of the man-
ager’s forecasting process. Expected performance
is measured by the ex ante information ratio, IR,
defined as the portfolio’s expected active return
divided by active risk;2 that is,

_ERA)
-

IR (2}
Appendix A, “The Fundamental Law,” contains a
proof of the original form of the fundamental law:

IR = ICJN, (3)

where IC is the expected information coefficient
and N is the breadth, or number of independent
“bets” in the actively managed portfolio. In terms
of the expected active return, the fundamental law
reads

E(R,) = IC/NG,. (4)

As discussed in Appendix A, Equation 4 is
based on the operational assumptions that the man-
ager uses mean-variance optimization and an
alpha-forecasting process that incorporates indi-
vidual security risk estimates and the assumed IC.
For mathematical tractability, however, we make
two additional simplifying assumptions. First, we
assume a diagonal covariance matrix for residual
security returns; that is, we assume that the bench-
mark portfolio return is the only source of covari-
ance between total security returns. Under this
“market model” assumption, N is simply the num-
ber of securities in the investor’s choice set (i.e., the
number of securities in the benchmark plus any
others with return forecasts). Second, we assume
that no budget constraint is imposed in the optimi-
zation problem, an assumption that allows the
active weight for each security to be perfectly pro-
portional to its risk-adjusted forecasted return. This
second assumption does not appear to be a serious
limitation for portfolios with a large number of
securities and typical residual risk-return parame-
ters. In the next section, we test the materiality of
these two simplifying assumptions with data on
the S&P 500 [ndex.
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Grinold (1989) readily acknowledged the
approximate nature of the fundamental law and
presented it as a strategic tool. Thomas (2000) pro-
vided intuitive support for the strategic perspec-
tives that come from the fundamental law. The
important lesson of the fundamental law is that
breadth of application, as well as the quality of the
signal, dictates the value expected to be added
through active management.

A weakness of the traditional form of the fun-
damental law in Equation 3 is the assumption that
the portfolio manager can take active weights that
fully exploit the return-forecasting process. This
assumption is explicit in Grinold’s (1989) original
derivation, where he stated that the law “gives us
only an upper bound on the value we can add”
because “we presume that we can pursue our infor-
mation without any limitations” (p. 33). Goodwin
(1998) also emphasized that the original fundamen-
tal law provides an upper bound on potential infor-
mation ratios. Unfortunately, portfolio managers
sometimes use the law without acknowledging this
fact and then wonder why realized information
ratios are only a fraction of their predicted value.
Indeed, a common rule of thumb in practice is that
the theoretical information ratio suggested by the
fundamental law should be cut in half. This rule of
thumb is sometimes an implicit admission that the
true signal quality, or IC, is below the manager’'s
assumed value, but much of the reduction in per-
formance is simply the result of constraints in the
portfolio construction process.

We now generalize the fundamental law to
incorporate a precise measure of how constraints
affect value added. Appendix A, “Framework and
Notation,” shows that under the previously men-
tioned sirnplifying assumptions, unconstrained
mean-variance portfolio optimization leads to
active weights for each security that are propor-
tional to risk-adjusted forecasted residual returns.
Specifically, the unconstrained optimal active
weight on security i is given by

1
2 ’

ol 2

Aw* =

(5}

-

where 0'[»2 is the security’s residual-return variance
and A is a risk-aversion parameter. Because the risk-
aversion parameter is the same for all securities (A
is not subscripted), a perfect cross-sectional corre-
lation exists between the unconstrained optimal
active weights, Aw;*, and thezrisk-weighted fore-
casted residual returns, o;/o; . The full informa-
tion content of the return forecasts is transferred
into active weights with no reduction in the poten-
tial for value added.
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In practice, active managers are often subject
to constraints that cause them to deviate from the
unconstrained optimal weights given by Equation
5. Searching algorithms are available that can
determine optimal weights under constraints,
although the results do not generally have a closed-
form solution. Define Aw; (without the asterisk) to
be a set of active weights from some portfolio con-
struction process that is subject to one or more
constraints. The transfer coefficient, TC, is the
cross-sectional correlation coefficient between risk-
adjusted active weights and risk-adjusted fore-
casted residual returns for the i = 1 to N securities
in the portfolio. Based on this definition for the
transfer coefficient, Appendix A presents a proof of
the generalized fundamental law, which is

IR=TCICJN, (6)

or in terms of the expected active return,
E(R,)=TCICJNo,. )

Like the information coefficient, the transfer coeffi-
cient acts as a simple scaling factor in the determi-
nation of value added.

The use of the approximate equality notation =
in Equation 7 is motivated by an approximation in
the proof, as noted in Appendix A. Equation 7 is
generalized in the sense that in the original version
of the law (Equation 3), TC is assumed to be 1.0. In
practice, values for TC rarely approach 1.0 and,
with multiple constraints, can be as low as 0.3.

One can think of the transfer coefficient as an
additional adjustment to breadth, N, that reflects
the reduction in independent bets because of con-
straints. The best conceptualization of the transfer
coefficient, however, is motivated by its mathemat-
ical definition; the transfer coefficient measures the
degree to which the information in individual secu-
rity return forecasts is transferred into managed
portfolio positions. The transfer coefficient is not
the only way to assess the impact of a particular
constraint. Given a set of forecasted security
returns and an optimization routine, together with
an estimated covariance matrix, a manager can
calculate the expected information ratio with and
without a given constraint and compute the differ-
ence.> We perform this type of calculation later as
a numerical check of Equation 6.

The primary value of the generalized funda-
mental law is that it provides a strategic framework
in which to view the impact of constraints on poten-
tial value added. In addition, the transfer coefficient
plays a critical role in the ex post decomposition of
the realized active return that we discuss later.
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An alternative formulation of the generalized
law in Equation 6 that corresponds to the correla-
tion triangle in Figure 1 is also helpful. Expected
value added at the base of the triangle is reflected
in the ex ante performance coefficient, PC. We
define PC as the expected value of the cross-
sectional correlation between risk-adjusted active
weights and realized residual returns. Appendix A,
“The Fundamental Law,” shows that PC is equal to
the ex anfe information ratio, IR, divided by the
square root of N. By making this substitution in
Equation 6, we can express the generalized funda-
mental law in correlation coefficient form as

PC =TCIC. (8)

The formulation of the generalized law in
Equation 8 is intuitive: The expected correlation of
active weights with realized returns, PC, is equal to
the correlation of active weights with forecasted
returns, TC, times the expected correlation of fore-
casted returns with realized returns, IC. However,
this simple relationship is valid only ex ante; the
transfer coefficient relates expected performance,
PC, to expected signal quality, IC. Later, we show
that realized, or ex post, performance is described
by a more complicated structure.

Constraint Case Studies

We used the Barra portfolio optimizer and the 5&P
500 as the benchmark to create several case studies
of the application of the generalized fundamental
law.* We generated a set of forecasted returns for
the 500 stocks in the S&P by using

o= ICU,'SI', (9)

where IC is an assumed information coefficient, o,
is the estimated residual-return volatility for each
stock, and S; represents random “scores” drawn
from a standard normal distribution. The fore-
casted returns in this illustration are random, but
their relative magnitudes and cross-sectional vari-
ations are consistent with actual security volatilities
and the assumed quality of the signal.” We used an
assumed IC value of 0.067, so the unconstrained ex
ante information ratio, according to the fundamen-
tal law, has a value of 0.067 x./500 = 1.50. These
expected returns were fed into the optimizer with
the condition that active portfolio risk (i.e., tracking
error) be limited to 5.0 percent.

As a baseline from which to make compari-
sons, the first optimization was conducted without
any constraints placed on the portfolio except the
standard full investment budget constraint. The
active weights produced by the optimizer are
shown in Figure 2, with the active weights sorted
from high to low on the basis of each stock’s risk-
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Figure 2. Unconstrained Optimization
(TC =0.98)

Active Weight (%)
4
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adjusted forecasted residual return. The active
weights in Figure 2 range from about +2.0 percent
on the left for the stocks with the highest forecasted
risk-adjusted residual returns to less than —2.0 per-
cent on the right for stocks with the lowest fore-
casted risk-adjusted residual returns.

When the ex ante active risk, or tracking error,
of the portfolio was calculated, it turned out to be
exactly 5.0 percent, as specified to the optimizer.
The expected active return, calculated by

N
E(Ry) = ¥ Awa, (10)
i=1

is 7.9 percent. Thus, the ex ante information ratio is
7.9/5.0 = 1.58, slightly higher than the 1.50 value
suggested by the original fundamental law. The
discrepancy arises from the simplifying assump-
tions in the derivation of the law that were not met
in the actual optimization. The first and most mate-
rial cause of the discrepancy is the assumption of a
diagonal covariance matrix for residual security
returns. Specifically, the proof of the fundamental
law assumes that the only source of covariance
between total security returns is the benchmark
portfolio, an assumption that is violated by the
actual risk estimates in the Barra-supplied covari-
ance matrix. Second, no budget constraint was
imposed in the derivation of the theoretical results
in Equation 5, whereas the optimizer forces the sum
of the active weights ta be zero.

The weights from the unconstrained optimiza-
tion routine in Figure 2 provide an important check
on the real-world accuracy of the generalized law
as well as the original fundamental law. In theory,
the active weights should monotonically decline
from left to right in perfect correspondence with
risk-adjusted expected returns. In fact, small devi-
ations in the pattern occur because of residual co-
variances among the securities and because the
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transfer coefficient is 0.98 rather than a perfect 1.00.
Small deviations from a perfect transfer of informa-
tion occur because the optimizer correctly adjusts
for the fact that the residual returns of the securities
have some correlation. The deviations in a real-
world setting are small, however, so the transfer
coefficient is almost pertfect.

In the sections that follow, we discuss several
types of constraints combined with different levels
of active portfolio risk. As a preview of the results,
Table 1 provides the transfer coefficient for each
case. For example, the results for the unconstrained
case just discussed are in the first row.® This base
case is followed by entries for (1) a long-only con-
straint with various levels of active risk, (2) long-
only and market-cap-neutral constraints with var-
ious levels of active risk, (3) turnover limits, and (4)
a portfolio with multiple constraints—long-only
and market-cap-neutrality constraints, dividend-
yield neutrality with respect to the benchmark, and
a 50 percent turnover limit—which is similar to
what might be found in practice. Notice that the
transfer coefficient declines when either the active
risk is increased or when additional constraints are
added. In either case, the transfer of information
into active positions is reduced, lowering the trans-
fer coefficient and decreasing the information ratio.
If the decline in the transfer coefficient occurs
because of a desired increase in active risk for a
given constraint, however, the expected active
return may increase. The investor can be rewarded
with an increase in expected active return for the
additional active risk even though the information
ratio declines, which is not the case if the decline in
the transfer coefficient is caused by adding addi-
tional constraints while trying to maintain the same
level of active risk. The additional constraints lower
the information ratio as well as the expected active
return.
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Table 1. Summary of Results for Case Studies

Transfer Information
Coefficient, Ratio, Expected Active

Portfolio Constraint Active Risk TC IR Return
Unconstrained 5.0% 0.98 147 7.3%
Long only 2.0 0.73 1.09 22

5.0 0.58 0.87 4.3

8.0 0.48 0.72 58
Long enly and market-cap

neutral 2.0 0.67 1.00 20

5.0 0.47 0.70 35

8.0 0.37 0.55 4.4
Turnover limit of 50 percent 5.0 0.73 109 5.5
Turnover limit of 25 percent 50 0.49 0.73 37
Muitiple constraints * 50 0.31 0.46 23

Note: The information ratios and expected active returns were calculated on the basis of the generalized

fundamental law in Equation 6.

“Long-only and market-cap-neutrality constraints, dividend-yield neutrality with respect to the bench-

mark, and turnover limited to 50 percent.

Case Study 1: Long-Only Constraint. The
long-only constraint is perhaps the most interesting
case study for two reasons. First, the long-only
constraint is ubiquitous, so common that it is often
not properly acknowledged as a constraint. Sec-
ond, the long-only constraint is quite material. We
found that the transfer coefficient falls more by
imposition of the long-only constraint than by any
other single restriction, with the possible exception
of tight turnover limits.

When short sales are prohibited, the manager
can reduce the managed portfolio weight of an
unattractive security only to zero. Thus, the lowest
possible value of a security’s active weight is -1
times the benchmark weight. This limit is not bind-
ing for securities with large benchmark weights
(ie., large-cap stocks) but is quite restrictive for
securities that have smaller benchmark weights. In
the extreme, securities with little or no weight in
the benchmark cannot receive any measurable neg-
ative active weight no matter how pessimistic the
manager is about their future returns.

In contrast, when short selling is allowed, secu-
rities with large negative forecasted residual
returns can be shorted and the short-sale proceeds
used to fund long positions in the securities
expected to have the highest positive residual
returns. In other words, the active weights in a
long—short portfolio are primarily determined by
the risk-adjusted return forecasts and, therefore,
conform more closely than weights in a long-only
portfolio to the theoretical optimal active weights
in Equation 5.
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To analyze the impact of the long-only restric-
tion, we show in Figure 3 the portfolio of Figure 2
reoptimized with the added constraint that the
portfolio weight for each security cannot be less
than zero. The same set of forecasted returns was
used, and the tracking-error target was again set to
5.0 percent. One notable impact of the long-only
constraint is the large number of small negative
active weights. In fact, only 89 of the 500 stocks are
held in the managed portfolio; the remaining 411
receive negative active weights equal in magnitude
to their benchmark weights. The positive active
weights are concentrated in the relatively few
stocks with the highest forecasted residual returns
at the far left of Figure 3. The key point is that the
correspondence between forecasted returns and
active weights is much weaker in Figure 3 than in
Figure 2. As Table 1 indicates, the transfer coeffi-
cient calculated by the risk-adjusted cross-sectional
correlation between active weights and forecasted
residual returns is only 0.58. A TC value of 58
percent indicates that 42 percent of the uncon-
strained potential value added was lost in the port-
folio construction process because of the long-only
constraint.”

The accuracy of the generalized fundamental
law can be assessed by calculating the expected
active return directly with the use of Equation 10—
the sum of the products of active weights taken and
forecasted residual returns. The directly calculated
expected active return of the long-only portfolio is
4.2 percent, yielding an IR of 4.2/5.0 = 0.84, or 56
percent of the total theoretical unconstrained IR of
1.50. Thus, the TC of 58 percent, together with the
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Figure 3. Optimization with Long-Only Constraint

{(TC =0.58)

Active Weight (%)
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Risk-Adjusted Forecasted Return

Note: Full height of some bars is not shown.

information coefficient and the number of securi-
ties, provides a fairly accurate perspective on the
potential value added under constraints. The accu-
racy of the generalized law depends on the degree
to which off-diagonal elements in the residual-
return covariance matrix are nonzero, but the law
appears to be a reasonably accurate description for
a large portfolio of securities, such as the S&P 500.

Our findings from using the generalized fun-
damental law can be compared with the estimated
declines in information ratios documented in the
examination of long-short versus long-only portfo-
lios in Grinold and Kahn (2000). The relative advan-
tages of long-short portfolios have also been
examined by Brush (1997} and by Jacobs, Levy, and
Starer (1998, 1999).

Case Study 2: Factor-Neutrality
Constraints. Portfolios are often constrained to
have characteristics that are similar to the bench-
mark along one or more dimensions. For example,
the managed portfolio may be constrained to have
the same style (value—growth) tilt as the bench-
mark. These constraints can, depending on the
investing style and data used to forecast returns, be
a material restriction in the portfolio construction
process. For example, a growth manager may favor
stocks with mid-range P/Es, or “growth at a rea-
sonable price.” If the manager is benchmarked
against a growth index, however, and is con-
strained to have the same growth exposure as the

54

index, the positions dictated by the return forecasts
based on mid-range P/E will be restricted. Another
common neutrality constraint involves the market
capitalization of the securities in the managed port-
folio compared with the benchmark. Managers, or
their clients, might require the managed portfolio
to be market-cap neutral—no more sensitive than
the benchmark to market-cap exposure.

We used market-cap neutralization as our
example of a factor constraint because a small-cap
bias happens to be a byproduct of the long-only
constraint previously discussed. To illustrate, Fig-
ure 4 displays the active weights in the long-only
constrained portfolio in Figure 3 but this time
sorted from left to right by market capitalization.
With this sorting, the nature of the long-only con-
straint is readily apparent. All the large negative
active weights are associated with the large-cap
stocks on the left side of the chart. The magnitude
of the negative active weights is very small for the
small-cap stocks at the right side of the chart. Yet,
positive active weights are as common among the
small-cap stocks as the large-cap stocks. The result
is a significant small-cap bias in the managed port-
folio. The bias toward small-cap stocks is an unin-
tended but natural consequence of the long-only
constraint. (Biases in other common risk factors,
such as a value-growth tilt, are often a result of data
used in the return-forecasting process rather than
a byproduct of portfolio constraints.)
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Figure 4. Optimization with Long-Only Constraint: Market-Cap Sorting
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Note: Full height of some bars is not shown.

To eliminate the small-cap bias, Figure 5 con-
tains a TC diagram for an optimization with long-
only and market-cap-neutrality constraints.® The
correlation between active weights and forecasted
residual returns is further reduced from the long-
only TC of 0.58 toa TC of 0.47, or 47 percent. In other
words, the added constraint leads to an even lower
correlation between active weights and forecasted

residual returns than in Figure 3, with a corre-
spondingly lower potential for value added.
Figure 6 displays the active weights for the
long-only and market-cap-neutral portfolio sorted
by market capitalization. The small-cap bias
induced by the long-only constraint has been cor-
rected; the positive active weights have been
reduced to match the negative active weights on the

Figure 5. Optimization with Long-Only and Market-Cap-Neutral Constraints

(TC = 0.47)

Active Weight (%)
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Low

Risk-Adjusted Forecasted Return

Note: Full height of some bars is not shown.
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Figure 6. Optimization with Long-Only and Market-Cap-Neutral Constraints: Market-Cap Sorting
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Note: Full height of some bars is not shown.

smali-cap end of the graph. The result is a portfolio
that is constrained away from having significant
active management in anything but the large-cap
arena, as indicated by the amount of “ink” on the
left end of the TC chart. In fact, about half of the
active management of the portfolio, as measured
by the absolute value of the active weights, is con-
centrated in the largest 50 of the 500 stocks. Some
of the individual active weights exceed 5 percent.
Managers may not be comfortable with this much
investment riding on a single security, which
would motivate additional constraints on the max-
imum absolute active weight on any single stock.
Individual-asset constraints, in conjunction with
the constraints already imposed, would lead to
even lower TC values.

The drop in the information ratio because of
the long-only constraint depends on several fac-
tors, including the acceptable level of tracking
error. Lower tracking error is equivalent to higher
risk aversion, A, in Equation 5. On the one hand,
with higher risk aversion, unconstrained optimal
active weights have lower absolute values and are
less likely to run up against the long-only restric-
tion. We calculated a transfer coefficient of 58 per-
cent in Figure 3 for the long-only constraint at the
5.0 percent tracking-error level. With the addition
of the market-cap-neutrality constraint (Figure 5),
the transfer coefficient dropped to 47 percent. For
the lower tracking errors associated with enhanced
index (i.e., low-risk) active strategies, the TC values
are less affected by the long-only constraint. As
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Table 1 shows, with the same forecasted security
returns as before and a tracking error of only 2.0
percent, the TC under the long-only constraint is 73
percent and under both the long-only and market-
cap-neutrality constraints, is 67 percent. On the
other hand, the long-only constraint becomes a
substantial impediment to portfolio construction at
higher levels of active risk. At a portfolio tracking
error of 8.0 percent (see Table 1), the TC under the
long-only constraint is 48 percent and is 37 percent
under the combined constraints of long only and
market-cap neutrality.” The long-only manager
must decide between more aggressive manage-
ment (higher tracking error} with a lower transfer
coefficient or less aggressive management (lower
tracking error) with a higher transfer coefficient.
These results are consistent with the findings in
Grinold and Kahn's study of the efficiency gains in
long-short portfolios.

Case Study 3: Turnover Constraints. In
many portfolios, turnover is constrained to reduce
transaction costs and, for taxable accounts, to defer
the realization of capital gains. In some instances,
turnover may also be constrained by mandate or to
avoid the appearance of churning. Even when
transaction costs are estimated and turnover limits
are determined by an optimal trade-off with the
higher expected returns, the result is less transfer of
the return-forecasting information into active
weights. The impact on the transfer coefficient will
depend on the degree to which the forecasted
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returns are correlated with past forecasts and, con-
sequently, with existing portfolio positions. Rap-
idly changing forecasts, or longer periods between
portfolio adjustments, will resultinlower turnover-
constrained transfer coefficients. The transfer coef-
ficient will also depend on the degree to which the
portfolio was allowed to adjust in the past (ie.,
based on prior turnover limits}.

To avoid the complexities induced by assump-
tions about the decay in return forecasts and prior
limits on turnover, we present the simple example
of revising portfolio positions starting from bench-
mark holdings. This portfolio was, in fact, the start-
ing portfolio in the previous examples of portfolio
construction.!” For example, the unconstrained
long—short optimization in Figure 2 led to a turn-
over of 129 percent from the benchmark starting
point. With turnover defined as the percentage of
total portfolio value exchanged for new positions,
turnover exceeded 100 percent in the long-short
optimization because long and short positions are
established starting with a benchmark, which has
only long positions. The long-only optimization in
Figure 3 led to a turnover of 73 percent from the
benchmark starting point.

Figure 7 contains a TC diagram for a portfolio
that is unconstrained (i.e., long—short) except for a
turnover limit of 50 percent from an initial bench-
mark position. The tracking error was set at 5 per-
cent, as in the previous examples. Note that active
weights, or deviations from the benchmark weight,
are zero for many of the stocks in the middle section
of Figure 7. The reason is that turnover cannot be

“wasted” on securities with forecasted residual
returns that are close to zero. The result (see Table
1) is a TC of 73 percent. Tighter tumover limits
naturally result in lower transfer coefficients. For
example, when turnover is limited to 25 percent,
the resulting TC is only 49 percent.

Case Study 4: Multiple Constraints. The
various types of constraints we have examined
have the combined effect of significantly altering
actual active weights taken from the unconstrained
optimal weights in Equation 5. As a final example
of constrained portfolio construction, Figure 8 con-
tains a TC chart for a portfolio with multiple con-
straints, similar to what might be found in practice.
The constraints in this optimization are long only,
market-cap neutrality, and dividend-yield neutral-
ity with respect to the benchmark, and turnover
limited to 50 percent from a prior long-only portfo-
lio optimized to an unrelated set of forecasted
returns. The benchmark is the S&P 500, and active
portfolio risk was set at 5 percent. Figure 8 shows
only a loose correspondence between active
weights and forecasted residual returns. There are
negative active weights in some of the highest-
forecasted-return stocks and large positive active
weights in some of the lowest-forecasted-return
stocks. As Table 1 reports, the TC is 31 percent.
More than two-thirds, or 69 percent, of the value
added that was predicted by the information coef-
ticient alone has been lost in the portfolio construc-
tion process. TC values as low as 30 percent may be
common among long-only U.S. equity managers.

Figure 7. Optimization with Turnover Constraint

(TC=0.73)
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Figure 8. Optimization with Multiple Constraints
(TC=0.31)
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Note: Full height of some bars is not shown.

The sets of constraints these managers work under
have an unmeasured and perhaps underappreci-
ated impact on performance.11

Ex Post Correlation Diagnostics

The perspectives discussed to this point relate to
the potential value added through portfolio man-
agement, as measured by the expected information
ratio. Actual performance in any given period will
vary from its expected value on the basis of the ex
post quality of the informaticn, in a range deter-
mined by the tracking error. We now turn our atten-
tion to diagnosing actual performance-~the ex post
analysis of the realized active returns.

A key determinant of the sign and the magni-
tude of the realized active portfolio return, Ry, is
the degree to which the manager has positive active
weights on securities that realize positive residual
returns and negative active weights on securities
that realize negative residual returns. In other
words, actual performance is determined by the
relationship between active weights and realized
residual returns, a cross-sectional correlation we
refer to as the “ex post (or realized) performance
coefficient.”

We use rho with a subscript for realized corre-
lations to distinguish them from expected correla-
tions, which are denoted by capitalized acronyms.
Specifically, the realized performance coefficient,
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Paw,rs is the cross-sectional correlation between
risk-adjusted active weights and realized residual
returns. The notation for the expected performance
coefficient is PC, which the generalized fundamen-
tal law in Equation 8 states is approximately TC
times IC. In Appendix A, “Ex Post Performance
Decomposition,” we derive the following impor-
tant decomposition of the realized performance
coefficient:

pAw,r= Tcpa.r+ V1 _Tczpc,r' (11)

where p, , is the realized information coefficient
and p,, is a realized cross-sectional correlation
coefficient that measures the noise associated with
portfolio constraints. Note that no realized value is
associated with the transfer coefficient, TC, because
it measures the relationship between forecasted
residual returns and active weights, both of which
are established ex ante. As in the generalized law,
we used the approximate equality notation = in the
ex ante relationship in Equation 11 because of its
dependence on a zero-mean approximation, as
specified in Appendix A.

Equation 11 has important implications. In the
ideal world of completely unconstrained portfolio
construction, TC has an approximate value of 1.0.
With a TC value of 1.0 in Equation 11, realized
performance, pay, ., is determined solely by the
actual success of the return-forecasting process,
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Pg,r- In other words, if there is a perfect transfer of
forecasted residual returns into active weights,
then the realized performance coefficient is identi-
cal to the realized information coefficient. For TC
values less than 1.0, however, Equation 11 indicates
that realized performance is only partly a function
of the success of the signal. For lower values of TC,
realized performance is increasingly dependent on
a second realized correlation coefficient, p, ,, the
risk-adjusted cross-sectional correlation between a
new variable, c;, and realized returns, r;. As
explained in Appendix A, ¢; for each security is the
difference between the actual active weight taken,
Aw;, and the expected constrained active weight,
TCAw;*'*> When P.,r is positive, performance is
increased because, at the margin, the optimization
forced higher weights than expected on positively
rewarded securities and lower weights than
expected on negatively rewarded securities in
order to satisfy the portfolio constraints. Of course,
the constraint noise coefficient, p,,, might just as
easily turn out to be negative, which would
decrease realized performance.

We can be more specific about the sources of
variation in constrained portfolio performance.
Under the simplifying assumption we have used of
a diagonal residual-return covariance matrix, the
variance of each of the three realized correlation
coefficients in Equation 11, pay, s, Py, - and p ., is
1/N, the number of observations in the cross-
sectional correlation calculations. In addition, the
two right-hand correlations, p,, , and p, ,, are inde-
pendent. As a result, the variance of the realized
performance coefficient is decomposed into signal
and noise variances by

var(pay,,) = TCrvar(pg ;) + (1 - TCH)var(p, ). (12)

For example, if TC = 0.80, then 64 percent of the
variation in expected performance is attributable to
the success of the signal and the remaining 36 per-
centis attributable to the noise induced by portfolio
constraints. For a low TC value, 0.30, only 9 percent
of the variation in performance is attributable to the
success of the signal; the remaining 81 percent is
attributable to constraint-related noise. The practi-
cal implication is that heavily constrained portfo-
lios will experience frequent periods when,
although the forecasting process works, as indi-
cated by a positive realized information coefficient,
performance is poor. Alternatively, the realized
active portfolio return may be positive even though
the realized information coefficient is negative.
Without the perspective of Equations 11 and 12,
low-TC managers might wonder why realized per-
formance seems unrelated to their ability to fore-
cast returns.
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Implementation of an Ex Post
Diagnostic System

The ex post relationship in Equation 11 suggests a
diagnostic system for analyzing active manage-
ment performance under constraints. As explained
in Appendix A, “The Fundamental Law,” the real-
ized active return, R4, is related to the realized
performance coefficient, pyy, » by

r; .
EI_]- (13)

Ry~ pAw',UAJK’std{

We can think of the term o AJN as a measure
of portfolio aggressiveness. More active risk, G4,
equates to larger absolute active weights—that is,
a more aggressively managed portfolio. The last
termin Equation 13, std{r;/;), is the cross-sectional
standard deviation of risk-adjusted realized resid-
ual returns, or return dispersion.?

Equation 13 can be read as “active return
equals the realized performance coefficient times
portfolio aggressiveness times realized return dis-
persion.” The sign of the realized performance
coefficient determines the sign of the active return.
Portfolio aggressiveness and realized-return dis-
persion simply act as scaling factors. The realized
performance coefficient is further decomposed into
the realized information coefficient and the con-
straint noise coefficient according to Equation 11.
Combining Equations 11 and 13, we have

2
RAz(TCpu‘,+a/1*TC pc‘,]

(14)
r.
xG, ﬁstd[;’_ J,

i

which forms a diagnostic system in which the real-
ized active return is the product of the decomposed
realized performance coefficient (the first term in
parentheses) times portfolio aggressiveness times
realized return dispersion. Because of the simplify-
ing assumptions used to derive the generalized
fundamental law, actual performance as calculated
directly from Equation 1 will vary slightly from the
performance explained in Equation 14.

We verified the ex ante and ex post mathemati-
cal relationships derived in this article with a
Monte Carlo simulation, which will also illustrate
the implementation of the diagnostic system. In the
simulation, we used the forecasted residual returns
and active weights from the long-only constrained
optimization shown in Figure 3. Recall that the
weights in the case of the long-only constraint have
a TC of 58 percent (0.578 to be exact). We generated
10,000 sets of 500 realized residual returns by using
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estimates of individual security residual risks from
Barra. The realized-return sets were generated with
an IC value of 0.067, the same parameter value used
to scale the forecasted returns.!* We then compiled
summary statistics for the 10,000 simulated annual
observations of realized portfolio performance.
Five observations from the simulation and selected
summary statistics are shown in Table 2.

As shown in Table 2, the simulation’s 10,000
realized information coefficients, p,, ,, had an aver-
age value of 0.067, the IC parameter value used in
the simulation. The 10,000 realized constraint coef-
ficients, p.,, had an average value of -0.002 (effec-
tively zero}. Both realized correlations had a
standard deviation of about 0.045, approximately
1/./500. The transfer coefficient and portfolio
aggressiveness were constants by design in the
simulation.

For the long-only case, the generalized funda-
mental law predicts an average realized active
return of

E(R,)=TCICJNo,

= 0.578 x 0.067 x /500 5%
= 4.3%.

Table 2 shows that the mean active return in the
Monte Carlo simulation was 4.2 percent, slightly
less than predicted. The standard deviation of the
active return in the simulation was 4.9 percent,
slightly less than the ex anfe tracking error of 5.0
percent implicit in the active weights and security
residual risks used in the simulation. The IR in the
simulation was 4.2 /4.9 = 0.86, or 57.3 percent of the

theoretical unconstrained IR of 1.50, close to the
57.8 percent predicted by the transfer coefficient.
These results verify the approximate accuracy of
the ex ante relationship described by the general-
ized fundamental law.

The simulation verifies two critical ex post
results. First, the explained active return—calcu-
lated from the realized information coefficient, con-
straint noise coefficient, and return dispersion, as
per Equation 14—is very similar to the actual real-
ized active return calculated directly from Equa-
tion 1. The correlation between explained and
actual realized active returns across all 10,000 sim-
ulated periods exceeds 99 percent. Second, a regres-
sion of the realized performance coefficients, pyy, \»
on realized information coefficients, p, ., had an R?
of 0.332. In other words, 33.2 percent of the perfor-
mance variation was explained by variation in the
realized signal, as suggested by Equation 12. This
percentage is close to the predicted value given by
TC squared of 0.578° = 33.4 percent.

The simulation also provides observations that
can be used to illustrate how an ex post correlation
diagnostic system operates. Table 2 lists parameter
values for 5 of the 10,000 simulated annual periods.
The first period shown is noteworthy in that the
realized information coefficient is 0.075—above the
manager’s average IC of 0.067. Given the success ot
the forecasting process in this period, the manager
might expect good realized performance even
while acknowledging the decline in expected per-
formance because of constraints.

Table 2. Monte Carlo Simulation and Ex Post Correlation Diagnostics: S&P 500, Long-Only

Constraint
Realized APor;f;l;‘?e_ Realized Realized
Transfer Information ggnress Conditional ‘Constraint  Explained Return  Explained Realized
Coefficient, Coefficient, ’ Active  Coefficient, Performance Dispersion,  Active Active
Period TC Pa,r oaVN Return Pe,r Coefficient  std(r;/ o) Return Return
1 0.578 0.075 1.118 4.8% -0.057 -().003 1.008 —(1.4% ~0.4%
2 0.578 0.136 1.118 8.8 0.001 0.079 1.026 9.1 9.2
3 0.578 -0.020 1.118 -1.3 0.052 0.031 0.944 33 3.2
4 0578 0.046 1.118 3.0 -0.007 0.021 0.967 23 2.3
5 0.578 0.010 1.118 0.6 0.011 0.015 1.000 1.6 1.6
Average 0.067 —0.002 1.000 4.2
Standard
deviation 0.044 0.045 0.032 19

Nates: IC i 0.067; TC is constant at 0.578; portfolio aggressiveness is constant at o 4 JN = 0.05x500 = 1.118 . The average and standard
deviation summary statistics for realized values are for all 10,000 simulated periods. The conditional active return was calculated by
Equation 15; the explained performance coefficient was calculated by Equation 11; the explained active return was calculated by
Equation 14; the realized active return was calculated by Equation 1.
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Taking the expectation of active return in
Equation 14, conditional on the realized informa-
tion coetficient, gives

E(R,|Pq.) = TCPg 044N, (15)

The conditional active return based on Equation 15
is shown in Table 2. In the first period, the condi-
tional active return is 4.8 percent, slightly higher
than the average value of 4.2 percent because the
realized information coefficient is slightly higher
than average. The realized active return in this
period, however, is slightly negative (-0.4 percent)
because of an unusually large and negative realized
constraint coefficient (-0.057). Thus, the portfolio
constraints preciuded the investor from taking
positions in particular securities that were attrac-
tive after the fact.

In the third period, the realized information
coefficient is negative (—0.020). So, the manager
might have expected an active return of -1.3 per-
cent. But despite the poor success of the return-
forecasting process in this period, the active return
is a positive 3.2 percent. In this case, the portfolio
constraints precluded the investor from taking
positions in securities that were, after the fact, par-
ticularly unattractive {indicated by a positive real-
ized constraint coefficient of 0.052).

The loose correspondence between signat suc-
cess and actual performance in this simulation is
indicative of the mid-range TC value of 0.578. The
disparity between the success of the return-fore-
casting process and actual portfolio performance
can be even greater and more frequent in portfolios
with lower transfer coefficients.

The active return explained by the diagnostic
system in this example is highly correlated with the
actual active return, but because of simplifying
assumptions in the mathematics, the diagnostic
system is not exact, as shown in the last two col-
umns of Table 2. The active return explained by the
diagnostic system is close to but not an exact match
for the actual performance of the portfolio.

The most critical simplifying assumption in the
mathematical derivation of the generalized law is
the assumption of a diagonal residual covariance
matrix, which seems to be an acceptable approxi-
mation. We are encouraged by our simulation
results for the S&P 5010, a commonly used domestic
equity benchmark, but we are unable to state any
general bounds on the accuracy of the diagnostic
system for other benchmarks.

We have not addressed a number of other
issues in implementing an ex post performance
diagnostic. They include nonannual performance
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periods, the impact of estimation error in security
risk parameters, and procedures for estimating the
inaccuracy of the diagnostic system because of sim-
plifying assumptions. The simulation does, how-
ever, illustrate the key ex post concept that the
realized information coefficient by itself explains
only a portion of actual performance when the port-
folio is subject to material constraints. Without an
ex post diagnostic system that measures constraint-
related correlations, managers may be puzzled that
actual performance is only loosely related to their
ability to predict returns.

Conclusion

We have suggested that the fundamental law of
active management, an ex ante relationship, can be
generalized to include a transfer coefficient as well
as an information coefficient. The information coef-
ficient measures the strength of the return-
forecasting process, or signal. The transfer coeffi-
cient measures the degree to which the signal is
transferred into active weights.

The transfer coefficient is a simple scaling fac-
tor in the generalized fundamental law and is a
quick way to measure the extent to which con-
straints reduce the expected value of the investor’s
forecasting ability. In an ideal world with no con-
straints, the TC is approximately 1.0 and the origi-
nal form of the fundamental law captures the
expected value added. In practice, managers must
often work within constraints that produce TC val-
ues ranging from 0.3 to 0.8. The lower transfer
coefficient suggests why average performance in
practice is only a fraction (0.3 to 0.8) of what is
predicted by the original form of the fundamental
law.

We also derived a decomposition of ex post
performance based on the transfer coefficient and
the realized information coefficient. The ex post
performance decomposition indicates that only a
fraction (TC2) of the variation in realized perfor-
mance, or tracking error, is attributable to variation
in the realized information coefficient. If TC = 1.0,
then variation in performance is wholly attribut-
able to the success of the return-prediction process.
If TC = 0.3, however, only 9 percent of performance
variation is attributable to the success of the signal;
the remaining 91 percent is attributable to con-
straint-induced noise. Managers with low transfer
coefficients will experience frequent periods when
the signal works but performance is poor and peri-
ods when performance is good even though the
return-forecasting process failed.
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Appendix A. Proofs and
Explanations

This appendix explains the motivation for the
framework and notation we use, provides proofs of
the basic and generalized fundamental law, and
examines a decomposition of ex post performance.

Framework and Notation

Given a benchmark portfolio, the total excess
return (i.e., return in excess of the risk-free rate) on
any stock 7 can be decomposed into a systematic
portion that is correlated with the benchmark
excess return and a residual return that is not by

i S BRg 7, (A1)
where
Rg = benchmark excess return
B; = beta of stock i with respect to the bench-
mark
r; = security residual return with mean zero
and standard deviation o;
The benchmark portfolio is defined by the weights,
wg ;, assigned to each of the N stocks in the invest-
able universe. The benchmark excess return is

N
Total
Ry = Y wy ™" (A2)
i=1

If a given stock i in the investable universe is not in
the benchmark portfolio, then wp ; is zero.

Like the benchmark, the excess return on an
actively managed portfolio, Rp, is determined by
the weights, wp ;, on each stock:

Rp = iwpljri“"“. (A3)
i=1
Define the active return as the managed port-
folio excess return minus the benchmark excess
return, adjusted for the managed portfolio’s beta
with respect to the benchmark; that is

RA ERP—BPRH. (A4)

The managed portfolio’s beta, Bp, is simply the
weighted-average beta of the stocks in the man-
aged portfolio:

N
Bp=Y wp ;- (A5)

i=1
With some algebra, and the fact that the beta of the
benchmark must be exactly 1, it can be shown that

the active return is

N
Ry = ZA"J{"!' (A6)
i=1
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where the active weight for each stock is defined as
the difference between the managed portfolio
weight and benchmark weight; that is,

Aw;=wp; - wpg ;. (A7)

The formulation for the active return in Equa-
tion A6 (which is also Equation 1 in the body of the
article} is the focus of our analysis. Note that the
active weights, Aw;, sum to 0 because they are
differences in two sets of weights that each sum to
1.0. Also note that the stock returns, r;, in Equation
Ab are residual, not total, excess returns. Residuals
are the relevant component of security returns
when performance is measured against a bench-
mark on a beta-adjusted basis.!>

Assume that portfolio optimization is based on
choosing active weights, Aw;, that maximize the
mean-—variance utility function:

U =E(Ry)-Aos, (A8)
where

E{R,) = expected active return

oi = active return variance

A = a risk-aversion parameter

Given forecasts for the individual residual stock
returns, o, the expected active return for the port-
folio is

N
E(Ry) =Y Aw0;. (A9)
i=1
Under the important simplifying assumption that
the residual stock returns are uncorrelated (i.e,, the
residual covariance matrix is diagonal), the active
return variance is

N
cr,z4 = Z Aw?cr?, (A10)
i=1
where Gi is the residual return variance for stock i.
Substituting Equations A9 and Al0 into the
optimization problem in Equation A8 leads to opti-
mal weights given by the formula

R

Aw* =

{A11)

q

i1
i 2h

The simple closed-form solution to optimal
weights in Equation A11 (Equation 5 in the body of
the article) is based on two simplifying assump-
tions. First, we assume a diagonal residual-return
covariance matrix; that is, we assume that residual
returns are perfectly uncorrelated with each
other.'® Second, the formal optimization problem
has a budget constraint (the active weights must
sum to zero), but we assume that no such condition
is imposed in the maximization of Equation AS8.
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This second assumption will generally not be a
problem for portfolios with many securities and
typical risk-return parameters. One security can be
adjusted to absorb the balancing weight without
distorting the analysis {0 any great extent.

Despite these two simplifying assumptions,
the optimization result in Equation A1l will prove
useful in understanding the impact of constraints.
An intuitive property of Equation All is that the
mean—variance optimal active weight for each
stock is proportional to the stock’s forecasted resid-
ual return over residual return variance. The con-
stant of proportionality, common to all securities,
is related to the inverse of the risk-aversion factor,
A. Lower values of A lead to more aggressive port-
folios with proportionately larger absolute active
weights, higher expected active return, and higher
active risk. We can insert the optimal weights from
Equation A1l into the definition of active return
variance in Equation A10 and solve for k. Using this
solution for A, we find the optimal active weights
in terms of active partfolio risk, 04, to be

Lo (o]
Awr = =L A (A12)

2 N 3
G; /27:1((15/6{)

We make the operational assumption that the
security alphas, o, are generated from scores, §;,
that have cross-sectional zero mean and unit stan-
dard deviation. Specifically, based on Grinold’s
(1994) prescription, alphas are the product of IC,
residual security volatility, and score:

o= ICO’I'SI'. (A13)

By not subscripting IC, we are making the explicit
assumption that the information coefficient is the
same for all securities.

The Fundamental Law

A proof of Grinold’s {1989) fundamental law of
active management follows directly from the opti-
mization and alpha-generation mathematics.
Given a cross-sectional set of scores, 5;, that is con-
structed to have zero mean and unit standard devi-
ation, Equation A13 dictates that the ratio ¢;/0; has
a cross-sectional mean of zero and standard devia-
tion of IC. Based on the zero-mean property, the
denominator in the last term in Equation Al2is a
standard deviation calculation for a;/0; but with-
out the requisite N divisor. We use the term “zero-
mean property” to justify variance and covariance
calculations that are sums of squares and prod-
ucts.!” Making this substitution and then multiply-
ing each side of Equation Al2 by ©; gives the risk-
adjusted optimal weights:
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P 7 (At4)
e SAICN/

Kahn (2000) referred to these risk-adjusted weights
as “optimal risk allocations.” Because the ratio
@,/09; has a zero mean, the set of risk-adjusted
optimal active weights, Aw;*c;, in Equation A14 has
a zero mean and cross-sectional standard deviation
{std) of

std(Aw*G) = std| 2 || —4&
i Y o ICJKI

94
oy~
The zero-mean property of Aw*o; and o;/0;
allows the expected active return in Equation A9 to
be recast in a correlation formulation as follows:

(A15)

N
E(RA) = ZAwi*ui
i=1

N o;
E(Awi*ci)[c-,;]

i=1

a; Alé
Ncov(Aw,-*Ui, 8-1 J ( )

i

NpAw,‘ustd(Awi*ci)stdéj—: J
= pAw,‘aoA,,/NIC,

where py,« o is the correlation coefficient between
risk-adjusted optimal weights and alphas—that is,
the correlation between Aw;*c; and «;/ ;. This cor-
relation coefficient is 1.0 because the two variables
are proportional, as indicated by Equation Al4.
Substituting a correlation coefficient value of
Paw+,o = 1.0 and dividing both ends of Equation
Al6 by active risk 04 gives the original form of the
fundamental law:

IR = ICJ/N, (A17)

where IR is the information ratio of expected active
return to active risk; that is, IR=E(R4)/04.

In practice, active managers are usually subject
to constraints that cause them to deviate from the
unconstrained optimal active weights, Aw;*. Let
Aw;be a set of constrained active weights generated
by an optimizer, where the active risk is set equal
to the unconstrained active risk in Equation A10.
The covariance and correlation methodology used
in Equation A16 for unconstrained optimal active
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weights can be applied to constrained active
weights as follows:

N
i=1

el

"

o
Ncov[Awici, G—’ ] (Al8)

i

(NYTC)std(Aw; o, )std[ J

= (N)(TO)IC {62 /N - mean(Aw,5,)’,

where TC = ppy,  is the transfer coefficient and
mean(Aw,o;) is the cross-sectional mean of Aw;o;.
The complexity of the final result arises from the
fact that there is nothing to force the zero-mean
property on Aw;o;, although the mean is likely to be
small because the active weights alone, Aw;, have a
zero mean. In addition, this term is squared in
Equation A18. Using zero as an approximation and
dividing by active risk, o4, as before, produces the
generalized fundamental law:

IR=TCIC.N, (A19)

which is given as Equation 6 in the body of the
article.

The transfer coefficient, TC, is calculated as the
cross-sectional correlation coefficient between risk-
adjusted forecasted residual returns and actual
weights—0;/0; and Aw;c;. Note that the transfer
coefficient can be calculated ex ante (i.e., before
returns are realized) based on the set of weights
from an optimizer. We will continue to use the
approximation mean(Aw;o;) = 0 in the ex post anal-
ysis that follows and use the = notation wherever
the approximation affects the results.

The realized active return in any time period is
the sum of the product of weights and returns, as
defined in Equation A6. The realized active return
can be decomposed into cross-sectional statistics by

N

I
Mz

[>

£

Q
/':‘\
‘—_—_/

(A20)

]
2
o
=]
<
T
[
g
Q
I
~—

5 Jﬁstd[;z}
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The realized correlation coefficient between
risk-adjusted weights and returns, py,,,, is an
important summary measure of performance that
will be referred to as the realized “performance
coefficient.” The notation for the expected value of
the performance coefficient is PC. Note that the
cross-sectional standard deviation of realized risk-
adjusted returns, std(r;/o;}, has an expected value
of 1.0. Taking expectations on both ends of Equation
A20 and rearranging indicates that the expected
performance coefficient is simply the expected
information ratio, E(R 4)/6 4, over the square root of
N. With this substitution, the generalized funda-
mental law in Equation A19 becomes Equation 8 in
the body of the article.

Ex Post Performance
Decomposition

Given a set of actual active weights, Aw; from an
optimizer and hypothetical optimal active weights,
Aw*, derived analytically from expected returns,
we define a new variable,

= Aw,; - TCAwf, (A21)

which can be thought of as the “optimal weight not
taken” on each stock because of constraints.!® The
multiplier TC in front of Aw;* in Equation A21 is a
shrinkage factor related to the expected value of
Aw; given the value of Aw,*. Note that TC and thus
the ¢; values can be calculated ex ante (i.e., after the
portfolio has been optimized but before returns
have been realized). The cross-sectional variance of
the risk-adjusted constraint values, ¢;a;, is

Tszar(Awf*of) + var(Awo;)

var(c;o,)

- 2TCcovi{Aw g, Aw;0))

2 2 2
204 Oy Ga (A22)
=TC “T\? + —I\-I- - 2TCpAw’",Awﬁ

H

’Ji 2

ﬁ(l -TC ),

where the substifution of the transfer coefficient,
TC, for the correlation pag,x ay in the final result is
justified by the proportionality between risk-
adjusted optimal weights and alphas.

Based on the definitional relationship in Equa-
tion A2l and the result in Equation A22, we can
decompose the realized active return in Equation
A6 into two correlation structures:
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N
E (TCAw*r;+¢;1))
=1

N ‘. N r.
TCE(AwI-*GL)(E:} + Z(Cic")(é-J
i=1

i=1

z (TCpu.r +a] - Tczpc. r‘)

¥,
xGAJITJstd{EIJ.

1

o]
S
It

(A23)

Equating the final expressions in Equations A20
and A23 and dividing out common terms yields the
correlation relationship (Equation 11 in the body of
the article)

s = TCPg , +41-TCer. (A24)

Taking expectations of both sides of Equation
A24, and using the relationship in Equation 8, indi-
cates that the expected value of the noise coefficient,
P, is zero. In addition, the two ex ante correlation
coefficients on the right side of the correlation struc-
ture in Equation A24 can be shown to be indepen-

dent, as follows: The realized values of cross-
sectional correlation coefficients have, by definition,
a standard deviation of 1/ /N around their means.
Thus, the variance analysis of Equation A24 is

1 21 2.1
N~TC ﬁ+(1—TC )N

~2¢0t(pg, 9, JTCH1-TCL.

Rearranging Equation A25 indicates that
cor(Py ,» P,,,) 15 approximately zero.

The value of this independence property is
variance decomposition. Because the two right-
hand-side realized correlation coefficients in Equa-
tion A24 are approximately independent, we have

(A25)

2z
var(p,,, J=TC var(p, ,)
pAu,r P;‘ ( 26)
+{1-TC )var(pc'r).

Thus, TC? percent of the variation in realized per-
formance is the result of the success of the signal as
measured by the realized information coefficient,
P, The remaining 1 - TC? percent is attributable
to constraint-induced noise, fi ,.

Notes

1. The information coefficient and transfer coefficient are not
necessarily simple correlation calculations. When securities
have different individual residual risks, risk-adjusted vari-
ables should be used in calculating the correlations, as
shown later.

2. Goodwin (1998) included a useful discussion of procedures
for calculating the information ratio.

3. The transfer coefficient plays the same role in our formula-
tion as the notion of “implementation efficiency” in Kahn
{2000), although Kahn's measurements were derived
through simulation rather than an explicit formulation.

4. Specifically, we used the Barra E3 model as of the end of
November 2000. The results are for illustration purposes
only and, in all practical respects, are invariant to the time
period chosen. Barra is a leading supplier of security cova-
riance matrix estimates and optimization software that
structures portfolio weights.

5. Asdiscussed in Appendix A, “Framework and Notation,”
this process for generating forecasted residual returns uses
the rule “alpha is volatility times IC times score” as pre-
scribed in Grinold (1994), Each stock’s residual risk was
calculated from the “otal security risk, security beta, and
benchmark (i.e., 5&P 500) risk—all estimated by Barra. The
formula for caleulating 560 residual risk is cf = G%W[ ;

. .
- :B%GEM" -

6. The information ratios and expected active returns shown

in Table 1 were based on the generalized fundamental law

of Equation 6, not the exact value that Equation 10 would
produce. Specifically, the IR in the first line was calculated

as0.98 x(0.067 x /500 =1.47, and the expected active return
was calculated as 0.98 x 0,067 x /500 x 5 percent = 7.3
percent.
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7. The value-added portion of a strategy can be separated
from its net market exposure. For example, long—short
market-neutral strategies are now commonly overlaid with
a long position in equity index futures or an equity index
swap. The long—short portfolio makes efficient use of the
investor's information, while the derivatives overlay adds
market exposure. The combination can have the high trans-
fer coefficient and expected information ratio of a long-
short portfelio but alse the full equity market exposure of a
long-only portfolio.

8. Market-cap neutrality is based on the Barra E3 “size” risk
factor, which is defined as the log of market capitalization
(price per share times number of outstanding shares). Thus,
the constraint imposed was that the average log market
capitalization of the stocks in the managed portfolio be
equal to the average log market capitalization of the stocks
in the S&P 500 benchmark.

9. The TC for the unconstrained optimization remains at 98
percent for all three tracking-error values (ie., 2, 5, and 8
percent). The unconstrained TC value varies slightly with
the period chosen for the estimated covariance matrix but
is always just slightly less than the theoretical value of 100
percent.

10. When turnover is unconstrained, the weights in an opti-
mized portfolio are invariant to the initial portfolio. In other
words, the TC values in the prior portfolio construction
examples did not depend on the assurned starting position.

11. Although it may appear that constraints are always unde-
sirable, some constraints guard against the effect of estima-
tion error in the forecasting process. So, a manager may be
willing to tolerate a lower transfer coefficient to protect
against sizable underperformance if the forecasting process
fails.
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12. An alternative, and perhaps more intuitive, definition of
active weight not taken, b; = Aw — Aw/*, results in a different
ex post correlation structure from Equation 11. However, the
definition ¢; = Aw — TCAw* has nicer mathematical proper-
ties.

13. Because the security returns are risk adjusted, the expected
value of the return dispersion term is 1.0. Risk-adjusted
statistics are technically more precise, but the cross-
sectional correlations and standard deviations can also be
calculated without the risk adjustment. A simple non-rigk-
weighted system can be implemented with the cross-
sectional correlation and standard deviation calculations
based on Aw;, o, and r; instead of the risk-adjusted data,
Awo;, a;/3;, and r;/ g;. Although the characterization of the
realized information and transfer coefficients will be incor-
rect when the securities have different residual risks, the ex
post system will still “add up.” However, the components
will not correspond to the conceptual decomposition sug-
gested by the generalized fundamental law.

14. Although the realized residual returns were generated to
have a 0,067 correlation with their respective forecasted
residual returns and have magnitudes consistent with their
respective residual risks, they were cross-sectionally ran-
dom within each set {i.e., the returns simulate a perfectly
diagonal covariance matrix). Thus, the simulation was “real
world” in the generation of constrained active weights with
an actual nondiagonal covariance matrix, but the simula-
tion controlled the generation of the realized residual
returns to conform to assumed statistical parameters.

15. Throughout the article, we took the individual security risk
estimates (}; and ;) as given, although in reality, they may
be estimated with error.

16. The correlation of “market model” residual returns as
defined in Equation Al cannot be exactly zero, even in a
theoretical sense. For example, if the benchmark contains
onty two stocks, then the residual return on the first has to
be perfectly negatively correlated with the residual return
on the second. For benchmark portfolios with a large num-
ber of stocks (e.g., 500), the correlation matrix is populated
with off-diagonal elements that are generally small but, on
average, tend to be slightly negative.

17. Specifically, if a variable X has a mean of zero, then the

N .2
variance of X isvar(X) = 1/N 2., Xi . Similarly, if either

X or Y has a mean of zero, then the covariance of X and Y

N
iscov(X,Yy= 1/ Nz.‘ -1 Xi¥; | Alsonote that the statistical

definition of the correlation coefficient between two vari-
ables X and Y is cov(X,Y) = Pry std{X)std(Y'}). This defini-
tional decomposition of covariance inte correlation and
standard deviation (std) is used repeatedly throughout
Appendix A.

18. A more straightforward weight-not-taken variable defini-
tion, &; = Aw; — Aw;*, has less desirable statistical properties.
Specifically, it can be shown that the expected vatue of the
correlation of b; with realized returns is not zero.
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