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Abstract

Problem Definition: We analyze a firm that sells repeatedly to a customer population
over multiple periods. While this setting has been studied extensively in the context of dynamic
pricing—selling the same product in each period at a dynamically varying price—we consider
a different approach: dynamic content variation wherein the product is sold at the same price
in every period, but the firm may vary the content of its product over time. Customers learn
about their utility on purchasing and decide whether to repeat a purchase in each future period.
The firm faces a budget for the total value of content it can use over a finite planning horizon,
and decides how to allocate this budget to each period to maximize revenue.
Academic/Practical Relevance: A number of new business models, such as video streaming
services and curated subscription boxes, face the situation that we model. Our results show how
such firms can optimally use dynamic content variation to increase their revenues.
Methodology: We use an analytical model in which rational customers decide whether to
purchase in a period and a firm determines an optimal content allocation policy to maximize
revenue.

Results: The firm’s optimal allocation policy is not, in general, constant over time, but is
monotone. Specifically, content value should increase during a planning horizon if customer
heterogeneity is low and decrease otherwise. Across successive planning horizons, content value
is cyclical with periods of high and low value, but unless the market growth rate is consistently
high (e.g., exponential), content value will converge to a constant and equal allocation in every
period as more customers learn their utility.

Managerial Implications: We show how firms can dynamically vary content to increase
revenues. Thus, managers at such firms may engage in dynamic content variation, instead of
dynamic pricing, as a revenue management strategy.

Keywords: dynamic content variation; revenue management; customer learning

1 Introduction

In recent years, a number of successful new business models, primarily services, have arisen that

incorporate the following combination of features:

1. Customers purchase (or experience service) from the firm repeatedly over successive periods.
2. The firm charges a fixed price for each purchase or service experience across all periods.

3. While the firm does not change the price from one period to the next, it can change the

content that it offers to customers in each period.
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Two prominent examples are video streaming services and curated subscription boxes. Video
streaming services such as Netflix, Apple TV+, Hulu, and Disney+ provide customers access to a
catalog of content (typically films or television series, produced both in-house and by third party
production companies) for a monthly subscription fee. While the subscription fee is pre-determined
and seldom changes (Forbes 2019), the catalog is regularly updated by adding new content, i.e.,
by producing new movies and series or purchasing the broadcast rights to third-party content,
and by removing older content (Engadget 2018, Digital Trends 2020). Thus, customers purchase
repeatedly (they subscribe on a monthly basis, typically without an obligation to commit more
than one month at a time) at a fixed price for each purchase, but the content offered (the video on
the streaming service) changes on a continual basis.

Similarly, curation subscription box services ship unique collections of related physical goods
to customers at regular intervals, e.g., weekly or monthly, for a fixed, pre-determined, per-box
price. Examples of the types of items offered via this business model include meal kits (Blue Apron
and Hello Fresh), cosmetics and personal care items (Birchbox and Ipsy), and even pet products
(BarkBox). As with streaming video services, subscription box customers repeatedly purchase at
a fixed price per box received, while the firm may vary the box contents offered in each period.

The features illustrated in these examples stand in contrast to many traditional business models
that involve selling a fixed set of products over multiple periods, but at a price that changes from one
period to the next. This allows traditional firms to engage in dynamic pricing, i.e., to manipulate
the price over time to maximize revenue, a practice that has received enormous research attention
in the last two decades (Talluri & Van Ryzin 2006). The service providers in our examples, however,
generally do not engage in dynamic pricing: rather, video streaming and subscription box services
have a different lever at their disposal, as they can allocate content over time to influence customer
purchasing decisions. We refer to this resource allocation problem as dynamic content variation,
and this practice is precisely what we study as we seek to understand how firms can optimally vary
the content they offer over time—rather than price—in order to maximize revenue.

To accomplish this, we analyze a stylized model of a service provider determining content over
multiple successive periods in a finite planning horizon. In each period, customers decide whether
to purchase based on the current content that is offered by the provider—e.g., the current set of

movies or TV series available on Netflix, or the current set of menu items on a meal kit service like



Blue Apron. A key element of the businesses in these examples is that their customers experience
multiple sources of utility. First, they experience some utility from the content that they gain access
to (i.e., the particular movies or series offered on a streaming service, or the items for a curation
subscription box). This utility is typically known to customers in advance of a purchase decision:
for instance, Netflix heavily advertises new movies and series before they are released, while meal
kit services list menus on their websites for the next several weeks.

However, beyond the utility for the content they receive, customers also experience some service
utility from receiving that content. Video streaming services do not just offer movies and TV series,
they also offer a user interface that helps customers navigate and select what to watch, personalized
recommendations for new content, and a convenient way of watching video (compared to purchasing
or renting physical media). Curation subscription services do not just offer the items in the box,
they also curate those items (search for novel and interesting items to offer), package them in
a box, and deliver them to the homes of customers on a regular basis. This “service” element
of customer utility is typically not known by new customers until they experience the service at
least once—for instance, a customer does not know whether they like the Netflix user interface
and content recommendation algorithm until they use Netflix—and thus it must be learned via a
service experience. Similarly, a meal kit customer can only find out whether they like Blue Apron’s
curation and delivery service by subscribing to it.

These dual sources of utility—content utility, which the firm can manipulate over time via its
content allocation decisions, and service utility, which is constant from one period to the next but
initially unknown to new customers—play important roles in the purchasing decisions of customers
as well as the content decisions of the service provider. For example, because they do not yet
know their service utility, new customers may need to be enticed to try the service by offering
exceptional content, such as a hit TV series or a trendy new recipe. This would seem to suggest
that the service provider could benefit from placing content of significant value early in the planning
horizon, encouraging many new customers to experience the service and learn their utility. However,
if the provider allocates all of its best content early on, customers may choose not to purchase in
subsequent periods, knowing that the remaining content is less appealing. Moreover, because of
their different needs and tastes, both components of utility will, in general, be heterogeneous among

customers.



What makes this problem especially challenging is the fact that service providers are resource-
constrained. Put concretely: if Netflix could offer hundreds of hit new series and movies each
month, it would be able to attract many new subscribers and entice them to continue as customers
month after month. However, this would be prohibitively expensive, as the cost of a television
series can exceed $15 million per episode (for special effects heavy shows like The Mandalorian
on Disney—+, but also for shows with highly paid stars like The Morning Show on Apple TV+)
while films can cost hundreds of millions of dollars. Since Netflix does not have infinite resources
to produce new content, it must operate with a budget, and allocating more resources for new
content in one month would mean less resources for others; in turn, while this would raise demand
for months with a high allocation of resources, it would result in lower customer content utility and
reduced demand in months with a lower allocation of resources.

This leads to our main research question: given the dual sources of customer utility and the
experiential nature inherent in service utility, how should a service provider allocate finite resources
over time to both attract and retain customers? To give a specific example using the case of a
streaming video provider: within a planning horizon (say, a fiscal year) should Netflix release all
its best new series and movies at once, should it spread them out equally over time, or it should it
follow some other strategy? The service provider in our model thus faces a constrained optimization
problem with an exogenously specified total budget for content over a planning horizon of T" > 2
discrete time periods. Customers dynamically choose in each period whether to pay the service
provider’s fee and access the content offered in that period based on their assessment of the total
utility, i.e., the sum of the content and service utility, in that period. Customers are heterogeneous
in both dimensions of utility; however, by allocating more of its content budget to a period, the
service provider can raise the average content utility in that period.

Using this framework, we determine precisely how the service provider should allocate its content
budget to the individual periods over the planning horizon to maximize revenue. Interestingly, we
find that, in general, the optimal policy does not necessarily result in an equal allocation of the
content budget in every period; however, the optimal policy generally is monotone. The critical
factors that determine whether the optimal allocation increases or decreases over time include the
degree of customer heterogeneity, the relative number of new and repeat customers, and the rate

of growth of the customer population. Our results thus show that these service providers can



employ dynamic content variation to influence customer purchasing decisions, manipulate the rate
of customer learning about their service utility, and increase revenue, much like more traditional
firms can dynamically vary prices from one period to the next to improve performance.

Our analysis proceeds as follows. In §2, we review the related literature. In §3, we describe
the details of our model. In §4 we derive the service provider’s optimal content allocation strategy
within a single finite planning horizon. Finally, in §5 we consider how content allocation should
change over successive planning horizons as the characteristics of the customer population evolve,
i.e., as existing customers learn about their service utility, and new customers arrive. §6 concludes

the paper.

2 Literature Review

Our work lies at the intersection of several streams of research. The first is a stream of literature
in which demand in a period is dependent on various aspects of past interactions between a firm
and its customers such as service failure (Hall & Porteus 2000), price (Popescu & Wu 2007), sales-
force effort (Liu et al. 2007), capacity (Liu & van Ryzin 2011), fill rate (Adelman & Mersereau
2013), service level (Aflaki & Popescu 2014), etc. Many of these papers assume behavioral models
such as loss aversion, goodwill formation, and habituation to link the seller’s decision and the
customers’ actions between different periods. In Caulkins et al. (2006), a firm sells a good at a
fixed pre-determined price but can manipulate its quality over time. The quality choice determines
the seller’s reputation which in turn drives future sales. Another group of paper studies how parts
of an experiential service should be optimally sequenced to maximize the total perceived utility
of a customer (Verhoef et al. 2004, Dixon & Verma 2013, Dixon & Thompson 2016, Das Gupta
et al. 2016). The perceived utility depends on various behavioral effects like decreasing impatience,
satiation, and habit formation (Wathieu 1997, Baucells & Sarin 2007, 2010). In contrast to these
papers, we do not focus on any customer behavioral aspects; instead, in our model, the value of
content in the current period affects future demand in two ways. First, it determines how much
of the budget for content is left for the remaining periods. Second, once a customer signs up and
uses the service, he learns his service utility and makes future purchasing decisions based on this

realized utility and the value of the content in future periods. Hence, the provider optimally varies



the content value over time to influence the rate at which it gains new customers and the rate at
which it persuades existing customers to continue using the service.

The problem of how a firm should change its assortment of products during a selling season has
also been studied (Caro et al. 2014, Bernstein & Martinez-de Albéniz 2017, Ferreira & Goh 2018).
Our paper is different than much of the assortment literature because the customers in our model
access the entire set of content and not individual products from an assortment. Somewhat closer
to our work is Caro & Martinez-de Albéniz (2020), who study how a content creator can maximize
traffic to a website by exerting costly effort over multiple periods to produce new content. However,
their model does not incorporate customer learning or an explicit model of customer purchasing
decisions, as our model does; rather, in their paper, customers arrive to the website according to a
Poisson arrival stream that is an increasing function of the content released in a particular period.
These modeling differences lead to very different results: for example, Caro & Martinez-de Albéniz
(2020) show that the optimal policy is to weakly increase content over time, whereas we show
that, depending on the degree of customer heterogeneity, it may be optimal to increase or decrease
content value over time.

Using a customer utility model that is somewhat similar to ours, Feldman et al. (2019) study
the quality decision of a firm selling a new experience good to customers who may strategically
delay a purchase to learn more information about quality. Hence, unlike Caro & Martinez-de
Albéniz (2020), they include both customer learning and an explicit model of customer purchasing
decisions, as we do; however, the situation they study is quite different from ours. For example,
we consider the optimal allocation of content across multiple periods with a fixed price, whereas
they model a one-time quality (and price) decision that is constant throughout the time horizon.
In addition, customers in our model decide whether to use the service in each period—and in
particular, customers may use the service multiple times within the horizon—while customers in
Feldman et al. (2019) buy the product at most once. Hence, while Feldman et al. (2019) do not
consider the issue of encouraging repeat purchases via the use of a dynamic content (or quality)
allocation policy, that is the focus of our paper.

To summarize, our model is the first, to our knowledge, in which a firm sells a non-durable good
that customers can repeatedly purchase at a fixed price over multiple periods, and the firm must

allocate a finite budget for the value of its product to each period in order to maximize revenue.



3 Model

In the following two subsections, we describe the decisions made by the two key sets of players in

our model: customers (in §3.1) and the service provider (in §3.2).

3.1 Customers

A service provider offers a set of content over a planning horizon consisting of 7'(> 2) periods.
In each period, customers can gain access to this content by paying an exogenous price p that is
constant throughout the planning horizon; as noted in the introduction, the prices for the types of
firms that motivate our model are typically long-term, strategic decisions that change infrequently
(Forbes 2018, USA Today 2019). Following our discussion in §1, each customer’s utility can be
divided into two additive parts: content utility and service utility. Customers are heterogeneous in

both components. Specifically, customer ¢’s content utility in period ¢ is given by

Vit = Ut + €t (1)

where v; is the mean utility derived from period ¢ content, and €;; ~ N (0, 062) is a mean zero term
specific to customer i. We refer to v¢ as the value of the content, and it is this value that is chosen
by the provider when it chooses the content in each period (more on this choice will be discussed in
§3.2); hence, a higher value of v; results in higher average utility in the customer population. The
second term, €;;, captures customer-specific heterogeneity in taste for the same content; higher o
means customers have more heterogeneous tastes. At the beginning of every period, a customer
observes the content available for that period and his realized content utility v;. However, for
any customer 7, €; is unobserved by the provider; hence, when choosing v; before period ¢, it only
relies on the distribution of €; in the customer population. Customer ¢’s realizations of €; are
independent across periods, which is appropriate if there is sufficient variety in the content from
one period to the next (i.e., different genres of TV series for a streaming video platform or different
types of cuisine for a meal kit service).

Customers are also heterogeneous in their service utility, 6;, which is distributed over the cus-

tomer population as 6; ~ N(u,03). This component includes all elements of customer utility



that do not originate from the provider’s content decisions, and thus depends on various inherent
features of the provider’s service (independent of the content) that are difficult to change in the
short-term. As a result, #; does not change from one period to the next, i.e., it does not depend
on t. Instead, it depends on how well these features match the idiosyncratic needs of a customer,
i.e., whether the customer happens to like the user interface of a streaming video provider or the
curation and delivery service of a subscription box provider. Hence, service utility differs from one
customer to the next, resulting in its distribution over the customer population and dependence
on i. Higher oy means that customers have more heterogeneous valuations for the service. Putting
the two components—content utility and service utility—together, customer ¢ receives total utility

(net of the purchase price) equal to

Uip = 0; + v+ €4 — P (2)

from accessing the content of value v; in period ¢.

Before customers have received service from the provider, they will not know how well the
provider executes that service nor whether it fits with their expectations; hence, before signing up
and using the service for the first time, customer ¢ will not know 6; beyond its distribution over
the population. We assume that after using the service for the first time, the customer perfectly
learns his service utility, #;. Mathematically, the customer observes his realization of total utility
in period t, 1, and using (2), infers his draw of 6; = 4y — v; — €;; + p. In all subsequent periods,
the customer will know his realized service utility 8; when making his purchasing decision. Just
as in the case of the content utility, the service provider cannot observe the realization of 6; for
a particular customer, and instead uses its distribution in the customer population to determine
content.

We note here that it is possible that before signing up for the service, some components of
content utility might not be known to customers (e.g., customers who have never used a service
might be aware of only the more popular or heavily advertised items in the provider’s set of contents
in a period but not aware of the less popular ones), while they might know certain aspects of their
service utility (e.g., someone who has used a competitor service before will have a general idea of

his usefulness for the overall service category). Our model also extends to such situations as we



can relabel the component of customer 4’s total utility that he knows before signing up in period ¢
as v = v + €;; and all the remaining components, either from the the content or from the service,
that are revealed only after signing up as ;. The key features in the model are that some portion of
utility (regardless of its label) is only learned by customers after using the service, and the service
provider can increase the average utility of customers (again regardless of the label) by allocating
more resources to a time period.

All customers choose, in each period, whether they wish to access the content for that period
by paying the price p or not, and they incur no hassle cost for “pausing” or “restarting” their
service. In the examples discussed in §1, providers generally make it very easy for customers to
visit their website to sign-up or pause a service, e.g., it is nearly frictionless to pause and restart a
subscription for Netflix or Hello Fresh. Although we ignore any hassle cost that a customer incurs
to start, stop, or resume service, it can be included in our model in the form of an extra subtractive
term. Customers are risk neutral with zero outside option value; hence, a customer who has never
used the service before will subscribe for the first time in period ¢ if E[ui] = p+ vy + € —p > 0.
After receiving service at least once and observing 6;, he would subscribe again in a later period
t'(>t)ifu,y =0; +vy +€p —p>0.

At the beginning of the planning horizon, the market consists of a unit mass of customers, an
a € [0,1] fraction of whom have used the service at some point in the past (i.e., before period 1)
and are aware of their utility, 8;. In other words, an « fraction of the market are repeat customers
while the remaining 1 — « fraction are new customers, who have never used the service before
and need to sign up to learn 6;. In §4, we suppose that the market size remains constant at 1
throughout the planning horizon and study the provider’s optimal budget allocation strategy for
this market. However, it is possible that over time additional new customers arrive and expand the
overall size of the market. This, combined with the fact that within a planning horizon even absent
new arrivals, some of the existing customers will sign up and learn 6;, will change the value of «
at the beginning of the next planning horizon. We study this dynamic in §5, and consider how «
itself and the provider’s choice of content value evolve over successive planning horizons as existing

customers learn and new customers arrive.



3.2 Service Provider

As noted previously, the price p for the service is exogenously specified and fixed throughout the
planning horizon. Similarly, the mean customer service utility, p, depends on various long term
decisions about the characteristics of the service (e.g., tools used for personalized recommendation,
offline download rules, number of parallel devices supported, parental controls, etc. for streaming
services; fulfillment capabilities, supplier quality, delivery partner quality, etc. for subscription
boxes), and is also exogenous and fixed for the duration of the planning horizon. This leaves
dynamic content allocation as the only remaining lever for the provider to influence customer
purchasing decisions.

Creating content often comes with a significant leadtime: in the case of streaming services, TV
series and movies can take a year or more to produce, while subscription boxes must source inventory
for their boxes weeks or months in advance. Thus, before period 1, the provider decides the contents
for the entire planning horizon of T" periods. This planning horizon may be generated by financial
considerations (for instance, a fiscal year for a streaming video provider), or it may be generated
by the nature of the provider’s business (e.g., meal kit providers typically list menus for the next
4-8 weeks to give customers time to make their decisions). Because the provider does not directly
observe customer valuations, it learns no new information, nor is there any stochasticity throughout
the planning horizon (that is, only customers learn information—their individual utilities for the
service after accessing the content at least once); hence, there is no difference between the open
loop policy wherein the provider chooses content for all T periods before period 1 and a closed loop
policy that gives the provider recourse to change the content decision at the start of every period.

As noted previously, what makes this problem challenging is that the provider has finite re-
sources and cannot simply allocate very high content value in every period. To reflect this, we
introduce a budget V for the total value of content over a planning horizon of T' periods. This
budget is infinitely divisible and the provider can allocate any value, v > 0 to content in period
t € {1,2,...,T}, provided the total of the content over the T periods satisfies Zlevt < V. The
provider’s objective is to maximize the total expected demand during the planning horizon; since
the per period price, p, is constant, this is equivalent to maximizing revenue. We discuss further

details of the provider’s objective function in the next section, but it is easy to see from (2) that
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a higher value of content in a period increases the utility of customers, and consequently, the like-
lihood that they would be willing to pay the price p. Hence, the provider will always exhaust the
total budget over the time horizon. Therefore, the provider will choose the content values subject
to the budget constraint:

L vy =V, wherev; >0 Vt. (3)

The simplicity of the budget constraint allows us to analyze a complicated objective function
(derived in Proposition 1) while enforcing a key trade-off: the provider cannot offer highly valuable
content that results in high demand in every period, and hence it must allocate finite resources
to balance the rate at which it persuades new customers to sign up and repeat customers to use
the service again. Since items that are higher in value to customers should also be costlier for the
provider to offer (Mussa & Rosen 1978, Desai 2001, Jerath et al. 2017), we could also assign some
cost ¢ per unit of content value, and then require that the provider maximize revenue subject to
the constraint that total content expenditure not exceed cV/, i.e., that Elecvt = cV. Observe that
the cost ¢ appears on both sides of this inequality; hence, we may think of the budget constraint
merely as a limit on the total value, and the budget on value plays the same role as a constraint

on the operating cost of the service.

4 Optimal Content Allocation Within a Single Planning Horizon

We now derive the optimal content allocation policy within a finite planning horizon. The provider
decides on content values vy, va, ..., vp before period 1 to maximize total expected demand (equiv-
alently, revenue) over the planning horizon. Let ¢(-), ®(-), and ®(-) denote the pdf, cdf, and
complementary cdf functions of the standard normal distribution, respectively. This leads to our

first result, which derives the objective function of the service provider:
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Proposition 1. For all content values vy, ve,...,vp set by the service provider, expected total de-

mand over the planning horizon is

Proof. All proofs appear in Appendix A. O

From the customer utility function (2), a new customer ¢ will only use the service in period
t € {1,2,...,T} if his expected utility satisfies E[u;;] = p + vy + €54 — p > 0, i.e., if his idiosyncratic
taste for the content is €;; > p — u — v;. From the provider’s perspective, customer ¢’s probability
of using the service in period ¢ is thus ® (%:”t) On using the service in period t, the customer
observes the realization of his total utility, 4;;, and infers 6; accurately. He will then pay the price
p to use the service again in period t e {t+1,.., T} if uy = 0; + vy + €,y —p > 0. The provider

neither knows 6; nor €,/ ; hence, for the provider, u,, ~ N(u+vy —p, o2+ 02). The provider thus

. . . . . . / . a1e = p—ﬂ—vt/
calculates that customer 7 will use the service again in period ¢t with probability ® ( W)

On the other hand, a repeat customer j, who has used the service in a previous planning horizon,
knows his utility #; in period 1. Therefore, he will use the service in period ¢t € {1,2,...,T}, if

ujt = 0; + v + €5t — p > 0. By the same argument, u;; ~ N(u + vy — p, 02 + 03) for the provider

and it calculates that customer j would use the service in period ¢ with probability ® (W)

N
. . e T F pP—pU—V¢
The expected demand function (4) has a very intuitive form. The first term, a ), , ® ( m) ,

is the expected demand from customers who were signed up before period 1. Since, these customers

do not need to learn 6; by signing up, their purchasing behavior, and consequently, the form of their
demand functions will be identical in all periods. The second term captures the expected demand
of customers who are new at the beginning of the planning horizon. The term 1— H?zl ) (%ﬁ_w)
is the probability that a new customer uses the service at least once during the T' periods. Hence,

this is the total mass of these initially new customers who sign up and learn their utility, 6; during
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the planning horizon. The term ® <\p/_al§+:;%) {1 - Hf;% i) (%:”)} is the probability that a new
customer who has signed up between periods 1 to ¢t —1 uses the service again in period t € {2,...,T'}.
The provider needs to maximize its expected demand (4), subject to the budget constraint (3).
The standard deviation of 8;, oy, plays an important role for both the provider and for customers.
If o9 > 0, customers are heterogeneous in their utility from the value provided by the service, and
new customers are unaware of their total utility before period 1 and need to use the service to learn
it. To study the effect of this parameter on the provider’s optimal content allocation, let us begin
with the benchmark case of oy = 0. In this case, the entire customer population has the same
utility, u, from service and they all know this parameter accurately; as a result, customers only

differ in their idiosyncratic preference for content, €;;. This extreme case has a particularly simple

optimal value allocation that serves as a useful benchmark for our subsequent analysis.

Proposition 2. When customers have a known, homogeneous utility for service, i.e., o9 = 0, then
there exists a threshold V > T(p — p) such that for any V. >V, vf =V/T Vt e {1,2,...,T} is the

unique optimal value allocation.

When oy = 0, the expected demand function, (4), simplifies to E[D] = 3., & (%) In
the absence of any learning by new customers, the content values among the T periods are only
connected through the budget constraint. Moreover, if the provider swaps the contents between
any two periods of the planning horizon, its expected demand will not change. Expected demand
increases as the provider increases the value of its content in any period; however, the rate of
increase is not uniform because of the “S”-shape of the standard normal cdf function that is convex
and increasing for all negative arguments and concave and increasing for all positive arguments.
The “S”-shape results in decreasing returns to scale at the extremes—very small values of v, as
well as very large values of vy4—and increasing returns to scale for intermediate values of v;.

The combination of exchangeability of content value between periods and decreasing returns to
scale at high value levels together imply that for a sufficiently high content budget, the optimal
strategy is equal allocation across periods: allocating more content to one period than another
means the period with lower content value has a higher marginal return to additional value than

the period with higher content value, and the provider is better off equalizing value in the two

periods. Hence, when the provider’s budget is higher than a threshold, it finds it optimal to divide
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its budget equally among all periods, i.e., v; = V/T for any t € {1,2,..T'}.

This is only optimal, however, if the budget is high enough such that dividing it equally allocates
sufficient value in each period resulting in decreasing returns to scale for all v;. For smaller budgets,
an equal division would cause decreasing returns to scale in all periods because of low values of vy.
As a result, the provider will find it optimal to concentrate its budget among a subset of the T'
periods while offering very low content value in the rest of the periods. Even though the provider
will attract very few customers in the periods with low value, aggregate expected demand will still
be higher than if it allocated the budget equally in all T" periods. In the proof of Proposition 2, we
show that when V < V, dividing the budget equally among some of the T periods and offering 0
value in the rest maximizes the expected demand, resulting in multiple optimal allocations.

For the remainder of the analysis, we focus on the case V > V, for two reasons. First, there
is always a unique optimal allocation. Second, under this condition, any variation in value during
the planning horizon will only arise because of a positive gy, per Proposition 2, allowing us to
isolate the effect of customer learning about the value of the service, #;. In line with Proposition
2, we numerically observe that when V < V and oy > 0, the provider sets disproportionately high
content values towards the beginning of the planning horizon to take advantage of the increasing
returns to scale. Hence, even for positive gy, the optimal allocation policy is primarily driven by
budget scarcity. In what follows, we focus instead on the more interesting case of a budget that
is high enough to permit a variety of content allocation strategies, and the choice between them is
non-trivial.

We now return to the case where the customer service utility is heterogeneous, i.e., gg > 0, and
as a result customers must learn this value by using the service at least once. From (2), if customer
i knew 0; before period 1, then from the provider’s perspective, uy ~ N(u—+v—p, o2 + 03). Hence,

expected demand would be

T
ED] =Y & | P A= (5)

t=1 \/oZ2 + 08

From the expected demand function, (4), (5) represents the expected demand from the repeat
customer segment. By using the same logic as in Proposition 2, we can conclude that if the market
only consists of repeat customers (i.e., « = 1), the provider should allocate a value V/T to all

periods for any V > V. On the other hand, when o < 1 and there are new customers in the
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market, offering content of equal value in every period is not necessarily optimal. This is because
the new customers’ purchasing behavior changes once they have used the service and learned 6;.
By varying content value, the provider can affect the rates at which new customers who have never
used the service before purchase, and repeat customers—including new customers who experienced
service earlier in the planning horizon and learned 6;,—use the service again.

We now proceed to derive the optimal content allocation policy when gg > 0, dividing our
analysis into three parts: small oy, large oy, and intermediate og. First, suppose gy is small, but

still non-zero, i.e., oy — 0. Then we have the following result:

Proposition 3. Let v, ~ —0.84 be the unique solution to ®(z) — 22®(z) + z¢(x) = 0. When
op — 0:

(i) For a high content budget, V' > max {V,T(p — = xcae)}, the service provider should weakly
increase the value of content over time, i.e., set v < v;‘, foranyl<t<t <T.

(ii) For a moderate content budget, V € (V,T(p — = xcae)), the service provider should weakly

decrease the value of content over time, i.e., set vy > v;“, forany 1 <t < t<T.

From (4), the total mass of new customers gained over the planning horizon, l—Hthl d (%j”),
is independent of the order of content values, and will remain unchanged if the provider swaps the
values between two periods, ¢ and ¢ . However, the order of content values is important in determin-
ing repeat usages—the fraction of new customers signing up in period ¢ who use the service again
before the end of the planning horizon. Because of this, as the proposition shows, when oy is small
(but positive), not only is the optimal allocation policy not constant over time, it is monotonic,
and can be either increasing or decreasing.

To understand this result, note that from (4), the total number of repeat purchases in period ¢

from new customers gained earlier in the planning horizon is the product of two terms:
= —p—v
Y i (6)

t—1

ll_Hq)(p_M_%)
" O¢ 2 2
i=1 \/ o+ og

The first term is the number of initial purchases by new customers in periods prior to ¢, while

the second is the fraction of those customers who have net positive total utility given v; and their

observed 6;. This product plays a key role in determining the service provider’s optimal allocation
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policy: a decreasing value allocation over time prioritizes the first term (i.e., there are more initial
purchases), while an increasing value allocation over time prioritizes the second term (i.e., there
are fewer initial, but more repeat, purchases). Which of these is optimal depends on the total size
of the content budget, V.

If the budget is high (V > max {V, T(p—p— ZL'CO'E)}), an increasing allocation maximizes de-
mand: in this case, there is sufficient budget to both start with a high content value level (leading
to a large number of initial purchases, i.e., a large value for the first term of (6)) and to induce
an increasing number of repeat purchases over time with progressively higher content value (the
second term of (6)). On the other hand, if the budget is moderate (V € (V, T(p—p— xcae))), an
increasing allocation would necessitate starting with a content value that is too low (leading to few
initial purchases, i.e., making the first term of (6) very small, and hence lowering the number of
possible repeat purchases); the provider would be better off starting with a high content value and
decreasing it over time, thereby increasing the number of customers who experience the service at
least once.

This result shows that dynamic content variation (i.e., deviating from a constant value policy)
can be optimal for the provider, and moreover, the optimal policy is monotonic over time. However,
varying the value of content over time comes at a cost: demand from the repeat customer segment
who signed up before period 1. Since these customers already know their utility, they are less likely
to use the service in periods with lower content values; consequently, under any dynamic content
variation policy (i.e., increasing or decreasing), total expected demand over the planning horizon
from repeat customers who signed up before period 1 is lower than what the provider could have
achieved by offering equal value, V/T', in all periods.

Next, we consider the other extreme case: when heterogeneity of customer tastes for service is

large, i.e., when oy — oo. The optimal value allocation in this case is as follows:

Proposition 4. When oy — o0, the service provider should always weakly decrease content value

over time.

In this case, the service provider should allocate a larger fraction of its budget to earlier periods
of the planning horizon and decrease content value over time, irrespective of the budget, V. When

og is very high, customers exhibit large variations in their service utility. In essence, heterogeneity
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in #; overwhelms any contribution to total customer utility coming from the value of content, and
the second term of (6) can no longer be influenced by the provider’s content allocation decisions
(ie., limg, oo @ ((p— w—ve)/\/o2 + O'g) = 1/2, a constant). Put differently, when oy — oo,
customers either love or hate the service (as opposed to the content), and repeat purchases are
primarily driven by this fact. The provider’s optimal strategy then is to prioritize initial purchases,
and to get as many customers as possible to purchase as early in the planning horizon as possible
(to maximize the number of repeat purchases they will make), leading to a decreasing content
allocation over time.

Now that we have studied two extreme values of gy, we return to the general case. In the next
result, the content values for two periods ¢ and ¢ are said to intersect at (69, 0) if for any arbitrarily
small positive real number 4, v; < v;‘, (vf > U:,) for any oy satisfying 0 < 69 —op < 6, vf =0 = v;:,

for op = 69, and v} > v:, (vf < ’U:,) for any oy satisfying 0 < o9 — 9 < 9. For V. > T(p— pu— zc0¢),

let Gy be the unique positive value of oy that satisfies

We then have the following result:

Theorem 1. Consider og > 0.

(1) When V > max {V,T(p — - :ccae)}, (09, V/T) is the unique point at which content values,
v, intersect for all t € {1,...,T}. Moreover, for all t € {1,...,T — 1}, vy > vf for any oy < 0y,
v} =v3 =...=v;=V/T for og = g, and vy < v} for any oy > Gg.

(it) When V € (V,T(p — p — xcoc)], there is no value of og at which v, intersects any other v} .

Hence, vi. < vy for any og and t € {1,...,T — 1}.

For non-extreme values of oy, the provider’s optimal policy once again depends on the content
budget, V. When that budget is high (i.e., V > max{V,T(p — u — z.0.)}), Proposition 3 states
that, if oy — 0, the provider should weakly increase content value over time; therefore, v should
be greater than all other v; for small oy. However, Proposition 4 states if 09 — oo, the provider
should decrease value over time, resulting in v7. being smaller than all other v;. Theorem 1(i) fills

in the gap between these two extreme cases: for a large budget, as v goes from being the largest
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of all content values to the smallest, its trajectory will intersect any other v} only at &g, and at this
point, the provider divides its budget equally among all periods; hence, all v} are equal to V/T.

On the other hand, when the provider has a moderate budget (i.e., V € (V, Tp—p— xcae)]),
in both extreme cases (0p — 0 and gy — 00) the optimal content allocation decreases over time,
i.e., v} assumes the lowest value in the planning horizon. Theorem 1(ii) extends this to non-
extreme values of oy: for moderate budget, v} never intersects the trajectory of any other vy, and
consequently it always assumes the weakly lowest value among all periods.

It is possible, however, for the value trajectories of periods other than T to intersect each
other for non-extreme values of oy. If such an intersection occurs, content values will change
monotonically over time at both extremes, 0y — 0 and oy — oo, but change non-monotonically
over time around the intersecting oy. By using very similar arguments as in the proof of Theorem
1, we find that whenever such an intersection between two periods, k(< T) and k/(< k) occurs,
content values for all periods between 1 and k must be equal to the period k value, v;. Moreover,
the value in period k£ must go from being the highest (lowest) among all periods between 1 and k
immediately before the intersection to being the lowest (highest) immediately afterwards. Hence,
if any such intersection occurs, the value trajectories must follow the same strict structure as
that of the intersection for period T' (which always occurs when the budget is sufficiently high;
see Theorem 1(i)). Furthermore, we conducted an extensive numerical study involving 3 million
parameter combinations and could not find even a single instance where content value was non-
monotonic over time. Taken together, this suggests that the monotonicity results in Propositions
3 and 4 extend to the general case as well, i.e., the optimal dynamic content allocation policy
is, in general, monotonic, and depending on the content budget and oy, it is either increasing or
decreasing over time.

For the remainder of the paper, we focus on the case of T' = 2 to simplify our analysis. With
only two periods, the only possible intersection of value trajectories happens at gy, and we are
able to sharply characterize the optimal allocation policy in the following Corollary to Theorem
1. While we cannot mathematically rule out the possibility of non-monotonic value paths, our
numerical experiments suggest that the insights derived from the Corollary are in almost all cases,

if not always, robust to the number of periods in the planning horizon (see Figure 1).
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Figure 1. Optimal Content Values in T' = 4 Periods. In this figure, p = 10, p =12, 0. =2, a = 0.5.

Corollary 1. When T = 2, V = 2(p — u). Hence, in a planning horizon consisting of T = 2
periods:

(7) For a high budget, V' > 2(p— u—x.0¢), the optimal values v and vj intersect only at 9. Along
with Propositions 8 and 4, this means that the service provider should weakly increase content value
over time for any og < Gy, offer equal value, V /2, in both periods when o9 = &g, and weakly decrease
value over time when oy > Gy.

(i) For a moderate value budget, 2(p — p) <V < 2(p — pu — x.0¢), the optimal values vy and v}
never intersect at any og > 0. Along with Propositions 3 and 4, this means that the service provider
should always weakly decrease content value over time for any og.

(ii7) For g > 0, let o be the unique positive value of o that satisfies (7). The service provider
should weakly increase content value over time for any o. < &., offer equal value, V/2, in both

periods when o. = 7., and weakly decrease value over time when o, > 0.

For the special case of a two period planning horizon, part (i) of Corollary 1 shows that with a
high budget, the optimal content allocation policy is increasing over time for low oy and decreasing
over time for high gy, unifying the extreme cases of Propositions 3 and 4. As can be seen from
part (i) of Corollary 1, v] and vj intersect only at oy = 6. Hence, for a high budget, 7y represents
the critical level of customer heterogeneity in service value, below which the provider prioritizes
inducing purchases from repeat customers in period 2 and above which it prioritizes inducing new

customers to sign up in period 1. The same intuition also generally holds in a planning horizon
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Figure 2. Change in Optimal Content Value with o.. In this figure, o9 = 8, while other parameter values are
same as in Figure 1.

consisting of more than two periods, as illustrated in Figure 1a.

Part (ii) similarly unifies the extreme cases of Propositions 3 and 4 for a moderate budget,
showing that in this case, the service provider always prioritizes gaining new customers in period
1 over inducing purchases from repeat customers in period 2. Figure 1b illustrates that the same
policy is generally optimal when there are more than two periods in the planning horizon.

Part (iii) of Corollary 1 describes the impact of a different type of customer heterogeneity on
the provider’s optimal policy: heterogeneity in customer value for content, o.. In Proposition 2, we
saw that when oy = 0 and the budget is high (V' > V), the provider should allocate value equally
among all periods, and this result holds for any value of .. When oy > 0, the corollary shows
how this changes: the service provider should prioritize garnering repeat usages by increasing the
value allocation over time for low heterogeneity of content value (low o), and should prioritize sign
ups from new customers early on in the planning horizon by decreasing the value allocation over
time for high heterogeneity of content value (high o). The behavior described as a function of o,
is qualitatively similar to that described in part (i) of the corollary as a function of oy. Figure 2
shows the optimal content allocation policy as a function of o, for T'= 2. Observe that the point
o for a fixed oy is analogous to the point gy for a fixed o, with one key difference: 54 only exists
for small o, (specifically, o, < (p—pu—V/2)/x.; see part (i) of Corollary 1), while a unique &, exists
for every oy.

To summarize, the analysis so far illustrates precisely how a service provider can use dynamic

content variation to increase demand, and, moreover, the significant impact that new customers
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and their ability to learn about service utility have on the provider’s optimal value allocation policy:
any deviation from a constant value allocation is driven by the presence of these new (as opposed
to repeat) customers, and the provider changes its content value over time to balance the rate at
which new customers first try the service in period 1 and the rate at which they continue their
service in period 2. The insights from these results are summarized in Figure 3. Observe that
whenever customers are very heterogeneous in either content utility or service utility, the provider
should use a decreasing content allocation policy, i.e., by beginning with high content value in
period 1 and decreasing it thereafter. Put differently, the provider should focus on acquiring new
customers early in the planning horizon with high value content, but should decrease the value of
that content afterwards, relying instead on customers with particularly high realizations of service
or content value to continue using the service.

On the other hand, when overall heterogeneity is low (i.e., if both oy and o, are small), the
provider should follow an increasing content allocation policy, i.e., beginning with a relatively
low content value in period 1 and increasing it thereafter. In other words, it should focus on
retaining current customers by offering progressively better content over time. In this case, customer
heterogeneity (in either service or content utility) is too small to drive significant repeat purchases,
so the provider must induce repeat purchases by offering more valuable content in each period.
The critical threshold that governs the transition between these two strategies (represented by
the curve in Figure 3), characterized by &. and gg—the solutions to (7)—represents the levels of
heterogeneity at which the provider offers equal value in both periods. Accordingly, while intuition
might suggest that service providers should offer constant value content through a planning horizon,
these results show that constant value is only optimal under very specific conditions; in most cases,
the optimal dynamic content allocation is monotonically increasing (if customer heterogeneity is

low) or decreasing (if heterogeneity is high) over time.

5 Optimal Content Allocation Across Planning Horizons

In the preceding section, we derived the service provider’s optimal content allocation policy within a
planning horizon consisting of T' > 2 periods. In this section, we consider how the optimal allocation

policy changes over time when there are multiple sequential planning horizons. To streamline our
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analysis, in this section we restrict attention to planning horizons that consist of two periods (i.e.,
T = 2), but we allow there to be an arbitrary number of successive two-period horizons.

At the beginning of planning horizon k (for k£ € {1,2,3,...}), the provider receives a budget
V > 2(p — p) which it then divides between the two periods to maximize expected demand over
horizon k. In other words, we assume that the provider’s budget renews in every planning horizon,
and the provider determines a content allocation policy at the beginning of each planning horizon
to maximize demand (equivalently, revenue) purely within that horizon. Unused budget is lost,
i.e., the horizon k budget can only be used in horizon k. A practical example of this would be
a streaming video service like Netflix employing a fixed budget for each fiscal year, and making
content allocation decisions to maximize revenue for one fiscal year at a time. If the provider is more
forward looking and takes into account the impact of decisions in planning horizon k£ on demand
in planning horizons k + 1, k + 2, etc., its problem would be similar to the general T-period model,
with the difference that it receives a new budget in each horizon (instead of a single budget that
can be arbitrarily allocated in the T period, single-horizon model).

Over successive planning horizons, it is possible that several parameters of the service provider’s
problem, namely, the price, the mean service utility, and the total budget, which we have assumed
to remain constant within a planning horizon, might change. However, these parameters will
generally depend on several external factors including the provider’s market valuation, popularity
of the particular service category, competition within the industry, and the state of the economy,
all of which are outside of our model. Theorem 1 specifies how the provider’s optimal budget
allocation strategy should change with these parameters; for our analysis in this section, and for

ease of exposition, we assume that p, u, and V' are constant across every successive planning horizon.
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By assuming the service provider “myopically” optimizes demand one planning horizon at a
time, we may directly apply the results from the preceding section to study successive planning
horizons. Despite the fact that the provider’s optimal decisions within horizon k are myopically
determined by their impact on that planning horizon, those decisions do have an important role in
determining the fraction of repeat customers («) that are present in planning horizon k+ 1. To see
this, note that any new customer who purchases at least once in a planning horizon begins the next
planning horizon as a repeat customer. Hence, decisions in horizon k determine how the customer
population evolves for horizon k + 1.

Because of this, the impact of a on the optimal dynamic content allocation policy is critical in
analyzing successive planning horizons. The following result describes how the provider’s optimal
allocation policy—for a single, two-period planning horizon—and total expected demand change

with «.

Proposition 5. As a increases, the difference between the optimal values in the two periods,

[vi () — v ()|, as well as the total expected demand in the planning horizon weakly decrease.

A new customer i initially does not know his service utility 6; and purchases in period ¢ € {1,2}
if the expected service utility satisfies Eluy| = g+ vy —p > 0. Therefore, it is possible that he
signs up, only to experience a negative net utility, i.e., 8; +v; —p < 0. On the other hand, a repeat
customer knows his service utility before making a purchasing decision, and will never purchase if
net utility is negative. As « increases, the fraction of new customers decreases, and for the service
provider, the likelihood of “erroneous” purchases from new customers—customers paying the price
p only to realize a negative net utility in a period—declines. Consequently, the provider’s expected
demand decreases with «.

At the same time, as « increases, the provider divides its budget more evenly over time, for two
reasons. First, as we discussed in §4, the principal trade-off that the provider faces while choosing
its optimal content allocation policy in a two-period horizon is whether to induce new customers
to sign up in period 1 by setting a high v; or to persuade those new customers who signed up in
period 1 to continue their service in period 2 by setting a high vs. As « increases, the importance of
this trade-off decreases since there are fewer new customers in the market. Second, the provider’s

optimal allocation policy when catering to repeat customers is to divide the budget equally in the
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two periods because of the “S” shape of the demand function (as discussed in Proposition 2). Hence,
when there are fewer new (and more repeat) customers at the beginning of a planning horizon, the
provider employs a more stable content allocation policy; in the extreme case when o = 1, content
value is constant over time.

Having shown how « influences the optimal allocation policy of the provider, we now consider
how the provider’s content decisions in planning horizon k influence « for planning horizon k + 1.
Before doing so, however, it’s important to discuss an issue that may arise with multiple successive
planning horizons. In §4 we assumed that the market size does not change within a planning
horizon; however, the change in market size is likely to be more significant over the course of
multiple planning horizons. Thus, we consider this possibility by allowing additional new customers
to enter the market at the beginning of each planning horizon. These newly arriving customers
have never considered accessing the service in the past (which could be because they became aware
of the service only recently after being exposed to an advertisement, or because the provider has
recently expanded the service to their geographical area), but starting from the planning horizon
in which they arrive, they make the same purchasing decisions as the other new customers who
had entered the market in previous horizons. Consequently, « in horizon k + 1 is determined by
two factors: the mass of new arrivals that enter the market in horizon k£ 4 1, as well the evolution
of the customer population that takes place during horizon k (i.e., the fraction of customers who
learn 6; by the end of horizon k).

In what follows, we define the market size in planning horizon k£ to be My, and we suppose
myy1 new customers enter the market at the beginning of planning horizon k + 1. Then the total
market size in planning horizon k + 1 is My41 = My + mg11. Let o be the fraction of repeat
customers at the beginning of planning horizon k. We denote the rate of growth in the market size
in planning horizon k + 1 by ri41, i.e., 7k+1 = mg+1/My. To consider the different ways in which
oy can evolve, we study the following two special cases: (a) the growth rate, r, remains constant
over the planning horizons, i.e., the market size grows exponentially; (b) the mass of new arrivals,
myg, remains constant over the planning horizons, i.e., the market size grows linearly.

This leads us to the following result, which details how « evolves over successive planning

horizons.
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Proposition 6. Suppose the service provider’s optimal value allocation in periods 1 and 2 of plan-
ning horizon k are v*(ax) and V — v*(ay), respectively. Then, the fraction of repeat customers at
the beginning of planning horizon k + 1 is

A 1 [1_ (1— ap)® (p—u—v*(ak)> o <p—u—V+v*(ak)>] ' (8)

147511 O¢ Oc

(i) If the market size grows at a constant exponential rate, i.e., rp41 =1 > 0V k, then there exists

a unique o < 1, implicitly defined by

of = — (p—u—gv*(a*)) o (p_u_vﬂ*(a*)) . 9)

€ Oe¢

such that o, < o if and only if agy1 > ag, and if ap = aF, then ap1 = o*.

(ii) If the market size grows at a constant linear rate, i.e., miy1 = m > 0V k, then lim j_,cax = 1.

The first part of the proposition specifies how « changes from one planning horizon to the next
based on the market growth rate and the content values set by the provider. Observe that at the
beginning of planning horizon k, the market consists of oy M} repeat customers and (1 — «ay) My,

p—u—:*(%)) P (p—u—V+v*(ak)

O¢

new customers. From Proposition 1, ® ( ) represents the probability

that a new customer did not sign up in either of the two periods in a planning horizon. Hence,

p*#*v*(ak)> P (p*N*V+U*(Oék)

O¢ O¢

in planning horizon k, a ® < ) fraction of new customers will still not
sign up for the service, while the complementary fraction use the service and learn 6;. Therefore
(ignoring new arrivals in horizon k+1), the fraction of repeat customers increases, while the fraction
of new customers decreases. At the beginning of planning horizon k + 1, a mass mgy1(= rg+1 M)
of new customers enters the market. These two effects lead to (8).

Part (i) of the proposition shows that with constant exponential growth in market size, it is
possible that the rate at which existing new customers sign up and learn 6; is matched by the
rate at which new arrivals enter the market, resulting in a constant « over planning horizons. This
equilibrium o*, characterized in (9), is such that the market will move towards the equilibrium, and
once at equilibrium, will remain there. From Proposition 5, it follows that in this equilibrium state,

the service provider will always set the same content values in every planning horizon: v*(«a*) in

period 1 of the planning horizon and V — v*(a*) in period 2; hence, content will alternate between
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periods of high content value and periods of low content value in a cyclic pattern; this phenomenon
can be observed in the “Exponential Growth” region in Figure 4. Exponential growth is most
likely for a young firm or industry that is expanding rapidly; hence, this type of content allocation
pattern is appropriate in such cases.

While sustaining exponential growth might be possible for a young firm, it becomes progressively
more difficult over time as the firm matures and the market saturates. Hence, in part (ii) of the
proposition we consider the case where a fixed number of new customers, m > 0, enter the market
every planning horizon, i.e., growth occurs at a constant linear rate. As the existing market size
M, increases, the mass of existing new customers who sign up during the planning horizon for any
given «y also increases; however, they are now only being replaced with a constant mass, m, of
new arrivals. As a result, the fraction of repeat customers in the market slowly increases, and the
provider distributes its budget more evenly in the two periods (i.e., v*(ay) moves towards V/2).
Hence, the provider’s optimal content allocation strategy still exhibit cycles with periods of high
content value followed by periods of low content value. However, the difference between the two
values will slowly attenuate over time as «y, increases; see the “Constant Growth” region in Figure
4. Finally, as k continues to grow, essentially all customers are repeat (i.e., they know their value
for service), and the provider will set a constant content value V/2 in all periods; see the “No
Growth” (i.e., m = 0) region in Figure 4.

In sum, our results in this section show how the optimal dynamic content allocation policy

derived in §4 impacts the evolution of the customer population and the provider’s optimal policy
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over successive planning horizons. Depending on the rate of market growth, the provider could
find itself reaching an equilibrium « < 1 or a boundary o = 1. In either case, as « increases, the
optimal content allocation policy becomes more “even” over time, resulting in patterns like those

in Figure 4.

6 Conclusion

Services where providers have the ability to vary the content over time are becoming more preva-
lent. While many traditional business models involve varying price over time to influence customer
purchasing decisions and maximize revenue, these new services typically operate with a constant
price. This raises the question of how a service provider can use dynamic content variation—as
opposed to dynamic pricing—to maximize demand and revenue. What makes this problem chal-
lenging is that providers typically have limited resources and hence face a constraint on the total
budget for content that they may employ within a planning horizon. Hence, the provider is forced
to trade off the benefit of offering highly valued content in one period (raising demand in that
period) with the cost of offering less valuable content in another period (lowering demand in that
period).

We find that the optimal dynamic content allocation policy is not, in general, to offer content of
equal value over time. Instead, it depends critically on the level of heterogeneity in both components
of utility in the customer population. The optimal policy consists of a monotonically increasing
level of content value over time when heterogeneity is low; in this case, the provider cannot rely on
customer heterogeneity to encourage repeat purchases (i.e., because many customers have especially
high content or service value), and so the provider itself must encourage such purchases by offering
increasingly better content over time. By contrast, when heterogeneity is high, the provider should
monotonically decrease the level of content value over time. In this case, customer heterogeneity
will spur most repeat purchases, so the provider’s goal should be to get as many customers as
possible to experience service for the first time early in a planning horizon, maximizing the number
of opportunities for repeat purchases based on heterogeneous realizations of content or service
utility.

We also analyzed how the service provider’s content allocation policy changes across multiple
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successive planning horizons. We found that a service that is able to sustain a constant exponential
growth in market size might reach a steady state wherein the rate of new arrivals balances the
rate at which existing new customers use the service and learn their utility. In this steady state,
the market composition and the provider’s optimal value allocation within a planning horizon will
remain constant over each successive planning horizon, leading to cyclic content patterns over time,
i.e., alternating between periods of high content value and periods of low content value. Conversely,
if the service enjoys slower (i.e., constant linear) growth in market size, the provider will not be
able to maintain a constant market composition. Instead, over time the repeat customers will
constitute a progressively larger fraction of the market, and the provider will distribute its content
budget more evenly throughout the planning horizon. Therefore, while content value may start by
alternating between periods of high and low content value, the difference between these two values
will diminish over time.

Taken in sum, our results show how new business models—such as video streaming services
and curated subscription boxes—can lead to new ways for firms to influence customer purchasing
decisions, in our case maximizing revenue by dynamically varying the content of the service over
time, rather than the price of that content. As such business models continue to grow in popularity,
understanding how to use all the levers available to firms to maximize demand will be of increasing
importance. Our model thus provides a first step in this direction by studying optimal dynamic

content variation under customer learning.
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A Appendix: Proof of Results

Proof of Proposition 1: We prove (4) by induction. Observe that a repeat customer ¢ who has
used the service in a previous planning horizon and already knows 6; before period 1 will use the
service in period t € {1,2,...,T} only if u;; = 0; + vy + €4 — p > 0. Since 0; + e ~ N(u, 02 + ag),
from the provider’s perspective before period 1, customer ¢ will use the service in period t with

probability ® f’/’;%) On the other hand, an initially (i.e., before period 1) new customer j
o2+0;

will sign up for the service in period ¢ if Ejuj] = p+ ve +€e —p > 0, ie., if €y > p— p — s
Since €j; ~ N(0,0 2) from the provider’s perspective before period 1, customer 7 will sign up

in period t with probability ® (%G”t) Since the market consists of an « fraction of repeat

customers and a 1 — « fraction of new customers, total expected demand when 7' = 1 is E[D]|7=1 =

H [ P=L—v1 _ H [ P—L—v1 —
ad <m) +(1-a)d ( i ) Thus, (4) holds when T = 1.

Suppose that (4) also holds for T'— 1 for any T > 2. Hence, total expected demand in periods
1toT —1is E[D]|p_1 =

_ — t—1
pP—p—v = (p—p—u pP—p—vi
= + (11— 1-— P LiiJ 1-— P —F .
Z:: <\/UE+09> (1=2) { H ( ) Z <\/05+00>{ ,1:[1 ( Oc )H
Expected demand in period T from customers who are new at the beginning of the horizon is given

by

T-1 T-1
E[DY] =& | LA T [1-1‘[@(1’_2‘_%) +q><p_’;_”T>Hq><p_5_”Z>.
i=1 € ¢ i=1 ¢

\J o2+ 02
(A1)

The first term is the probability that a new customer used the service at least once in the first
T — 1 periods and is using it again in period T', while the second term is the probability that a new
customer who has never used the service before is using it for the first time in period 7. Hence,

the total expected demand in period T is E[Dr] = a® (%) + (1 — a)E[D¥]. Observe that
UG 0'0
E[D]|r = E[D]|7r-1 + E[Dr]. Hence, by induction, (4) holds for any 7.

O
Proof of Proposition 2: When oy = 0, the total expected demand in (4) reduces to

E[D] = 27 ,& <p_“_”t> .

Oc

We divide the proof into the following lemmas.



Lemma A.1. Assume o9 = 0. If p+ % > p, then v} = % Vite{l,2..,T} is a strict local
maximum to the provider’s problem.

Proof. The provider solves the constrained optimization problem: Maximize E[D] subject to 31_;v; =
V. Define the Lagrangian, £ = E[D] + A(V — XL_,v;), where the Lagrangian multiplier, A > 0.
gTﬁ = 0 implies ¢ (%ﬁ_”t) =o\ forall t € {1,...,T}. Let * > 0 be such that ¢(z*) = o.\. Note
that there could bg three possible cases.

Case 1. 227" — 2% < 0 for all t € {1,...,T}. This implies that the provider sets value

Oe

v_
vf =p— p+ a0, in all periods. From Zthl vy =V, 2" = %Tep. Hence, z* > 0 is possible only

v_
if p+ % > p. Therefore, v} = % and \* = U%gb <“+07;p> To study the second order condition,

we follow Theorem 5.4 of Sundaram (1996), and define a set of vectors

R

Further observe that the second derivative, D?L(7*, \*), is a diagonal matrix with elements

s VL g <p povf ) < 0 (since, vf = % > p — p). This is a local maximum because

Z:{ZE]RT

T * _ _ *
SD( Nz = Y AT <p = ) <o.
t=1 Te e

Case 2: % =gz* >0 forallt € {1,..,T}. Therefore, v; = p — pu — x*0, in all periods.
v_
From Zthl vy =V, 2" = _MrTP Hence, x* > 0 is possible only if u + % < p. Therefore,

Oe¢

v_ ’
vi = % and \* = U%gb (—W). The second derivative test now results in z D2L(0*, \*)z =

Zt 2y VL g (p b vt) > 0. Hence, this is a local minimum.
Case 3: Now suppose, without loss of generality, Z “ Ut =z* for k € {1,.. — 1} periods

and u = —z* for the remaining T — k periods. In this case, z* = L and \* =

01 0] < - T P ), which is neither a minimum nor a maximum. Indeed, consider z; = (> 0) for
€

To

one of the k periods with % = z*, zz = 0 for the other k£ — 1 periods with % = z*
and z; = —1 for each of the T — k periods with % = —z*. We have 2 D2L(7*,\")z =
x*ﬁi(f*) [72 —(T - k)ﬁ} > 0. Now consider z such that z; = (> 0) for one of the T'— k periods
with % = —x%, 2z = 0 for the remaining T'— k — 1 periods with % = —z*and 2 = —F
for each of the k periods with % = z*. Then, z’D2£(17*, )z = x*ﬁ(g*) [—72 + k%ﬁ] <0. O

Lemma A.2. There exists a threshold, V', such that v} = % Vte{l,2,..,T} is the unique global
maximum for any V > V.

Proof. Observe that we have ignored the constraints v; > 0V ¢ € {1,...T'} in our analysis above.



Now suppose we impose this constraint by making some of the v; to be zero. From Lemma A.1, it
follows that an allocation with vy = % for any k periods, where k € {1,2,...,7 — 1} and v; =0 in
the remaining T — k periods is also a strict local maximum when u + % > p (since p+ % > p). The

allocation, vy = % Vite{l,2,..,T} is the unique global maximum if, for any k£ € {1,2,...,7 — 1}

k® (Z)_”_Z) (T~ k)® (p_“> <T® <M> . (A.2)

O¢ O¢ O¢

Observe that as V' increases, the right-hand side of (A.2) increases faster than the left-hand side for
any k < T. Moreover, as V' — oo, the inequality in (A.2) holds. Therefore, there exists a unique %8
such that (A.2) holds for any V > V' and v} = Y vte{1,2,..,T} is the unique global maximum
for any V > max{V',T(p — pu)} = V. O

O

Proof of Proposition 3 : We provide a proof by contradiction. Suppose the optimal solution
allocates vy in period k and vy (< vy) in period k+1 for any k € {1,2,...,7— 1} and achieves total
expected demand E[D]gy,. Consider an allocation where we switch the content values in periods k
and k+ 1 (i.e., vy = vy and vg41 = vy) while keeping all other periods unchanged. Let the new
total expected demand be E[D]|ry. From (4), note that E[D|rg — E[D]yr =

| B (e O R = YCPEs)|

&(P—F—vH

Observe that if aiqw > 0, then E[D]|rg —E[D]gr > 0 when oy is infinitesimally small.
Now, o

9 ()| 1 e Iy vy @ () o o ()

do & (E=E=tL) ey O P (b= O d (p—;(:vH) oe $ <p—,l;E—’UL)
For standard normal, the generalized failure rate gv% decreases in (—oo,z.] and increases in
[Te, +00), where 7. ~ —0.84 is the unique solution to ®(z) — 22®(z) + x¢(z) = 0. Therefore,

o)

> 0is % < X, 1€, v > P — i — Teoe. From

. .. 9
a sufficient condition for 5~ 5 (p_H_UL)
7 o=0c

Proposition 2, note that when oy = 0, v; = ¥ as long as V > V > T(p — p). Since (4) is

right continuous at gy = 0, there exist small positive 7, such that when o9 < «, both ‘% —

vl < 6 and ‘% — UH’ < 6 hold. Hence, when o9y — 0 and V > max {‘_/,T(p—,u—xcag)},

L,V
PZRTT < . consequently, E=A=L < g, holds and E[D|rg > E[D]gr. Therefore, the provider

O¢ O¢
is better off with the new allocation. Using the same logic for any k,vr, and vy, we conclude

that only weakly increasing value paths can be optimal. The opposite argument holds when V €

@(P*#(:WH>

(V, T(p—pn— xcag)) . In this case, a sufficient condition for G%W

o Pmp—vH
< 0is o= > e,

o=0¢



e, vy <p—p—x.0. Notethat V < T(p—pu—x.0c) implies % > x.; 80 E[D]rg < E[D]yp,
and only weakly decreasing value paths can be optimal.

O]

Proof of Proposition 4: We again provide a proof through contradiction. Suppose the optimal
solution to the provider’s problem allocates vy, in period k and vy (> vr) in period k 4 1 for any
ke {1,2,..,T — 1} and achieves total expected demand E[D]rr. Now consider another allocation
where we switch the content values in periods k and k + 1 (i.e., vy = vy and vgy1 = vy) while
keeping all other periods unchanged. Let the new total expected demand be E[D]g . The difference

in expected demand, E[D] g1 —E[D]yy can be noted from (A.3). When oy — oo, ® < p_p—v )yl

for any v. Hence,

lim E[D]y,—E[D]Ly = %(1—04)115;11@ (p AT ”i) {é (p KT ”H) -3 (Wﬂ > 0.

0g—>00 O¢ O¢ O¢

Therefore, the provider will be better off with the new allocation and the original allocation cannot
be optimal. Moreover, using the same logic for any k, vy, and vy, we conclude that only weakly
decreasing paths can be optimal.

O
Proof of Theorem 1: We break down the proof into the following lemmas.

Lemma A.3. Suppose the optimal solution to the provider’s problem has vy in period k. Let

& pzp=v

R(v,09) = é(i ijve) Then, R(vk,00) < R(vgt1,09) VE €{1,2,....;T — 1}.

Proof. Suppose the optimal solution to the provider’s problem has content values v, and vgy1 in
periods k and k + 1 respectively and results in overall expected demand E[D]. Let E[D]j41 1 be
the demand from an alternate allocation that has viy1 in period & and vy in period k + 1 while
keeping all other periods unchanged. Note that E[D] — E[D]xy1 % =

k-1
p—p—v\ |z (P—p—ve1 \z (P—p—v) =z [(P—B—Vk\x [P~ 1~ Vkp1
=(1- P 0] P -0 P .
( a)il:[l ( Te )[ ( VoZ+o} ) ( Te ) (x/cr?-i-crg) ( Oe )]
Since, the allocation with vy in period k and vyy; in period k + 1 is optimal, E[D] > E[D];41
which can be the case only if R(vg,09) < R(vkt1,00).

O

Lemma A.4. (i) Let . ~ —0.84 be the unique solution to ®(x) — x2®(z) + zé(x) = 0. For a fized
o9, R(v,09) is quasiconvex in v. When p — p — x.0 > 0, R(v,09) has a unique minimum, v(oy),
that satisfies limg, 0 v(0g) = p — p — xcoc. When p — p — x.0. < 0, a unique minimum, v(op),

) e

. _ océ+o 9 - .

only exists when og is sufficiently large and satisfies —F=E= 0/ > i ,< < ) ; otherwise,
VOoetop = < p—p ) ¢ ¢<u>

U?«ko% o
R(v,09) is strictly increasing in v. Whenever the minimum, v(og), exists, it increases with op.
(ii) There always exists a unique g9 > 0 satisfying (7) for any V->T (p — p — z.0¢).



Proof. (i) Note again that 222 decreases in (=00, x| and increases in [z, +00). Now,

D(z)

5 [ p—p—v p—p—v v
0 ? (wfsws) 1 ¢<¢o—2+as> 1 d’(” )
9 Bo.oy) = e

P (w) /o2 4 o2& ( pop—v
O¢ € 0<I> 7\/0524-70'3

& [ pop—v ¢ | =
B 1 Vo240l P——0 \/o2+0o2
p—p—v @(p—u—v) /2 2 = —u— Oc )
e e + % o wp/ a§+:
<

p—K < p—K
EL_ < 0. From (A.5), note that in both cases, %R(v,ag)}vzo < 0. Moreover from (A.5),

First suppose p — 4 — 2.0 > 0. There can be two cases: 0 or r. <

@R(v,ag)lvzp_u_xcge < 0 while @R(v 0p) > 0 for any v > p — pu — a¢y/02 + o5. For standard
@) 4 popv p—p—v
normal, the failure rate () is increasing in x. As v increases, Y decreases faster than W=t

Hence, from (A.4), there exists a unique minimum v(op) € (p — = TeOe, P — b — Ty /02 + 09>;
ie., poi¥lo0) 4 o P=E¥(90) - ) When oy — 0, %R('U,O’g) = 0 is only possible if

Oe¢ 0-2_;’_0-5
—k—v(og)
¢<pu22> p—p—v(og)
: _ p—p—v(a Vooite _ pp—v(og) P\ o
limy, 0 v(op) = p — p — xcoc. For a general oy, \/27(5) £ L = O'e( 0) _(p_“fx(ag)) .
oty g popr—y(op) q’(T)
/2102
€ 0

%\/%(55) increases. Since %ﬁ'g") € (z.,0), the left
hand side of the above equality increases. Now, ’7_“;73(09) < x., implies that v(op) must increase
to preserve equality. Hence, v(oy) increases with oy.

Next suppose p — pt — z.0. < 0. In this case, for small g, Z2F < 2L

If we fix v at v(op) and slightly increase oy,

JoTrod < x¢; hence,
%R(U,O‘g)‘vzo > 0. Similarly, for any v > 0, === < \I}ZT: < Z,; hence, é?UR(U,UQ) > 0 for any

v > 0 and R(v,0p) is strictly increasing in v. On the other hand, if oy is large enough such that

¢< p—K p—n
— a€2+a2> — ¢< A ) o
Pt < g, < \/% < 0 and \/T"eq)(vp—u 9) > pofW’ we have that & R(v, o)

o¢ +09

veo < 0.

o pzp=v_ I
As v increases, \’};Q‘T_;’gq) pfig> decreases, while F=£== 2217:;_“% increases. Therefore, once oy
is above a threshold, we have a unique minimum v(oy) that starts at 0 and increases with og.

(ii) From (A.4), observe that (7) implies v(gg) = V/T. We showed in part (i) that when
p—p— o >0, limy, o v(og) = p — p— xc0c and v(og) increases with op; otherwise, there exists
a threshold oy, such that v(op) = 0 at the threshold and increases with oy beyond the threshold.
Moreover, from (A.5), note that limy, ;0 2 50 B(V/T,04) < 0. Hence, following the proof of part (i),
v(og) > V/T for very large og. Therefore, whenever V> T (p — u — x.0¢), a unique positive
satisfying v(ag) = V/T always exists.

Oe

O]



Lemma A.5. Suppose there exists a &g and periods k and k,(< k), such that the optimal allocation
for these two periods intersect at 6g9. Then, at 6¢, v; = v(6g) Vi € {1,2,...,k}.

Proof. We define “intersection” before Theorem 1. First consider the case where for any arbitrarily
small positive real number 9§, vy > v,/ for any op satisfying 0 < 69 — 09 < 0 and vy < v, for
any op satisfying 0 < o9 — 69 < 0. Lemma A.3 states that for an optimal allocation, R(vg,0q) <
R(vi,09) ¥V k' < k. From Lemma A.4(i), observe that for a given og, R(v,0p) is either strictly
increasing in v or has a unique minimum, v(og). If R(v,0y) is strictly increasing in v, vy < vy
would result in R(vks,09) > R(vk, 0p); hence, an intersection cannot occur. Therefore, we focus on
the case where the unique minimum, v(oy), exists.

For any oy satisfying 0 < 69 — 09 < d, both vy, > v, and R(vy,09) < R(vy,0p) can only be
true if vy > v(0p). Similarly, for any 0 < o9 — 69 < J, both v, < v,/ and R(vi,00) < R(vy, 09)
can only be true if v < v(op). Since the optimal allocation and v(oy) are continuous in oy, at dy,
vr = v = v(dg). Now consider the optimal allocation vy, for any period k" < k. To preserve,
R(vgr,69) < R(vg,69), vpr = v(69) must also hold at oy = dp. The same argument will be true in
the case where vy < v,/ for any oy satisfying 0 < 69 — 09 < 0 and vy > v, for any oy satisfying
0<agg—09<0. ]

First suppose V € (V,T(p — u — z.0.)]. From Lemma A.5 if follows that if vr intersects v; for
any t < T at 6p, v] =v3 = ... = v} = V(Gy) = % From Lemma A.4, lim,,_,ov(og) =p — p — zc0c
and v(oyp) increases with oy. Since % < p—p—z.0c < v(og) for any oy > 0, no point of intersection
exists where vy crosses v; for any ¢t < T (see Figure 1b). On the other hand, if V' > T'(p— pu— x.0¢),
it follows from (A.4) that the unique oy, denoted by 7y, at which vp intersects v, for any ¢t < T, is
given by the solution to (7) (see Figure 1a). Hence, the result follows.

O

Proof of Corollary 1: When T' = 2 and gy = 0, we can substitute vo = V — v; and observe that
vi = V/2 is the unique global maximum to E[D] = & (%) +® (%) for any V' > 2(p—p).
Hence, when T = 2, the threshold on budget is V = 2(p — u).

Parts (i) and (ii) of the corollary follow from Theorem 1 due to the fact that when T = 2,
V] =vg = % at any intersection of the content value trajectories.

For part (iii), we fix o9 > 0 and vary o.. When o, = 0, all new customers would sign up in period
1 as long as p+v1 —p > 0; otherwise, they would all sign up in period 2 (since u+V —v; —p > 0).
Hence, the total expected demand (4) becomes

E[D] = a {cﬁ (p_“_“l> + & (Wﬂ +(1-a) [1 T SN <p_“_”2>} (A.6)

o’ o 09

where I, 14, —p>0 is 1 if g +v1 —p > 0, and 0 otherwise.

For o, = 0, we prove v] > v3 through contradiction using arguments similar to the proof of
Proposition 3. Suppose the optimal solution to the provider’s problem allocates vy in period 1
and vy (> vg) in period 2 and achieves total expected demand E[D]|.y. Now consider another
allocation with v; = vy and vy = vy, that achieves total expected demand E[D]gy. From (A.6),

EID)ua ~ EDlns = (1 @) [Bytuy oo (210 ) —p (P20,

g9 g9



Observe that for any u+vp—p > 0, E[D]g > E[D]gr. But if ,u—l—vL—p < 0,then E[D]r g < E[D]gL

where, E[D]x1, :@(7” u ”L)+af1> (p“““H>+1—a In this case, dELg]HL = [qﬁ (pi“ ”L> ag (pi“ L

oy
Now, pu + V/2 — p > 0 implies ‘p o ”L‘ < )p L= ”H) hence, ¢<7L9”L> > gb(%) and

% > 0. Therefore, when o, = 0, an allocation where vy, satisfies u + vy, — p < 0 cannot be

optimal. Consequently, p 4+ vy —p > 0 and E[D|rg > E[D]gr. Hence when o, = 0, the content
> p—u—V/Q’

g9

value should weakly increase over time. On the other hand, observe that for any o
V < 2(p— p—x.0¢); therefore, from Theorem 1 we have, v} > v3. Hence, the content value should
weakly decrease over time for any o, > M

For intermediate o., we provide a proof ‘similar to that of Theorem 1. For a fixed og > 0, let

p— u v
R(v,0) = ( Vottaog . We showed in Lemma A.3 that in any optimal allocation, R(vi,o) <
()
R(vg,0¢). From (A.5), note that when P -£ > z, %R(v ae)‘ o < 0 On the other hand, if
EL_ < g, g}R(v O‘e)‘ > 0. Furthermore, for any v > 0, == < P=L== < .. Hence,

a@R(v oc) > 0. Now, if we increase o, such that Z£ < z. < —2£— < 0 and Yachad >
02402 \/02 +03 5
Ue +o’
p-u O(5)

, then £ R(v,0.)|,_, < 0 holds.

< 0. As v increases, Z=£=% decreases faster than £=£=~. Hence,
v=0 Oe gg+gg

¢<pu\/(ve)>
p—n—v(o)) _\ VoEtog ) _
\/062+Ug & pmp=vloe)
A /Ug+0§

Suppose, 8%R(v, 06)’

from (A.4), there exists a unique minimum v(o.) > 0. At the minimum,

p—p—v(oe) ¢<%e!(m)

— — oy - Hence, %"(UE) < xe < %"(Ug) Observe that as o, increases, keeping
€ ¢<T> € oetoy
v fixed at v(oe), %M increases at a faster rate than %. Hence, to preserve the above
€ oitoy

inequality, v(o¢) must increase with o.. Therefore, whenever o is sufficiently large, R(v,o.) has a
minimum, v(o¢), that is unique and increases with o.. From Lemma (A.5), observe that an inter-
section can only occur at a minimum, v(o.). Since v(o¢) increases with o¢, and at any intersection
V] = vy = %, an intersection will only occur at the unique value of o, 7., satisfying (7) for T' = 2.
Therefore, content values should be weakly increasing for o, < &, weakly decreasing for o, > &,
and they only intersect at o. = 7.
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Proof of Proposition 5: We start with the effect of a on the provider’s optimal allocation. Let
the total expected demand over the planning horizon from new customers be E[DN ]. Hence, the
total expected demand in the planning horizon is
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For any «, the optimal values, v (a) and V — v (), must be such that dEEiDvll(a)
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while % " > 0. Using similar arguments, we conclude that for any v (a) > V/2, dvl (a) < 0.
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Therefore, as « increases, v} (a) moves closer to V/2, and |v](a) — v3(a)| weakly decreases.
Next focus on the effect of a on the total expected demand. First observe from (4) that new
customer demand when v] = V/2 is
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The last inequality follows from the fact that for any p+V/2 > p, ® < \/UETU?> + o <UE ) <1.

Let us again start with the case where vi(a) < V/2. We showed above that for this range

of vi(a), vj(a) weakly increases with o and the new customer demand %Dljv} - < 0. From
v} (a
Proposition 2, it follows that v} (a = 1) = V/2. Therefore for any a < 1,
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(A.8) and (A.9) must imply that whenever vj(a) < V/2,
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Now consider two values of o, a; and ag > aj. The total expected demand then satisfies
E[D](ar,vi(aw)) — E[D](an, vi(an))= E[D](ar, vi(an)) — E[D)(an, vi(an)) =

E[DN]|yr() > |® (A.10)
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The first inequality follows from the fact that E[D](ar,vi(ar)) > E[D](ar,vi(am)) while the
second inequality follows from (A.10).
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inequality E[D](ar,vi(ar)) > E[D](am, vi(am)) holds.

> 0; but v{(a) decreases with c. We can use similar arguments to show that the
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Proof of Proposition 6: Suppose at the beginning of planning horizon k, the market size is My,
out of which an oy fraction are repeat customers. Also suppose that the optimal allocation in
periods 1 and 2 are v*(ay) and V —v*(ag), respectively. As discussed in the proof of Proposition 1,
al—d (p—u—v*(ak) P (p=p=V+vt(ax)

- > fraction of these new customers would sign up during the
planning horizon and learn 6;. Hence, the mass of repeat customers at the beginning of planning

horizon k + 1 is ap My + (1 — ag) My [1 -0 (pﬂkv*(a’“)> i) (pf’kv;zv*(a’“))]. At the beginning
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of planning horizon k 4 1, a mass my,1 of new customers will also enter the market, resulting in
total market size Myy1 = My + mg41. Dividing the mass of repeat customers at the beginning
of planning horizon k + 1 by M}, and substituting m]\’j[—:l with 7,41, the growth rate in planning

horizon k + 1, leads to

= [1 —(1— ap)® (p_“_v(a’“)> o <p_“_ V+”*(a’“)>] . (A.11)
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For a fixed growth rate r > 0, the left-hand side and the right-hand side in (A.11) take a value in
[0,1]. Hence by the Intermediate Value Theorem, (A.11) has a fixed point o* such that,
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For the standard normal distribution, the reverse hazard rate, %,

v (a¥) < V)2 () d(z)

’ D(z) | p—p— V+v*(a*) P(x)

dv dv* (o)
towards V/2, resulting in =~

decreases with x. Hence, if

. Moreover, following Proposition 5, v*(a*) moves
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< 0. Hence, di*@ (pf’hv*(a*))i) (pf’h‘;tv (o )) > 0 holds.
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Also observe that as ® (pf‘h”*(a*)> o (pf‘hvw*(a*)) increases, the right hand side of (A.12)
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dv*(a) ‘

while o
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decreases. Therefore, as a* increases, the left hand side of (A.12) increases while the right hand
side decreases. Hence, there is a unique o* that satisfies (A.12).

Next consider an a; < a*. We can write,
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The second inequality follows from the fact that the right-hand side of (A.12) decreases with o and
will take a smaller value at a* compared to that at ay, for any ap < o*, and it implies that

o < Jlrr [1 (1 ap)d <p—u—v*(ak)> ® (p—u—VJrv*(ak)ﬂ I
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Using similar arguments we can also show that for any oy > o*, ap11 < .
Next suppose that m remains constant. Then, rp41 = Mﬂk > 0. Similarly, for any n > 1,
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Therefore, hmn%oo Tk+n = 0. We want to show that hmk_mo o = 1. Call ¥ = P (p_ua%v/z>
and let ¢ > 0 be arbitrarily close to 0. Define § = 7C(1_72). Since limg_,oo 7 = 0, we have that
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Tr > 1= 0 for k > ko. From (8), we have

gt > (1—0) [1 (1 —ap)® <p_“;:’*(o"“)> o (p_’”‘_V“*(a’“)ﬂ Yk > ko.
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Then, a1 > (1 —6) [1— (1 —ap)y?] YV k > ko. In particular, ag,41 > (1 —8) [1 — (1 — age)7?]
and one can show by induction that

Moreover, we showed above that for any v € [0,V], ® (p_(f_”) o} (”_“_V+”> < @? (p_“_v/2>.

g > arg (1= 8+ (1= 8)(1 =9 g = B

Note that limg_, o Bk = % = 1— (. Therefore, for any ( arbitrarily close to 0, there exists

a ky such that ap > 1 —(V k > ki, proving that limy_ ., ap = 1.
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