
Assessment Equilibria
LATEX file: Assessment — Daniel A. Graham, September 29, 2011

Selten’s Horse, illustrated in Figure 1, is a well known extensive form (dynamic) game of in-
complete information. At his information node, Player 3 does not know whether the history is
D or AD. In such games, each player must not only have a strategy which specifies the action
to be taken at each of the player’s information nodes but also beliefs which specify at each
information node, the probabilities assigned by the player to each of the possible histories.

In Selten’s Horse, Player 3 is the only player with an information node with more than one pos-
sible history, so only Player 3’s beliefs need to be specified. If we let p denote the probability
that Player 3 assigns to the event that the actual history is D then, since the probabilities must
sum to one, 1− p must be the probability assigned to the event that the actual history is AD.
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Figure 1: Selten’s Horse

A strategy and beliefs pair is called an assessment and a profile of assessments, one for each
player, will be called an equilibrium if it satisfies a reasonable consistency requirement. The
weakest consistency requirement usually discussed imposes the following requirements:

Sequential Rationality. At each information node, the action specified by the player’s strategy
must be optimal given the player’s beliefs at the node.

Bayesian updating. At each information node, the player’s beliefs must be consistent with
the profile of strategies being used and must be derived using the laws of probability
(Bayesian updating) whenever possible.

Profiles of assessments that satisfy optimality and consistency are called weak perfect Bayesian
equilibria or weak PBE for short.

At nodes along the equilibrium path (actually reached with positive probability given the profile
of strategies), the players’ beliefs will be completely determined by the Bayesian updating
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Figure 2: Beliefs and Optimal Actions

requirement. On the other hand, at nodes off the equilibrium path consistency with Bayesian
updating itself places no restriction whatever on beliefs. Optimality, though, still restricts
beliefs off the equilibrium path to those for which the actions taken are optimal.

The connection between beliefs and optimal action is illustrated for Selten’s Horse in Figure 2.
Note that it is optimal for Player 3 to play R if p < 2/5, to play either R or L if p = 2/5 and to
play L if p > 2/5.
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Figure 3: p > 2/5: Inconsistent Beliefs

Figure 3 illustrates an attempt to construct a weak PBE for Selten’s Horse when p > 2/5. Since
p > 2/5, optimality requires Player 3 to choose L. Optimality also requires Player 2 to choose
D since 5 > 3 and Player 1 to choose A since 5 > 4. So far, so good. Beliefs are not consistent,
however. Player 3’s node is reached along the (presumed) equilibrium path and Player 3’s
beliefs must be consistent with the strategies being played. This means that Player 3 must
assign a probability of one to the event that the actual history is AD and thus that p = 0.

Figure 4 illustrates a second attempt to construct a weak PBE for Selten’s Horse — this time
with p < 2/5. Now optimality requires Player 3 to choose R, Player 2 to choose A since 3 > 2
and Player 1 to choose A since 3 > 1. Now Player 3’s node is off the equilibrium path and
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consistency places no restriction on the beliefs that must be held at this node. Optimality of
R requires, however, p ≤ 2/5. Thus (A,A,R) and any p ≤ 2/5 is a weak PBE.

1 2

3
3
0

A
A

3 3

4
4
4

1
1
1

5
5
0

2
2
2

R R

p 1-p

Figure 4: p ≤ 2/5: Consistent Beliefs
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