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Mathematical models that are fit to measurements or observations are useful in predict-
ing behaviors of the modeled system and in understanding how measurement errors affect
the confidence in model coefficients and the predictive capabilities of the model.

All samples of measured data include some amount of measurement error and some
natural variability. A curve-fit model and its uncertainty depend on measured data (including
data measurement errors). In other words, the normal variation in measured data propagates
through calculations applied to the data.

Many (many) quantities can not be measured directly, but can be inferred from mea-
surements: gravitational acceleration, the universal gravitational constant, seasonal rainfall
into a watershed, the resistivity of a material, the elasticity of a material, metabolic rates,
etc. etc. ... For example, the Earth’s gravitational acceleration can be estimated from mea-
surements of the time it takes for a mass to fall from rest through a measured distance. The
equation is d = gt2/2 or g = 2dt−2. The ruler we use to measure the distance d will have a
finite resolution and may also produce systematic errors if we do not account for issues such
as thermal expansion. The clock we use to measure the time t will also have some error.
Fortunately, the errors associated with the ruler are in no way related to the errors in the
clock. In this case measurement errors are uncorrelated (i.e., statistically independent). If we
repeat the experiment n times, we will naturally find that measurements of the time ti for
the mass to pass through the distance are never repeated exactly, even if the clock is very
precise, due to various systematic or random experimental errors. The variability within our
sample of measurements of d and t will surely lead to variability in the estimation of g. As
described in the next section, error propagation formulas help us determine the variability
of g based upon the variability of the measurements of d and t.

This document reviews methods for estimating model coefficients and their uncer-
tainties. In so doing, each individual measurement is considered to be a random variable, in
which the uncertainty of the variable represents the measurement error. It is reasonable (and
sometimes extremely convenient) to assume that these variables are normally distributed. It
is often necessary to Without a detailed understanding of the measurement system’s errors,
the measurement error in one measurement is assumed to be statistically independent of the
measurement error in all other measurements.

Estimates of the model coefficients is influenced by errors the observed data sample.
This document starts by considering the statistics (mean, standard deviation) of a function
of several random variables. Think of the function as representing the coefficients in the
curve-fit, and the set of random variables as the sample of measured data.
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1 Quadrature Error Propagation
Given a function of several random variables, F (Z1, Z2, Z3, · · · , Zn), known variations

in the independent variables, δZ1, · · · , δZn will result in a computable variation δF . For
small variations in Zi we can expand the variation in F in terms of individual variations of
Zi using a first-order Taylor series and the chain rule of calculus,

δF = ∂F

∂Z1
δZ1 + ∂F

∂Z2
δZ2 + · · · + ∂F

∂Zn

δZn. (1)

=
{
∂F

∂Z1

∂F

∂Z2
· · · ∂F

∂Zn

}
· {δZ1 δZ2 · · · δZn}

= ∇F · δZ
The notation “∇F” represents the set of derivatives of F with respect to Z1, · · · , Zn and
is called the gradient of F with respect to Z1, Z2, ..., Zn. When working with a sample of
measured data, we can not know the values of the individual measurement errors (by the
definition of a measurement error). We can’t even know if the error in a measurement is
positive or negative. But we can usually be satisfied by estimating only the magnitude of
error in F , and not the sign. To do so we can estimate the square of δF . Note that the
variation δF is a weighted sum of the individual measurement errors δZi. Assuming that
the measurement errors are independent (at least for the time being) we can estimate the
square of δF as

(δF )2 =
(
∂F

∂Z1
δZ1

)2

+
(
∂F

∂Z2
δZ2

)2

+ · · · +
(
∂F

∂Zn

δZn

)2

. (2)

Indeed, the variance of the function is computed analogously,

σ2
F =

(
∂F

∂Z1

)2

σ2
Z1 +

(
∂F

∂Z2

)2

σ2
Z2 + · · · +

(
∂F

∂Zn

)2

σ2
Zn

=
N∑

i=1

(
∂F

∂Zi

)2

σ2
Zi

The table below illustrates that in some special cases the error in the function may be
conveniently simplified, while in other cases it cannot.

function error propagation formula
F = ∑n

i=1 Zi (δF )2 = ∑n
i=1(δZi)2

F = aZ1 + bZ2 − cZ3 (δF )2 = (aδZ1)2 + (bδZ2)2 + (cδZ3)2

F = aZ1Z2/Z3
(

δF
F

)2
=
(

δZ1
Z1

)2
+
(

δZ2
Z2

)2
+
(

δZ3
Z3

)2

F = aZp
∣∣∣ δF

F

∣∣∣ =
∣∣∣p δZ

Z

∣∣∣
F = aZp

1 − bZq
2 (δF )2 = (apZp−1

1 δZ1)2 + (bqZq−1
2 δZ2)2

If the random variables Z are correlated, with a covariance matrix VZ , then the variance of
the function F (Z) is

σ2
F =

N∑
i=1

N∑
j=1

∂F

∂Zi

∂F

∂Zj

[VZ ]i,j

=
(
∂F

∂Z

)
VZ

(
∂F

∂Z

)T

, (3)
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where (∂F/∂Z) is the m-dimensional row-vector of the gradient of F with respect to Z, and
[VZ ]i,i = σ2

Zi
. Finally, if F (Z) is an m-dimensional vector-valued function of n correlated

random variables, with covariance matrix VZ , then the N ×N covariance matrix of F is

[VF ]k,l =
n∑

i=1

n∑
j=1

∂Fk

∂Zi

∂Fl

∂Zj

[VZ ]i,j

VF =
[
∂F

∂Z

]
VZ

[
∂F

∂Z

]T

. (4)

where [∂F/∂Z] is an N × n matrix and is called the Jacobian of F with respect to Z. The
Jacobian quantifies the sensitivity of each element Fk to each Zi individually,[

∂F

∂Z

]
k,i

= ∂Fk

∂Zi

, (5)

and the covariance quantifies the variability among the data.

The propagation of errors through linear models may be expressed as a linear trans-
formation of errors and their covariances. When applied to linear functions y = f(x) = Tx
the gradients and Jacobians in the preceding relations are constants. The error X of an
unbiased estimate has a mean of zero and a covariance

VX = E
[
XXT

]
If Y is a linear transformation of X, Y = TX and

VY = E
[
Y Y T

]
= E

[
TXXTTT

]
= TE

[
XXT

]
TT = TVXT

T (6)

Equations (4) and (6) show how the sensitivities of a function to its variables and the
variability among the variables themselves may be combined to estimate the variability of
the function. It is centrally important to what follows.
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2 An example of linear least squares

Measured data are often used to estimate values for the coefficients of a model (i.e., the
coefficients in an equation). Consider the fitting of a function ŷ(x; c) that involves a set of
coefficients c1, ...cn, to a set of N measured data points (xi, yi), i = 1, ..., N . If the function
is linear in the coefficients then the relationship between the data and the coefficients can
always be written as a matrix-vector product

ŷ(x; c) = B(x) · c (7)

where

• ŷ(x; c) is the function to be fit to the N data coordinates (yi, xi);

• x is a given value, or set of values, of the independent variables;

• c is a vector of the n model coefficients;

• B is a matrix that depends on given values of x, and does not depend on the model
coefficients c.

As a general example, consider the problem of fitting an (n− 1) degree power-polynomial to
m measured data coordinates, (xi, yi), i = 1, · · · ,m. The general form of the equation is

ŷ(x; c) = c0 + c1x+ c2x
2 + · · · + cn−1x

n−1, (8)

The equation may be written N times for every data coordinate (xi, yi), i = 1, · · · ,m,

ŷ(x1; c) = c0 + c1x1 + c2x
2
1 + · · · + cn−1x

n−1
1

ŷ(x2; c) = c0 + c1x2 + c2x
2
2 + · · · + cn−1x

n−1
2

...
ŷ(xN ; c) = c0 + c1xN + c2x

2
N + · · · + cn−1x

n−1
N


ŷ1
ŷ2
...
ŷN

 =


1
1
...
1

 c0 +


x1
x2
...
xN

 c1 +


x2

1
x2

2
...
x2

N

 c2 + · · · +


xn−1

1
xn−1

2
...

xn−1
N

 cn−1

=


1 x1 x2

1 · · · xn−1
1

1 x2 x2
2 · · · xn−1

2
... ... ... . . . ...
1 xN x2

N · · · xn−1
N





c0
c1
c2
...

cn−1


(9)

ŷ = [ B(x) ] { c }
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Matrices structured in the form of B in equation (9) are called Vandermonde matrices and
arise in most curve-fitting problems. The columns of B are the basis vectors of the model
ŷ(x); the matrix B is called the basis. In least squares problems there are fewer model
coefficients than data points, n < N , there are more equations than unknowns, B is a tall
matrix, and in practice there is no set of model coefficients {c0 , . . . , cn−1} for which the model
ŷ(xi; c) exactly matches all the data points (xi, yi). Each data value yi (e.g., each measured
observation) can have its own measurement error, quantified by the standard deviation
σyi

. Without a detailed understanding of a particular measurement system, measurement
errors are generally assumed to be uncorrelated. That is to say, the covariance between the
measurement error of yi and the measurement error of yj is assumed to be zero (for i ̸= j).

Fitting the model to the data reduces to estimating values of n model coefficients,
c0, · · · , cn−1 such that the equation represents the data as closely as possible.

But what does “as closely as possible” even mean?

In 1829 Carl Friedrich Gauss asserted that it is physically sound and mathematically
convenient to say that the best-fit minimizes the sum of the squares of the errors between
the data and the model regression. So, to find estimates for the coefficients we would like
to minimize the sum of the squares of the residual errors ri between the data, yi, and the
model, ŷ(xi; c).

ri = yi − ŷ(xi; c). (10)
Furthermore, the error should be more heavily weighted with the high-accuracy (small mea-
surement error) data and less heavily weighted with the low-accuracy (large measurement
error) data. This fit criterion is called the weighted sum of the squared residuals (WSSR) or
the chi-squared error,

χ2(c) =
N∑

i=1

( yi − ŷ(xi; c) )2

σ2
yi

=
N∑

i=1

(
ri

σyi

)2

(11)

An equivalent expression for χ2(c) may be written in terms of the vectors y and c, the
matrix of model basis vectors B, and the measurement error covariance matrix Vy in which
Vy,i = σ2

yi
.

χ2(c) = {y −Bc}TV −1
y {y −Bc}, (12)

= yTV −1
y y − yTV −1

y Bc− cTBTV −1
y y + cTBTV −1

y Bc.

Prove to yourself that if Vy is the diagonal matrix of the variance σ2
yi

of of each measurement
yi, then equations (11) and (12) are equivalent. Equation (12) is a generalization of (11)
that accounts for the possibility of correlated measurement errors.

Note that any weighted least squares problem can be scaled to an unweighted least
squares problem as long as the weighting matrix is symmetric and positive-definite. Decom-
posing the weighting matrix into Cholesky factors, V −1

y = RTR, and defining ȳ = Ry and
B̄ = RB, any weighted criterion (12) is equivalent to the unweighted criterion, with no loss
of generality.

χ2(c) = {ȳ − B̄c}T {ȳ − B̄c} .
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3 Complete Solution to a Linear Least-Squares problem
The six elements of a complete model fitting process are:

1. the function or model ŷ(x; c) relating input (predictive, independent) data to the output
(prediction, dependent) data;

2. the numerical values of the coefficient estimates c∗ that minimize the χ2 error criterion;
3. the standard error of the residuals, σr and the covariance of the measurement error Vy

4. the coefficient covariance Vc∗ , correlation ρc∗ , and standard errors σc∗ ;
5. the fit covariance Vŷ and standard errors σŷ

6. values for various goodness-of-fit criteria, such as σr, model-data correlation ρy,ŷ, R2 and the
Akaike Information Criterion (AIC) and Bayesian Information Criterion (BIC);

These elements constitute a structural model and allow for statistical assessments of the
model’s predictions.

3.1 Least-squares fit of a linear model and the best-fit model

The χ2 error function is minimized with respect to the coefficients c, by solving the
system of equations

∂χ2

∂c

∣∣∣∣∣
c=c∗

= 0

−2 BTV −1
y y + 2 BTV −1

y Bc∗ = 0
c∗ = [BTV −1

y B]−1BTV −1
y y (13)

Equation (13) provides the ordinary linear least square estimate of the coefficients from the
measured data, y, the data covariance matrix Vy, and the basis matrix, B. If the covariance
matrix of the measurement errors, Vy, (or their correlations) are not known, we presume the
distribution of measurement errors to be statistically independent and identically distributed
(iid), that is, Vy = σ2

yIN . Substituting Vy = σ2
yIN into (13), shows that the model coefficient

estimates are independent of iid measurement errors.

c∗ =
[
BT 1

σ2
y

B

]−1

BT 1
σ2

y

y

c∗ =
[
BTB

]−1
BTy . (14)

The best fit model is easily computed for any value of x from the basis matrix B(x) and the
fit coefficients c∗.

ŷ(x; c∗) = Bc∗ =
[
B
[
BTB

]−1
BT

]
y, (15)

which is the orthogonal projection of the data y onto the vector span of the model basis (B)
via the projection matrix, ΠB, ŷ = Bc∗ = ΠB y.

ΠB = B
[
BTB

]−1
BT . (16)

In an unbiased model, the sum of the residuals ri = yi − ŷ(xi, c
∗) is zero.
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3.2 The orthogonal projections of three points onto a 2D linear basis

Fitting a function ŷ(x) = c0 + c1x to three data points (x1, y1), (x2, y2), (x3, y3) is an
orthogonal projection of (y1, y2, y3) onto a 2D basis of (1, 1, 1) and (x1, x2, x3). This can be
visualized as the projection of a line onto a plane.

In these figures the data points are:
(x1, y1) = (−1, 0.5), (x2, y2) = (1, 2.5) and (x3, y3) = (2,−1.5).
the basis matrix is

B =

 1 x1
1 x2
1 x3


and the projection matrix is

ΠB =

 0.928 0.214 −0.142
0.214 0.357 0.428

−0.142 0.428 0.714



1.0 0.5 0.0 0.5 1.0 1.5 2.0
x

2.5

2.0

1.5

1.0

0.5

0.0

0.5

y

(x1, y1)

(x2, y2)

(x3, y3)

(x1, y(x1))

(x2, y(x2))

(x3, y(x3))

r1

r2

r3

residual ri

data yi

fit y(x)

1

2
1
0

1
2

23 2 1 0 1 2

3

2.0
1.5
1.0
0.5

0.0
0.5
1.0
1.5
2.0b1

b2

y

yr

Figure 1. Example of linear least squares fitting as a projection. left: the three data points (xi, yi),
the curve fit, ŷ(x, c∗) and the residuals. right: least squares fitting of a model with two coefficients
(c0 and c1) to three data points as an orthogonal projection in 3D. The basis of the model is (b1, b2)
and the span of this basis is shown as a quadrilateral. The data vector is shown in red. It’s projection
onto (b1, b2) is shown in green. And the residual is shown in orange. The projection (the model
ŷ) lies in the plane (the vector space) spanned by the basis vectors b1 and b2. The data has errors
and does not lie in the basis. The orthogonal projection of the data onto the model minimizes the
Euclidean norm of the residuals r. The residual vector is a vector with N components that is normal
to the model basis in Rn and fills the N dimensional data space. So the residual vector is an N
dimension vector orthogonal to the basis. These figures were generated using 2D basis.py
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3.3 Residuals: standard error σr and measurement error covariance Vy

Consider the fitting of a quadratic polynomial through three data points. The three
data points (x1, y1), (x2, y2), (x3, y3) (with x1 ̸= x2 and x2 ̸= x3) fully determine the three
coefficients of the quadratic: ŷ(x) = c0 + c1x + c2x

2. Because the quadratic passes exactly
through these three points the residuals ri = yi − ŷ(xi; c∗) are all zero (i ∈ {1, 2, 3}) . If
a fourth point (x4, y4) is added without changing the coefficients c∗ the residual at that
point will generally be nonzero and the sum of the squared residuals becomes ∑ r2

i = (y4 −
ŷ(x4; c∗))2. So, in curve fitting problems, the residual vector has N − n unique components;
it lies in N − n dimensional vector space. The dimension of the vector space of residuals is
called the degrees of freedom ν of the fit and equals N − n

The unbiased estimate of the variance of the unweighted residuals is

σ2
r = 1

N − n
{y −Bc∗}T {y −Bc∗} . (17)

In the absence of any information on the variance of the measurement errors, Vy, c∗ can be
computed without weighting the residuals, i.e., using Vy = IN . If the resulting residuals are
uncorrelated Gaussian random variables with a mean of zero, this estimate of the variance
of the residuals can be interpreted as measurement error, Vy = σ2

rIN .

3.4 Coefficient error: covariance Vc∗ , correlation ρc∗ and standard errors σc∗

The model coefficients c∗ are a linear transformation of the data y, (14). So the
covariance matrix of the coefficients Vc∗ is a direct application of (6).

Vc∗ = [BTV −1
y B]−1BTV −1

y Vy V −1
y B[BTV −1

y B]−1

= [BTV −1
y B]−1[BTV −1

y B][BTV −1
y B]−1

= [BT V −1
y B]−1 . (18)

This covariance matrix is sometimes called the error propagation matrix, as it indicates
how random measurement errors in the data y, as described by Vy, propagate to the model
coefficients c∗. Correlations between the coefficients are:

ρc∗ = [diag(Vc∗)]−1/2 Vc∗ [diag(Vc∗)]−1/2

The standard error of the coefficients, σc∗ , is the square-root of the diagonal of the coefficient
covariance matrix. The standard error of the coefficients is used to determine confidence
intervals for the coefficients,

c∗ + tα/2 σc∗ < c ≤ c∗ + t1−α/2 σc∗ , (19)

where 1 − α is the desired confidence level, and t is the Student-t statistic. When the
number of measurement values is much larger than the number of estimated coefficients
(N − n > 100), use t = 1.96 for 95% confidence intervals and t = 1.645 for 90% confidence
intervals, otherwise the value of t also depends on the degrees of freedom, ν = (N − n).
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3.5 Model error: covariance Vŷ and standard error ŷ(x; c∗)

The model is a linear transformation of the coefficients ŷ = Bc∗. So, the covariance of
the model, Vŷ, is also a direct application of (6). Again applying equation (6),

Vŷ = B Vc∗ BT. (20)

Note that Vŷ is a rank-n, (N × N) matrix. Since n < N , Vŷ is not invertible. So, usually
only the diagonal of Vŷ is retained. The standard error of the fit, σŷ, is the square-root of
the diagonal of Vŷ, and is used to determine confidence intervals for the fit.

ŷ(x; c∗) + tα/2 σŷ < y ≤ ŷ(x; c∗) + t1−α/2 σŷ. (21)

Neither NumPy nor SciPy’s standard fitting tools provide confidence intervals for the the
fitted curve ŷ(x; c∗)

The variability in the fit is due to variability in the coefficients, Vc∗ , which, in turn is
due to variability in the data.

3.6 Prediction error: covariance Vŷp and standard error σŷp

The standard prediction uncertainty accounts for both the standard error of the fit and
the variability of the data.

Vŷp = Vŷ + Vy = BVc∗BT + Vy (22)

The standard prediction uncertainty, σŷp is the square-root of the diagonal of Vŷp. The
standard error of the fit σŷ depends on the coefficient covariance Vc∗ which decreases with
the amount of data, N . It is an epistemic uncertainty. The standard error of the data
itself is irreducible measurement randomness. It is an aleatory uncertainty. For the typical
case in which measurement errors are uncorrelated and have the same randomness for all
measurements (Vy = σ2

yIN), combined with the hopeful case that the fit model “adequately”
represents the underlying latent model (σr = σy), and combining (16), (17), (18) and (20) into
the sum of the epistemic uncertainty and the aleatory randomness gives a simple expression
for the total prediction uncertainty σŷp

σ2
ŷp = σ2

r [ diag (ΠB) + IN ] (23)

where the (N ×N) projection matrix ΠB relates the data y to the model, ŷ = ΠB · y.

Prediction uncertainty is always larger than
the intrinsic and irreducible randomness of observations.
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3.7 Maximum likelihood estimation and least squares estimation

The probability of obtaining the sample of data that was actually measured (y1, ...yN)
for any given model Bc is called the likelihood of the data for the certain model Bc. It is de-
fined as the probability of the residual values (10) (r1, ..., rN) in a joint Gaussian distribution
of (assumed) zero mean and covariance Vr. For a given (certain) model Bc, the covariance
Vr of the residuals (y −Bc) is the same as the covariance of the data Vy.

L(r) = fR1,...,RN
(r1, ..., rN ; c1, ...cn) = 1√

|2πVy|
exp

(
−1

2r
TV −1

y r
)

= 1√
|2πVy|

exp
(

−1
2 {y −Bc}T V −1

y {y −Bc}
)

= 1√
|2πVy|

exp
(

−1
2χ

2(c)
)
. (24)

Maximizing the likelihood of observing the data y1, ..., yN over the set of model coefficients
c1, ..., cn, is equivalent to minimizing the chi-squared objective (12) over the set of model
coefficients.

χ2(c) = {y −Bc}T V −1
y {y −Bc},

So, assuming the residuals are normally distributed and if the generalized least squares
problem was fit using the covariance of the measurements (or by setting Vy = σrIN for any
σr), the least squares estimate c∗ is also a maximum likelihood estimate.

Further, if the residuals are uncorrelated, then the maximum likelihood of the residuals
(r1, ...rN) of the (fit) model Bc∗ is

L(c∗) = fR1,...RN
(r1, ..., rN ; c∗

1, ..., c
∗
n) =

N∏
j=1

fRj
(rj; c∗

1, ...c
∗
n)

and the maximum log-likelihood for normally-distributed and uncorrelated residuals is

ln L(c∗) =
N∑

j=1
ln fRj

(rj; c∗) = −1
2 ln (2π|diag(Vr)|) − 1

2 χ2(c∗
1, ..., c

∗
n) (25)
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3.8 Goodness of fit criteria, σr, R2, ρy,ŷ, AIC and BIC

The standard error of the residuals, σr, shows how close a given model can be to the
data. If the model is overly complex, it may be overly influenced by noise in the data. So,
smaller values of σr are not necessarily better.

The R2 goodness-of-fit criterion compares the variability in the measurements not
explained by the model to the total variability in the measurements.

R2 = 1 −
∑[yi − ŷ(xi; c∗]2∑[yi − ȳ]2 , (26)

where ȳ is the average value of the measured data values. The R2 criterion is the ratio of
the variability in the data that is not explained by the model to the total variability in the
data. A value of R2 = 0 means that the model does not explain the measurement variability
any better than the mean measurement value; a negative value of R2 means that the model
explains the measurement variability worse than the mean measurement value, and a value
of R2 = 1 means that all of the variability in the data is fully explained by the model, i.e.,
there is no unexplained measurement variability.

The Pearson correlation coefficient ρy,ŷ, between the data (y1, ..., yN) and the model
(ŷ(xi; c∗), ..., ŷ(xN ; c∗) is also a useful goodness of fit criterion.

The Akaike Information Criterion (AIC) and Bayesian Information Criterion (BIC)
indicate a balance between the χ2 error criterion, the amount of data N , and the complexity
of the model n. For a model with n coefficients and normally distributed and uncorrelated
residuals,

AIC(N, n) = −2 ln L(c∗) + 2 n = ln (2π |diag(Vr)|) + χ2(c∗) + 2 n (27)
BIC(N, n) = −2 ln L(c∗) + n ln(N) = ln (2π |diag(Vr)|) + χ2(c∗) + n ln(N) (28)

Residuals of the model with the lowest AIC or BIC are closest to the irreducible randomness,
and thus this model is closest to the latent model. Confidence intervals of models with a larger
AIC are larger overall. Models with larger AIC values can be especially poor at extrapolating
data. The similar Bayesian Information Criterion penalizes complexity n more heavily for
larger sample sizes N .
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4 Implementation: poly fit.py

A power-polynomial model

ŷ(x; c) =
n−1∑
k=0

ck x
pk (29)

has coefficients ck and basis functions xpk where the exponents (powers) pk of each term
are user-selected and may be any real number, not just postive integers. Fitting such
polynomial models to data points (xi, yi), i = 1, . . . , N is carried out in the .py-function
multivarious.fit.poly fit.py from the multivarious GitHub repository.

1 """
2 poly_fit .py - General Purpose Polynomial Curve Fitting with Error Analysis
3
4 Fit a power - polynomial y_fit (x;a) to data pairs (x,y) where :
5 y_fit (x;a) = SUM_i a_i * xˆp_i
6
7 Minimizes the Chi - square error criterion with optional regularization .
8 Provides comprehensive error analysis including parameter uncertainties ,
9 confidence intervals , correlation matrix , and information criteria .

10
11 Reference :
12 H.P. Gavin , " Fitting Models to Data : Generalized Linear Least Squares
13 and Error Analysis "
14 https :// people . duke . edu /˜ hpgavin / SystemID / CouresNotes / linear -least - sqaures . pdf
15 """
16
17 import numpy as np
18 import matplotlib . pyplot as plt
19 from scipy . stats import norm as scipy_normal
20 from multivarious .utl. plot_ECDF_ci import plot_ECDF_ci
21
22
23 def poly_fit (x, y, p, fig_no =0, Sy=None , rof=None , b =0.0) :
24 """
25 Fit a power - polynomial to data with comprehensive error analysis .
26
27 Fits : y_fit (x;c) = SUM_i c_i * xˆ p_i
28
29 Minimizes Chi - square criterion :
30 X2 = SUM_k [( y_fit ( x_k;c) - y_k )ˆ2 / Sy_k ˆ2]
31
32 Parameters
33 ----------
34 x : array_like , shape (N ,)
35 Known vector of independent variables
36 y : array_like , shape (N ,)
37 Measured vector of dependent variables
38 p : array_like , shape (n ,)
39 Vector of real powers (xˆp) for each polynomial term
40 fig_no : int , optional
41 Figure number for plotting . Use 0 to suppress plotting ( default : 0)
42 Sy : float or array_like , optional
43 Measurement errors for each value of y.
44 Scalar or shape (N ,) ( default : 1.0)
45 rof : array_like , shape (2 ,) , optional
46 Range of fit [x_min , x_max ] ( default : [min (x), max (x)])
47 b : float , optional
48 Regularization constant ( default : 0.0)
49
50 Returns
51 -------
52 c : ndarray , shape (n ,)
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53 Values of polynomial coefficients
54 x_fit : ndarray , shape (100 ,)
55 Values of x within range of fit
56 y_fit : ndarray , shape (100 ,)
57 Polynomial evaluated at x_fit
58 Sc : ndarray , shape (n ,)
59 Standard errors of polynomial coefficients
60 Sy_fit : ndarray , shape (100 ,)
61 Standard errors of the curve fit
62 Rc : ndarray , shape (n, n)
63 Parameter correlation matrix
64 R2 : float
65 R- squared error criterion
66 Sr : float
67 Standard error of unweighted residuals
68 AIC : float
69 Akaike Information Criterion
70 BIC : float
71 Bayesian Information Criterion
72 condNo : float
73 Condition number of regularized system matrix
74 """
75 # Inverse measurement error covariance matrix
76 ISy = np.diag (1.0 / (Sy **2))
77
78 # Build basis matrices
79 B = np. zeros ((Nd , Np))
80 B_fit = np. zeros ((Nf , Np))
81
82 for i in range (Np):
83 B[:, i] = x ** p[i] # Model basis vectors for data
84 B_fit [:, i] = x_fit ** p[i] # Model basis vectors for fit
85
86 # Condition number
87 condNo = np. linalg .cond(B.T @ ISy @ B + b * np.eye(Np))
88
89 # Least squares parameters
90 c = np. linalg . solve (B.T @ ISy @ B + b * np.eye(Np), B.T @ ISy @ y)
91
92 # Least squares fit
93 y_fit = B_fit @ c
94
95 # Unbiased variance of unweighted residuals
96 Vr = np.sum ((y - B @ c)**2) / (Nd -Np)
97
98 # Measurement error covariance
99 if compute_Vr :

100 invVy = np.eye(Nd) / Vr # Computed from residuals
101 else :
102 invVy = ISy # Provided by user
103 # Parameter covariance matrix
104 Vc = np. linalg .inv(B.T @ invVy @ B + b * np.eye(Np))
105 # Regularized least squares adjustment
106 if b != 0:
107 Vy = np. linalg .inv(ISy)
108 Vc = Vc @ (B.T @ ISy @ Vy @ ISy @ B) @ Vc
109 # Standard errors of parameters
110 Sc = np.sqrt(np.diag(Vc))
111 # Parameter cross - correlation matrix
112 Rc = Vc / np. outer (Sc , Sc)
113 # Standard error of the fit
114 Sy_fit = np.sqrt(np.diag( B_fit @ Vc @ B_fit .T))
115 # R- squared ( coefficient of determination )
116 R2 = 1 - np.sum ((y - B @ c)**2) / np.sum ((y - np.mean(y))**2)
117 # Akaike and Bayesian Information Criteria
118 AIC = np.log (2 * np.pi * Nd * Vr) + (B @ c - y).T @ invVy @ (B @ c - y) + 2 * Np
119 BIC = np.log (2 * np.pi * Nd * Vr) + (B @ c - y).T @ invVy @ (B @ c - y) + Np* np.log(Nd)
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5 Example

A polynomial model

ŷ(x; c) =
n−1∑
k=0

ck x
pk

is fit to the data shown in Figures 1 and 2, using poly fit.py A polynomial using exponents
of 0, 1, 2, 3 and 4, i.e., p0 = 0, p1 = 1, ... p4 = 4 and,

ŷ(x; c) = c0 + c1x+ c2x
2 + c3x

3 + c4x
4

results in the fit shown in Figure 2, and the coefficient values and statistics shown below.
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Data y vs Model y(x; c * ) (Correlation)

Figure 2. Example of linear least squares fitting, with exponents of 0, 1, 2, 3 and 4

p c +/- dc (percent)
-----------------------------------------------------------------

c[ 0] = -1.004e+00 +/- 6.397e-02 ( 6.37 %)
c[ 1] = -4.800e-03 +/- 1.442e-01 (3004.03 %) < insignificant and uncertain
c[ 2] = 6.506e+00 +/- 3.826e-01 ( 5.88 %)
c[ 3] = 1.095e+00 +/- 2.098e-01 ( 19.15 %)
c[ 4] = -5.347e+00 +/- 4.079e-01 ( 7.63 %)

Given the model statistics Vc∗ , Vŷ and σc∗ (dc in the table above) the model terms
(model basis functions) may be assessed for their significance and certainty.

Eliminating model terms with insignificant and uncertain coefficient values (e.g., having
a coefficient of variation (|σc∗/c∗|) greater than 1.0) reduces the order of the model as well
as the variance of the residuals and the variance of the model Vŷ.
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Eliminating the small and uncertain x1 term from the curvefit polynomial, so that the
fit equation changes to:

ŷ(x; c) = c0 + c1x
2 + c2x

3 + c3x
4

results in a residual standard deviation (0.2) which is close to the value used in simulation
(0.20), and an R2 value (0.96) and confidence intervals on the fit that match the five-term
model. Eliminating the uncertain x1 term improves the AIC from 46.23 to 45.21 and de-
creases the uncertainty of the x3 term coefficient from 19% to 8%. Removing insignificant
and uncertain terms improves the accuracy and precision of the coefficients.

The confidence intervals are not uniform across the fitting domain and increase outside
of the range of data, x < −1 and x > +1.

1.0 0.5 0.0 0.5 1.0
x

1.0

0.5

0.0

0.5

1.0

1.5

da
ta

 y 
  a

nd
   

m
od

el 
y(

x;
c* )

Polynomial Fit with Confidence Intervals
99% c.i.
90% c.i.
data y
model y(x)

1.0 0.5 0.0 0.5 1.0 1.5
model   y(x; c * )

1.0

0.5

0.0

0.5

1.0

1.5

da
ta

   
y

N = 40 data points
n = 4 coefficients
cond # = 318.9

r = 0.212
R2 = 0.945
AIC = 45.43
BIC = 52.18

Data y vs Model y(x; c * ) (Correlation)

Figure 3. Example of linear least squares fitting, with exponents of 0, 2, 3 and 4

p c +/- dc (percent)
-----------------------------------------------------------------

c[ 0] = -1.004e+00 +/- 6.305e-02 ( 6.28 %)
c[ 2] = 6.506e+00 +/- 3.771e-01 ( 5.80 %)
c[ 3] = 1.089e+00 +/- 8.252e-02 ( 7.58 %)
c[ 4] = -5.347e+00 +/- 4.020e-01 ( 7.52 %)

The improvement in the model certainty, |σc∗/c∗|, is evident. The small changes in σr

and R2 by themselves would not warrant dropping the x1 term.

The Python code used to produce these examples (just a dozen lines on the next page)
reveals (on line 17) the latent model, ỹ(x) = − cos(4x) + x3 exp(−x/3), which has a Taylor
series of −1 +8x2 +x3 − 11x4 + · · · which has no x term! The first few terms of this fit agree
with the corresponding Taylor series coefficients within two or three times σc∗

k
.

cbnd H.P. Gavin February 18, 2026

http://creativecommons.org/licenses/by-nc-nd/4.0/


16 Duke University – Spring 2026 – H.P. Gavin

1 import numpy as np
2 import matplotlib . pyplot as plt
3 from multivarious .fit import poly_fit
4 import time
5
6 # Generate test data
7 rng = np. random . default_rng (42) # the same seed each time
8 rng = np. random . default_rng (( int)(time.time () *100000) ) # different seed each time
9 x_l = -1 # Lower end of the fit domain

10 x_h = 1 # Upper end of the fit domain
11 Nd = 40 # Number of data points
12
13 x = np. linspace (x_l , x_h , Nd) # the independent data points from x_l to x_h
14
15 measurement_error = 0.20 # the level of simulated measurement error
16 # simulate the measured data with a latent model plus the measurement error
17 y = -np.cos (4*x) + x**3 * np.exp(-x/3) + measurement_error * rng. standard_normal (Nd)
18
19 p1 = [ 0, 1, 2, 3, 4 ] # the powers of the polynomial terms
20 # ... run poly_fit () to do the fit! ...
21 c1 , x_fit1 , y_fit1 , Sc1 , Sy_fit1 , Rc1 , R2_1 , Vr1 , AIC1 , BIC1 , cond1 = \
22 poly_fit (x, y, p1 , fig_no =10)

6 What could possibly go wrong?

In fitting a model to data we hope for precise estimates of the model coefficients, i.e.,
coefficient estimates that are relatively unaffected by inherent measurement randomness.
The precision of the model coefficients is quantified by the coefficient covariance matrix,
from which the standard error of the model coefficients are computed. Large coefficient
covariance can result from noisy measurements, a poorly conditioned basis for the model, or
both. If two or more vectors that form the columns of B (the basis of the model) are nearly
linearly dependent then the estimates of the coefficients corresponding to those columns of
B will be significantly affected by noise in the data, and those coefficients will have broad
confidence intervals.

These concepts are addressed in more detail in following sections, which describe four
methods to obtain tighter confidence intervals in the model coefficients: scaling, orthogonal
polynomials, regularization, and singular value decomposition.
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7 Scaling to Improve Conditioning

Consider fitting an n degree polynomial to data over an interval [α, β]. This typically
involves finding the pseudo-inverse of a Vandermonde matrix of the form

B =



1 α α2 . . . αn

1 α + h (α + h)2 . . . (α + h)n

1 α + 2h (α + 2h)2 . . . (α + 2h)n

... ... ... ...
1 β − 2h (β − 2h)2 . . . (β − 2h)n

1 β − h (β − h)2 . . . (β − h)n

1 β β2 . . . βn


(30)

where the independent variable is uniformly sampled with a sample interval of h. The
following table indicates the condition number of [BTB] for various polynomial degrees and
fitting intervals.

n det([BTB]) det([BTB])
α = 0, β = 1 α = −1, β = 1

2 102 104

4 10−2 103

6 10−11 102

8 10−24 10−2

This table illustrates that the conditioning of the Vandermonde matrix for polynomial fitting
depends upon the interval over which the data is to be fit. To explore this idea further, con-
sider the Vandermonde matrix for power polynomial curve-fitting over the domain [−L,L].
The condition number of B for various polynomial degrees (n) and intervals, L is shown in
the figure 4. This figure illustrates that the interval that minimizes the condition number
of B depends upon the polynomial degree n. The minimum condition number is plotted
with respect to the polynomial degree in figure 5, along with a curve-fit. To minimize the
condition number of the Vandermonde matrix for curve-fitting a n-th degree polynomial,
the curve-fit should be carried out over the domain [−L,L], where L = 1.14 + 0.62/n. So, if
we change variables before doing the curve-fit to an interval [−L,L] then our results will be
more accurate, i.e., less susceptible to the errors of finite precision calculations.

Consider two related polynomials for the same function

ŷ(x; c) =
n∑

k=0
ckx

k a ≤ x ≤ b (31)

ŷ(u; b) =
n∑

k=0
bku

k − L ≤ u ≤ L (32)
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Figure 4. Condition number of Vandermonde matrices for power polynomials.
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with the linear mappings

x = 1
2(α + β) + 1

2(α− β)u
L

(33)

u = 2L
α− β

x+ α + β

β − α
L = qx+ r, (34)

then
y =

n∑
k=1

bk(qx+ r)k − L ≤ x ≤ L (35)

Solving the least squares problem for the coefficients bk is more accurate than solving the
least squares problem for the coefficients ck. Then, given a set of coefficients bk, along with
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α and β, the coefficients ck are recovered from

ck =
n∑

j=k

bj

∏k+1
i=0 (j − i)
(j − k)!

( 2L
a− b

)k
(
L
a+ b

b− a

)j−k

(36)

8 Scaling Randomly Distributed Multivariate Data

Consider fitting a function ŷ to p observations of multivariate data (xi, yi), (i = 1, ..., p)
where, in general, xi and yi are row-vectors of dimension q and r respectively, and are jointly
distributed with a joint CDF FXY ([x, y]). Each observation (xi, yi) may be transformed
to the interval (0:1) through the joint distribution function ui = FXY ([xi, yi]) and may be
transformed to uncorrelated standard normal variables through the inverse standard normal
distribution function

zi = Φ−1[FXY ([xi, yi])] , (37)

where ui and zi have dimension p+ q.

For example, if the multivariate data x and y are presumed to be correlated and log-
normally distributed, they may be scaled into decorrelated standard normal variables z as
follows:

1. Estimate the meanmxy and covariance Vxy of the log-transformed variables, log10([x, y])

mxy = 1
p

p∑
i=1

log10([xi, yi])

Vxy = 1
p− 1

p∑
i=1

[log10(xi, yi]) −mxy]T [log10([xi, yi]) −mxy])

2. Compute a decomposition of the covariance matrix Vxy.

Vxy = BBT

3. Decorrelate the log-transformed data

zi = [log10([xi, yi])]B−T

4. Fit a multivariate model [ẑq+1, ..., ẑq+r] as a function of [z1, ..., zq].

5. Transform [ẑq+1, ..., ẑq+r] back to ŷ

ŷ = exp10

(
[z1, ..., zq, ẑq+1, ..., ẑq+r] B̂T + m̂xy

)
where exp10(z) = 10z, B̂ is rows q+ 1 to q+ r (the last r rows) of B, and m̂xy contains
the last r elements of mxy.
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9 Chauvenet’s Criterion for Anomalous Data (1891)

Sample averages are sensitive to anomalous data. Removing anomalous data can im-
prove the estimate of a population average. Chauvenet’s criterion is a means to classify data
as anomalous and provides support for decisions to remove anomalous data from a sample.

Assuming normally distributed observations, the probability of a single observation
falling outside of the range xavg ± xi is approximately

P [ |X − xavg| ≥ |xi − µX | ] ≈ 2 Φ
(

−|xi − xavg|
xsd

)
(38)

If independent observations are repeated N times, the probability of an outlier (one or more)
is 1−(1 − 2 Φ (−|xi − xavg|/xsd))N (via the binomial distribution). According to Chauvenet’s
criterion, a data point xi may be removed from the sample if its probability of occurrence is
less than 50 percent. For example, if in a sample of 100 independent normally distributed
measurements, a value, xi, is (3)(xsd) from the sample average, xavg, then the probability of
occurrence of one or more of these observations is 1− (1 − 2 Φ (−3))100 = 24 percent, it may
be removed from the sample.

Chauvenet’s criterion may therefore be expressed by the condition that for subset of
Na observations x̃ out of a sample of N observations x,

|x̃i − xavg|
xsd

> −Φ−1
(1

2
(
1 − (1 − 0.5)1/N

))
≈ 0.8 + 0.4 ln(N) x̃i ∈ x̃ i = 1, 2, ...Na (39)

then the observations x̃ may be removed from the sample.

Here are a few values of −Φ−1
(

1
2

(
1 − (1 − 0.5)1/N

))
for different sample sizes.

sample size N 1 2 5 10 20 50 100 200 500
−Φ−1

(
1
2

(
1 − (1 − 0.5)1/N

))
0.67 1.05 1.51 1.83 2.12 2.46 2.70 2.92 3.12

If N is large, outlying data must be far from the mean of the distribution in order to
be considered anomalous. After removing anomalous data, the sample average will almost
surely be a better estimate of the population mean. One may apply Chauvenet’s criterion
only once to a sample.

Example

A sample of ten values (N = 10) from a normal distribution with mean µX = 1 and σX = 0.1
is: { 1.0173 1.0125 0.9315 0.9457 1.1056 0.9652 0.9935 0.8432 1.0720 1.0167 }. The sample average
is xavg = 0.9903, about 1 percent less than the population mean. The sample standard
deviation is xsd = 0.0742. For N = 10 the Chauvenet Criterion is 1.83. The standardized
absolute difference between the the sample’s eighth observation and the sample average is
|x8 − xavg|/xsd = 1.983 which is greater than the criterion value of 1.83. Classifying x8 as
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“anomalous” it may be removed from the sample. After removing x8 from the sample, the
sample average is 1.0067, which is about half a percent greater than the population mean.

Would you expect the distribution of the averages of samples of normally distributed
data without anomalous observations to have a standard deviation of σX/

√
N −Na (where

N −Na is the sample size of data without anomalous values)? Why?

10 Orthogonal Polynomial Bases

The previous section shows that the ill-conditioned bases of high-order power polyno-
mials can be partially improved by mapping the domain to [−1 : 1].

If conditioning remains a problem after mapping the domain, the power polynomial
basis can be replaced with a basis of orthogonal polynomials, for which [BTWB] is diagonal
for certain diagonal matrices W that are determined from the selected basis of orthogonal
polynomials.

A set of functions, fi(x), i = 0, · · · , n, is orthogonal with respect to some weighting
function, w(x) in an interval α ≤ x ≤ β if

∫ β

α
fi(x) w(x) fj(x) dx =

{
0 i ̸= j
Pi > 0 i = j

(40)

Furthermore, a set of functions is orthonormal if Pi = 1. Division by
√
Pi normalizes the set

of orthogonal functions, fi(x). For example, the sine and cosine functions are orthogonal.∫ π

−π
cosmx sinnx dx = 0 ∀ m,n (41)

∫ π

−π
cosmx cosnx dx =


2π m = n = 0
π m = n ̸= 0
0 m ̸= n

(42)

∫ π

−π
sinmx sinnx dx =


2π m = n = 0
π m = n ̸= 0
0 m ̸= n

(43)

An orthogonal polynomial, fn(x) (of degree n) has n real distinct roots within the domain
of orthogonality. The n roots of fn(x) are separated by the n − 1 roots of fn−1(x). All
orthogonal polynomials satisfy a recursion relationship

Ak+1fk+1(x) = Bk+1 x fk(x) + Ck+1fk(x) +Dk+1fk−1(x), k ≥ 1 (44)

which is often useful in generating numerical values for the polynomial basis.
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10.1 Examples of Orthogonal Polynomials

10.1.1 Legendre polynomials

The set of Legendre polynomials, Pk(x), solve the ordinary differential equation[
(1 − x2)P ′

k(x)
]′

+ k(k − 1)Pk(x) = 0

and arises in solution to Laplace’s equations in spherical coordinates. They are orthogonal
over the domain [−1, 1] with respect to a unit weight.

∫ 1

−1
PN(x) Pn(x) dx =

{ 2
2n+1 m = n

0 m ̸= n
(45)

The recursion relationship is

(k + 1)Pk+1(x) = (2k + 1)xPk(x) + kPk−1(x) = 0, (46)

with P0(x) = 1, P1(x) = x, and P2(x) = (3/2)x2 − 1/2.
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Figure 6. Legendre polynomials
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10.1.2 Hermite functions

The set of Hermite functions, ψk(x), solve the Schrodinger equation
ψ′′

k(x) + (2k + 1 − x2) ψk(x) = 0
They are orthogonal over the domain [−∞,∞] with respect to a unit weight.∫ ∞

−∞
ψm(x)ψn(x) dx =

{
1 m = n
0 m ̸= n

(47)

The recursion relationship is√
k + 1

2 ψk+1(x) = −x ψk(x) +
√
k

2 ψk−1(x) (48)

with ψ0(x) = π−1/4 e−x2/2,
ψ1(x) =

√
2π−1/4 x e−x2/2

ψ2(x) =
(√

2π−1/4
)−1

(2x2 − 1) e−x2/2
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Figure 7. Hermite functions are orthogonal to a unit weight over the domain [−∞, ∞].

Adding (often-necessary) constant and linear terms that taper off at the edge of the domain,

ψ∗
0(x) = exp

[
−
(

x

n+ 2

)6n
]

ψ∗
1(x) = x

n+ 2 exp
[
−
(

x

n+ 2

)6n
]

where n is the highest order of the expansion, and ψ∗
k+2(x) = ψk(x)
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10.1.3 Forsythe polynomials

Forsythe polynomials, Fk(x) are orthogonal over an arbitrary domain [α, β] with respect
to an arbitrary weight, w(x). Weights used in curve-fitting are typically the magnitude
square of the data or the inverse of the measurement error of each data point. The recursive
generation of Forsythe polynomials is similar to Graham-Schmidt orthogonalization.

F0(x) = 1 (49)
F1(x) = xF0(x) − C1F0(x) = x− C1 (50)

Applying the orthogonality condition to F0(x) and F1(x),∫ β

α
F0(x) w(x) F1(x) dx = 0 (51)

leads to the condition ∫ β

α
x w(x) dx = C1

∫ β

α
w(x) dx. (52)

Higher degree polynomials are found by substituting the recursion relationship

Fk+1(x) = xFk(x) − Ck+1Fk(x) −Dk+1Fk−1(x). (53)

into the orthogonality condition∫ β

α
Fk+1(x) w(x) Fk(x) dx = 0 (54)

and solving for Ck+1 and Dk+1 to obtain

Ck+1 =

∫ β

α
x w(x) F 2

k (x) dx∫ β

α
w(x) F 2

k (x) dx
(55)

Dk+1 =

∫ β

α
x w(x) Fk(x) Fk−1 dx∫ β

α
w(x) F 2

k−1(x) dx
(56)
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Figure 8. Forsythe polynomials on [−1, 1] orthogonal to w(x) = (0.2x2)/((x2 − 0.25)2 + 0.2x2)
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Figure 9. Chebyshev polynomials
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10.1.4 Chebyshev polynomials

Chebyshev polynomials Tk(x) are defined by the trigonometric expression

Tk(x) = cos(k arccosx), (57)

solve of the ordinary differential equation,

(1 − x2)T ′′
k (x) − xT ′

k(x) + k2Tk(x) = 0 ,

and are orthogonal with respect to w(x) = (1 − x2)−1/2 over the domain [−1, 1].

∫ 1

−1
Tm(x) 1√

1 − x2
Tn(x) dx =


π m = n = 0
π
2 m = n ̸= 0
0 m ̸= n

(58)

The discrete form of the orthogonality condition for Chebyshev polynomials a special def-
inition because the weighting function for Chebyshev polynomials is not defined at the
end-points. Given the P real roots of Tp(x), tp, p = 1, · · ·P , the discrete orthogonality
relationship for Chebyshev polynomials is

P∑
p=1

Tm(tp) Tn(tp) =


P m = n = 0
P
2 m = n ̸= 0
0 m ̸= n

(59)

where
tp = cos

(
π
p− 1/2
P

)
for p = 1, · · · , P

Note that the discrete orthogonality relationship, equation (59) is exact, and is not a
trapezoidal-rule approximation to the continuous orthogonality relationship, equation (58).

The recursion relationship for Chebyshev polynomials is simply

Tk+1(x) = 2xTk(x) + Tk−1(x). (60)

Chebyshev polynomials are often associated with an “equine-ripple” or “mini-max” property.
If an approximation f̂(x) ≈ ∑N

k=0 ckTk(x) has an error e = y(x) − ŷ(x) that is dominated
by TN+1(x), then the maximum of the approximation error is roughly minimized. This
desirable feature indicates that the error is approximately uniform over the domain of the
approximation; that the magnitude of the error is no worse in one part of the domain than
in another part of the domain.
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10.2 The Application of Orthogonal Polynomials to Curve-Fitting

The benefit of curve-fitting in a basis of orthogonal polynomials is that the normal
equations are diagonalized, that the model coefficients may be computed directly, without
consideration of ill-conditioned systems of equations or numerical linear algebra, and that
the coefficient errors are uncorrelated.

The cost of curve-fitting in a basis of orthogonal polynomials is that the basis must
be constructed in a way that preserves the discrete orthogonality conditions. For Legendre
polynomials the values of the independent variables must be uniformly spaced and mapped
to the interval [−1 : 1], For Chebyshev polynomials the values of the independent variables
must be the roots of a high-order Chebyshev polynomial. In both of these bases the data
y must be interpolated to the specified values of the independent variables. For a Forsythe
basis, the data need not be mapped or interpolated.

Consider Chebyshev approximation in which the mapping and interpolation steps have
already been carried out.

ep = yp − ŷ(tp; c) = yp −
n∑

k=0
ckTk(tp) (61)

which may be written for all N data points,

e1
e2
...
eP

 =


y1
y2
...
yP

−


1 T1(t1) T2(t1) · · · Tn(t1)
1 T1(t2) T2(t2) · · · Tn(t2)
... ... ... . . . ...
1 T1(tP ) T2(tP ) · · · Tn(tP )





c0
c1
c2
...
cn

 , (62)

or e = y−Tc. Values tp are roots of a high order Chebyshev polynomial and the set of data
points ((x1, y1), ..., (xN , yN)) have been mapped and interpolated to points ((t1, y(t1)), ..., (tP , y(tP )).

Minimizing the quadratic objective function J = ∑
e2

p leads to the normal equations

c∗ = [TTT ]−1TTy, (63)

where [TTT ] is diagonal as per the discrete orthogonality relation, equation (59)

[TTT ] =



∑
T1(tp)T1(tp) ∑

T1(tp)T2(tp) ∑
T1(tp)T3(tp) · · · ∑

T1(tp)Tn(tp)∑
T2(tp)T2(tp) ∑

T2(tp)T3(tp) · · · ∑
T2(tp)Tn(tp)∑

T3(tp)T3(tp) · · · ∑
T3(tp)Tn(tp)

sym . . . ...∑
Tn(tp)Tn(tp)



=



P 0 0 · · · 0
0 P/2 0 · · · 0
0 0 P/2 · · · 0
... ... ... . . . ...
0 0 0 · · · P/2

 (64)
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The discrete orthogonality of Chebyshev polynomials is exact to within machine precision,
regardless of the number of terms in the summation. Because [TTT ] may be inverted ana-
lytically, the curve-fit coefficients may be computed directly from

c∗
0 = 1

P

P∑
p=1

y(tp) (65)

c∗
k = 2

P

P∑
p=1

Tk(tp)y(tp), for k > 0 (66)

Also, note that Tk(tp) = cos(kπ(p − 1/2)/P ). The cost of the simplicity of the closed-form
expression for ck using the Chebyshev polynomial basis is the need to map the independent
variables, x to the Chebyshev interpolation points, tp, within the interval [−1, 1], and to
interpolate the data, y, to these interpolation points.

Coefficients estimated in an orthogonal polynomial basis have a diagonal covariance
matrix. As per equations (64) asymptotic standard errors of the coefficients are uncorrelated.
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11 l2 regularization
The goal of regularization is to modify the normal equations [BTB]c = BTy in order to

significantly improve its condition number while leaving the solution c relatively unchanged.

In l2regularization the least-squares error criterion is augmented with a quadratic term
involving the coefficients. The effect of l2 regularization is to estimate model coefficients
while also keeping the model coefficients near zero, or near some other set of values. Doing
so improves the conditioning of the normal equations. Other terms for l2 regularization are
Tikhonov regularization and ridge regression.

Consider the over-determined system of linear equations y = Bc where y ∈ RN and
a ∈ Rn, and N > n. We seek the solution c that minimizes the quadratic objective function

χ2
A(c) = ||y −Bc||2P + β||c− c̄||2Q, (67)

where the quadratic vector norm is defined as ||x||2P = xTPx, in which the weighting matrix
P is positive definite, and the l2 regularization factor β is non-negative. The subscript A
denotes that the χ2 criteria is Augmented with a penalty function. If the vector y is obtained
through imprecise measurements, and the measurements of each element of yi are statistically
independent, then P is typically a diagonal matrix in which each diagonal element Pii is the
inverse of the variance of the measurement error of yi, Pii = 1/σ2

yi
. If the errors in yi are

not statistically independent, then P should be the inverse of the covariance matrix Vy of
the vector of measurements y, P = V −1

y . The positive definite matrix Q and the reference
coefficient vector c̄ reflect the way in which we would like to constrain the coefficients. For
example, we may simply want the solution, c to be near some reference point, c̄, in which
case Q = In. Alternatively, we may wish some linear function of the coefficients LQa to be
minimized, in which case Q = LT

QLQ and c̄ = 0. Expanding the quadratic objective function,

χ2
A(c) = yTPy − 2cTBTPy + cTBTPBc+ βcTQa− 2βcTQc̄+ βc̄TQc̄. (68)

The objective function is minimized by setting the first partial of χ2
A(c) with respect to c

equal to zero, (
∂χ2

A(c)
∂c

)T

= −2BTPy + 2BTPBc2 + βQc− 2βQc̄ = 0n×1, (69)

and solving for the coefficient estimates c∗,

c∗
(β) = [BTPB + βQ]−1(BTPy + βQc̄). (70)

The meaning of the notation c∗
(β) is that the solution c depends upon the value of the

regularization factor, β. The regularization factor weights the relative importance of
||y−Bc||2P and ||c− c̄||2Q. For problems in which B or BTPB are ill-conditioned, small values
of β (i.e., small compared to the average of the diagonal elements of BTPB) can significantly
improve the conditioning of the problem.

If the measurement errors of yi are not individually known, then it is common to set
P = In. Likewise, if the n coefficient differences c − c̄ are all equally important, then it is
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customary to set Q = In. Finally, if we have no set of reference coefficients c̄, then it is
common to set c̄ = 0. With these simplifications, the solution is given by

c∗
(β) = [BTB + βIn]−1BTy,

which may be written c∗
(β) = B+

(β)y, where B+
(β) is called the regularized pseudo-inverse. In

the more general case, in which P ̸= In and Q ̸= In, but c̄ = 0n×1,

B+
(β) = [BTPB + βQ]−1BTP. (71)

The dimension of B+
(β) is n × N . In a later section we will see that if LQ is inevitable then

we can always scale and shift B, y, and c with no loss of generality.

11.1 Error Analysis of l2 regularization

We are interested in determining the covariance matrix of the solution c∗
(β).

Vc∗(β) =
[
∂c∗

(β)

∂y

]
Vy

[
∂c∗

(β)

∂y

]T

= B+
(β)VyB

+T
(β)

= [BTPB + βQ]−1BTPVyPB[BTPB + βQ]−1

= [BTPB + βQ]−1BTPB[BTPB + βQ]−1, (72)

where we use P = V −1
y . This covariance matrix is sometimes called the error propagation

matrix, as it indicates how random errors in y propagate to the estimates c∗. Note that in
the special case of no regularization (β = 0),

Vc∗(0) = [BTPB]−1, (73)

and that the coefficient covariance matrix with regularization is always smaller than that
without regularization.

In addition to having propagation errors, the estimate c∗
(β) is biased by the regulariza-

tion factor. Let us presume that we know y exactly, and that the exact value of y is ye. The
exact solution, without regularization, is ce = [BTPB]−1BTPye. The regularization error,
δc(β) = c∗

(β) − ce (for c̄ = 0), is

δc(β) = [B+
(β) −B+

(0)]ye

= [[BTPB + βQ]−1BTP − [BTPB]−1BTP ]ye

= [[BTPB + βQ]−1 − [BTPB]−1]BTPye. (74)

Recall that ce = [BTPB]−1BTPye, or BTPBce = BTPye, so

δc(β) = [[BTPB + βQ]−1 − [BTPB]−1]BTPBce

= [[BTPB + βQ]−1BTPB − In]ce

= [BTPB + βQ]−1[BTPB + βQ− βQ]ce − Ince

= [BTPB + βQ]−1[BTPB + βQ]ce − [BTPB + βQ]−1βQce − Ince

= −[BTPB + βQ]−1Qβce. (75)
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The regularization error δc(β) equals zero if β = 0 and increases with β.

The total mean squared error matrix, E(β) is the sum of the coefficient covariance
matrix and the regularization bias error, E(β) = Vc∗(β) + δc(β)δc

T
(β). The mean squared error

is the trace of E(β).
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12 l1 regularization
The intent of l2 regularization is to reduce the sensitivity of the coefficients to mea-

surement errors, and, overall to provide smaller values of the squared coefficients. The intent
of l1 regularization is to drive the values of insignificant and uncertain coefficients to zero.
The intent of l1 regularization is therefore more ambitious than that of l2. The main use
of l1 regularization is to identify and remove the least important terms in the mondel. It is
a form of model reduction. It is applicable to linear (quadratic programming) or nonlinear
(sequential quadratic programming) cases. There is a connection of purpose between l1 reg-
ularization, l2 regularization, and SVD truncation methods, but they are not the same. In
many cases, heavy (large α) l1 regularization provides a better fit than heavy (large β) l2
regularization. Other terms for l1 regularization are least absolute shrinkage and selection
operator (LASSO), compressed sensing, and support vector machine.

In l1 regularization the penalty function is the (weighted) sum of the absolute values
of each coefficient.

χ2
A(c) = ||y −Bc||22 + α||c||1 = ||y −Bc||22 + α

∑
i

|ci|

The penalty function α||c||1 has discontinuous derivatives at ci = 0, and so is not amenable to
gradient-based minimization. A clever work-around to this issue is to re-define the coefficients
in terms of the difference of non-negative “split” coefficients, p and q.

c ≡ p− q , |c| = p+ q

In terms of the split coefficients we obtain the minimization of a quadratic objective subject
to non-negative bound constraints on the coefficients (a KKT problem).

χ2
A(p, q) = ||Bp−Bq − y||22 + α

∑
i

(pi + qi) s.t. pi ≥ 0 and qi ≥ 0 ∀ i (76)

The five conditions for the equivalence of the split coefficient model (coefficients p and q) to
the original model (coefficients c) are:

(A) pi − qi = ci

(B) pi + qi = |ci|
(C) pi ≥ 0 and qi ≥ 0
(D) ci > 0 ⇒ pi = ci and qi = 0

ci < 0 ⇒ pi = 0 and qi = ci

ci = 0 ⇒ pi = 0 and qi = 0
(E) min(pi + qi) = |ci|

To understand the equivalence of these five conditions and the validity of the split-operator
approach, show:

• (A) & (B) ⇒ (C) & (D)
• (A) & (C) /⇒ (B) & (E)
• (A) & (C) ⇒ (D) & (E)
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In an incremental numerical approach to solving the quadratic program (76), to advance the
solution from step k to step k + 1,

c(k+1) = c(k) + h(k) ⇔
{
p(k+1) = p(k) + u(k) s.t. p(k) + u(k) ≥ 0
q(k+1) = q(k) + v(k) s.t. q(k) + v(k) ≥ 0

The Lagrangian is
L(p, q, µ, ν) = χ2

A(p, q) + µ
(k)T
i∈Au

(
p(k) + u(k)

)
i∈Au

+ ν
(k)T
i∈Av

(
q(k) + v(k)

)
i∈Av

where Au is the set of active constraints, for which pi = 0 and Av is the set of active
constraints, for which qi = 0. Expanding the Lagrangian, (and dropping the ·(k) notation
only to simplify the notation)

L = (p+ u)TBTB(p+ u) + (q + v)TBTB(q + v) − 2(q + v)TBTB(p+ u)
+ 2(p+ u)TBTy − 2(q + v)TBTy − yTy

+ pTα + qTα

+ µT
i∈Au

(p+ u)i∈Au + νT
i∈Av

(q + v)i∈Av

The KKT conditions,
∂L

∂u
= 0 : 2BTBp+ 2BTBu− 2BTBq − 2BTBv − 2BTy + α + µi∈Au = 0

∂L

∂v
= 0 : −2BTBp− 2BTBu+ 2BTBq + 2BTBv + 2BTy + α + νi∈Av = 0

∂L

∂µi∈Au

= 0 : (p+ u)i∈Au = 0

∂L

∂νi∈Av

= 0 : (q + v)i∈Av = 0

can be represented in a linear KKT matrix equation to solve for the steps u, v, and the
Lagrange multipliers, µ and ν.

2BTB −2BTB Ii∈Au

−2BTB 2BTB Ii∈Av

Ii∈Au

Ii∈Av



u
v
µ
ν

 =


2BTy − 2BTBp+ 2BTBq − α

−2BTy + 2BTBp− 2BTBq − α
−pi∈Au

−qi∈Av


The notation Ii∈Aw represents a diagonal matrix with zeroes on all diagonal elements except
for those in the active set of w. To ensure that a step from an admissible solution remains
admissible, define the index j as the index of the most negative step

pj + uj = min(p+ u) ( with pj ≥ 0 )
If pj + uj < 0, define δu = −pj/uj, with δu > 0, and the update equation becomes

p(k+1) = p(k) + δuu
(k)

Likewise,
qj + vj = min(q + v) ( with qj ≥ 0 )

If qj + vj < 0, define δv = −qj/vj, with δv > 0, and the update equation becomes
q(k+1) = q(k) + δvv

(k)
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13 Singular Value Decomposition

Consider a real matrix B that is not necessarily square, B ∈ RN×n, with N > n. The
rank of B is r and r ≤ n. Let λ1, λ2, · · · , λr be the positive eigenvalues of [BTB], including
multiplicity, ordered in decreasing numerical order, λ1 ≥ λ2 ≥ · · · ≥ λr > 0. The singular
values, σi of B are defined as the square roots of the eigenvalues, σi =

√
λi, i = 1, · · · , r.

The singular value decomposition of a matrix B (B ∈ RN×n, N ≥ n) is given by the
factorization

B = UΣV T (77)

where U ∈ RN×N , Σ ∈ RN×n and V ∈ Rn×n. The matrices U and V are orthonormal,
UTU = IN and V TV = In, and Σ is a diagonal matrix of the singular values of B, Σ =
diag(σ1 σ2 · · · σn). The singular values of B are sorted in a non-increasing numerical order,
σ1 ≥ σ2 ≥ · · · ≥ σn ≥ 0. The number of singular values equal to zero is equal to the
number of linearly dependent columns of B. If r is the rank of B then n− r singular values
are equal to zero. The ratio of the maximum to the minimum singular value is called the
condition number of B, κB = σ1/σn. Matrices with very large condition numbers are said to
be ill-conditioned. If σn = 0, then κB = ∞ and B is said to be singular, and is non-invertible.

The columns of U and V are called the right and left singular vectors, U = [u1 u2 · · · uN ]
and V = [v1 v2 · · · vn]. The left singular vectors ui are column vectors of dimension m and
the right singular vectors vi are column vectors of dimension n. If one or more singular value
of B is equal to zero, r < n, and the set of right singular vectors {vr+1 · · · vn} (corresponding
to σr+1 = · · · = σn = 0) form an orthonormal basis for the null-space of B. The dimension
of the null space of B plus the rank of B equals n.

The singular value decomposition of B may be written as an expansion of the singular
vectors,

B =
n∑

i=1
σi[uiv

T
i ], (78)

where the rank-1 matrices [uiv
T
i ] have the same dimension as B. Also note that ||ui||I =

||vi||I = 1. Therefore, the significance of each term of the expansion σiuiv
T
i decreases with i.

The system of equations y = Bc may be inverted using singular value decomposition:
c = V Σ−1UTy, or

c =
n∑

i=1

1
σi

viu
T
i y. (79)

The singular values in the expansion which contribute least to the decomposition of B can
potentially dominate the solution c. An additive perturbation δy in y will propagate to a
perturbation in the solution, δc = V Σ−1UTδy. The magnitude of δc in the direction of vi is
equal to the dot product of ui with δy divided by σi,

vT
i δc = 1

σi

uT
i δy. (80)

Therefore, perturbations δy that are orthogonal to all of the left singular vectors, ui, are not
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propagated to the solution. Conversely, any perturbation δc in the direction of vi contributes
to y in the direction of ui by an amount equal to σi||δa||.

If the rank of B is less than n, (r < n), the components of c which lie in the space
spanned by {vr+1 · · · vn} will have no contribution to y. In principle, this means that any
component of y in the space spanned by the sub-set of left singular vectors {ur+1 · · · uN}
is an “error” or is “noise”, since it can not be obtained using the expression y = Bc for
any value of c. These components of y are called “noise” or “error” because they can not
be predicted by the model equations, y = Bc. In addition, these “noisy” components of y,
which lie in the space {ur+1 · · · uN}, will be magnified to an infinite degree when used to
identify the model coefficients c.

From the singular value decomposition of B we find that BTB = V Σ2V T. If κB is the
condition number of B, then the condition number of BTB is κ2

B. If κB is large, solving
[BTB]c = BTy can be numerically treacherous.

When B is obtained using measured data, it is almost never singular but is often ill-
conditioned. We will consider two types of ill-conditioned matrices: (i) matrices in which
the first r singular values are all much larger than the last n − r singular values, and (ii)
matrices in which the singular values decrease at a rate that is more or less uniform.

13.1 Truncated Singular Value Expansion

If the first r singular values are much larger than the last n−r singular values, (i.e., σ1 ≥
σ2 ≥ · · · ≥ σr >> σr+1 ≥ σr+2 ≥ · · · ≥ σn ≥ 0), then a relatively accurate representation of
B may be obtained by simply retaining the first r singular values of B and the corresponding
columns of U and V ,

B(r) = UrΣrV
T

r =
r∑

i=1
σiuiv

T
i , (81)

and the truncated expression for the coefficient estimates is

c∗
(r) = VrΣ−1

r V T
r y =

r∑
i=1

1
σi

viu
T
i y , (82)

where Vr and Ur contain the first r rows of V and U , and where Σr contains the first r rows
and columns of Σ.

If σr+1 is close to the numerical precision of the computation, ϵ (ϵ ≈ 10−6 for single
precision and ϵ ≈ 10−12 for double precision), then the singular values, σr+1 · · · σn and the
corresponding columns of U and V contribute negligibly to B. Their contribution to the
solution vector, c, can be dominated by random noise and round-off error in y.

The coefficient estimate covariance matrix is derived using equation (4), in which[
∂c∗

∂y

]
= VrΣ−1

r UT
r , (83)
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Therefore the covariance matrix of the coefficient estimates is

Vc∗(r) = VrΣ−1
r UT

r VyUrΣ−1
r V T

r . (84)

Because the solution c∗
(r) does not contain components that are close to the null-space of

B the covariance matrix is limited to the range of B for which the singular values are not
unacceptably large. The cost of the reduced coefficient covariance matrix is an increased bias
error, introduced through truncation. Assuming that we know y exactly, the corresponding
exact solution with no regularization ce can be used to evaluate regularization bias error,
δc(r) = c∗

(r) − ce.
δc(r) = VrΣ−1

r UT
r ye − V Σ−1UTye (85)

Substituting V ΣUT = UrΣrV
T

r + UnΣnV
T

n ,

δc(r) = −[VnΣ−1
n UT

n ]ye, (86)

where Vn and Un contain the last n − r rows of V and U , and where Σn contains the last
n− r rows and columns of Σ. Substituting ye = UΣV Tce,

δc(r) = −[VnΣ−1
n UT

n UΣV T]ce (87)

Noting that UT
n U = Σ−1

n UT
n UΣ = [0n−r×r In−r],

δc(r) = −[VnV
T

n ]ce (88)

Note that while the matrix −V T
n Vn equals In−r, the matrix −VnV

T
n is not identity because

the summation is only over the last n− r rows of V .

The total mean squared error matrix, E(r) is the sum of the coefficient covariance
matrix and the truncation bias error, E(r) = VrΣ−1

r UT
r VyUrΣ−1

r V T
r − VnV

T
n ce. The mean

squared error is the trace of E(r).

13.2 Singular Value Decomposition with l2 Regularization

If the singular values decrease at a rate that is more or less uniform, then selecting r
for the truncated approximations above may require some subjective reasoning. Certainly
any singular value that is equal to or less than the precision of the computation should
be eliminated. However, if σ1 ≈ 1015 and σn ≈ 10−3, B would be considered ill condi-
tioned by most standards, even though the smallest singular value can be resolved even with
single-precision computations. As an alternative to eliminating one or more of the smallest
singular values one may simply add a small constant β to all of the singular values. This can
substantially improve the condition number of the system without eliminating any of the
information contained in the full singular value factorization. This approach is equivalent to
l2 regularization.

To link the formulation of l2 regularization to singular value decomposition, it is useful
to show that the l2 objective function (67) may be written

χ2
A(c̃) = ||B̃c̃− ỹ||2I + β||c̃||2I + C, (89)
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by simply scaling and shifting B, y, and c, and with no loss of generality. In the above
expression, C is independent of c̃ and does not affect the coefficient estimates. Defining LP

and LQ as the Cholesky factors of P and Q, and defining B̃ = LPBL
−1
Q , ỹ = LP (y − Bc̄),

and c̃ = LQ(a− c̄) then equation (67) is equivalent to equation (89), where

C = c̄TBTLT
PLPBc̄− 2c̄TBTLT

PLPy (90)

Setting [∂χ2
A(c̃)/∂c̃]T to zero results in the least-squares coefficient estimates

ˆ̃c(β) = [B̃TB̃ + βI]−1B̃Tỹ. (91)

Note that the solutions c∗
(β) and ˆ̃c(β) are related by the scaling

c∗
(β) = L−1

Q
ˆ̃c(β) + c̄. (92)

In other words, the minimum value of the objective function (67) coincides with the minimum
value of the objective function (89). As a simple example of the effects of scaling on the
coefficient estimates, consider the two equivalent quadratic objective functions χ2(c) = 5a2 −
3a+1 and χ2(c̃) = 20c̃2 −6c̃+2, where c is scaled, c = 2c̃. The coefficient estimates c∗ = 3/10
and c̃∗ = 3/20. These estimates satisfy the scaling relationship, c∗ = 2ˆ̃c.

The singular value decomposition of B̃ may be substituted into the least-squares solu-
tion for ˆ̃c(β)

ˆ̃c(β) = [Ṽ Σ̃ŨTŨΣ̃Ṽ T + βI]−1Ṽ Σ̃ŨTỹ

= [Ṽ Σ̃2Ṽ T + βṼ IṼ T]−1Ṽ Σ̃ŨTỹ

= [Ṽ (Σ̃2 + βI)Ṽ T]−1Ṽ Σ̃ŨTỹ

= Ṽ (Σ̃2 + βI)−1Ṽ TṼ Σ̃ŨTỹ

= Ṽ (Σ̃2 + βI)−1Σ̃ŨTỹ (93)

The covariance of the coefficient errors is largest in the direction corresponding to the max-
imum value of σ̃i/(σ̃2

i + β). If B̃ is singular, then as β approaches zero, random errors
propagate in a direction which is close to the null space of B̃. Note that the singular value
decomposition solution to ỹ = B̃c̃ is c̃ = Ṽ Σ̃−1ŨTỹ. Thus, l2 regularization is equivalent to
a singular value decomposition solution, in which the inverse of each singular value, 1/σ̃i, is
replaced by σ̃i/(σ̃2

i + β), or in which each singular value σ̃i is replaced by σ̃i + β/σ̃i. Thus,
the largest singular values are negligibly affected by regularization, while the effects of the
smallest singular values on the solution are suppressed, as shown in Figure 10.

13.3 Error Analysis of Singular Value Decomposition with l2 Regularization

The coefficient covariance matrix is derived using equation (4), in which

∂ ˆ̃c
∂ỹ

= Ṽ Σ̃(Σ̃2 + βI)−1ŨT (94)
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Figure 10. Effect of regularization on singular values.

and
Vỹ = LPVyL

T
P . (95)

Recall that Vy is the covariance matrix of the measurement errors, and that P = V −1
y =

LT
PLP . Using the fact that (AB)−1 = B−1A−1, we find that Vỹ = I. Therefore the covariance

matrix of the solution is
Vˆ̃c(β) = Ṽ Σ̃2(Σ̃2 + βI)−2Ṽ T. (96)

Because [∂c/∂c̃] = L−1
Q , the covariance matrix of the original solution is

Vc∗(β) = L−1
Q Ṽ Σ̃2(Σ̃2 + βI)−2Ṽ TL−T

Q . (97)

As in equation (72), we see here that increasing β reduces the covariance of the propagated
error quadratically. The cost of the reduced coefficient covariance matrix is a bias error,
introduced through regularization. Assuming that we know ỹ exactly, the corresponding
exact solution with no regularization c̃e can be used to evaluate regularization bias error,
δc̃(β) = ˆ̃c(β) − c̃e.

δc̃(β) = Ṽ Σ̃(Σ̃2 + βI)−1ŨTỹe − Ṽ Σ̃−1ŨTỹe

= [Ṽ Σ̃(Σ̃2 + βI)−1ŨT − Ṽ Σ̃−1ŨT]ỹe (98)

Substituting ye = ŨΣ̃Ṽ Tce, and ŨTŨ = I

δc̃(β) = [Ṽ (Σ̃2 + βI)−1Σ̃2Ṽ T − I]c̃e

= [Ṽ (Σ̃2 + βI)−1(Σ̃2 + βI − βI)Ṽ T − I]c̃e

= −Ṽ (Σ̃2 + βI)−1βṼ Tc̃e (99)

As in equation (75), we see here that bias errors due to regularization increase with β. In
fact, the singular values participating in the bias errors increase β increases. If B̃ is singular,
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Figure 11. Effect of regularization on bias errors.

then the exact coefficients ce can not lie in the null space of B̃ and the bias error δc̃(β) will
be orthogonal to the null space of B̃.

The total mean squared error matrix, Ẽ(β) is the sum of the scaled coefficient covariance
matrix and the regularization bias error, Ẽ(β) = Vc̃(β) + δc̃(β)δc̃

T
(β). The mean squared error

is the trace of Ẽ(β).

13.4 Scaling of Units and Singular Value Decomposition

In most instances, elements of y and c have dissimilar units. In such cases the condi-
tioning of B is affected by the system of units used to describe the elements of y and c (and
B). The measurements y and the coefficients c may be scaled using diagonal matrices Dy

and Dc, y = Dyỹ, c = Dcc̃. Since Dyỹ = BDac̃, ỹ = D−1
y BDac̃, and the basis matrix for the

scaled system is B̃ = D−1
y BDc. Defining SVD’s: B = UΣV T and B̃ = ŨΣ̃Ṽ T, the effect of

scaling on the singular values is apparent Σ̃ = ŨTD−1
y UΣV TDaṼ .

Parameter scaling matrices can be designed to achieve a desired spectrum of singular
values. But this appears to be a nonlinear problem requiring an iterative method to update
Dc and Dy such that the condition number of D−1

y BDc converges to a minimum value, while
possibly meeting other constraints, such as bounds on the values of Dc and Dy.
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14 Numerical Example

Consider the singular system of equations yo = Bo c,[
100
1000

]
=
[

1 10
10 100

] [
c1
c2

]
(100)

The singular value decomposition of Bo is

U =
[

−0.0995037 −0.995037
−0.995037 0.0995037

]

Σ =
[

101 0
0 0

]

V =
[

−0.0995037 0.995037
−0.995037 −0.0995037

]

Even though Bo is a singular matrix, the estimates for this particular system is defined. The
second column of V gives the one-dimensional null-space of Bo. Note that yo in equation
(100) is normal to u2. Vectors yo normal to the space spanned by Un are “noise-free” in
the sense that no components of yo propagates to the null space of Bo. The singular value
expansion for the estimates gives[

c∗
1
c∗

2

]
= 1

101

[
−0.0995037
−0.995037

] [
−0.0995037 −0.995037

] [ 100
1000

]
+

1
0

[
0.995037

−0.0995037

] [
−0.995037 0.0995037

] [ 100
1000

]
+

=
[

0.99009900
9.9009900

]
(101)

The zero singular value does not affect the estimates because y is orthogonal to u2. It is
interesting to note that despite the fact that the two equations in equation (100) represent
the same line (infinitely many solutions) the SVD provides a unique solution, (provided that
0/0 is evaluated to 0).

Regularization works very well for problems in which UT
n y is very small. Applying

regularization to this problem we seek estimates c∗ that minimizes the quadratic objective
function of equation (67). In other words, we want to find the solution to y = Boc, while
keeping the estimates, c∗ close to c̄. How much we care that c∗ is close to c̄ is determined by
the regularization coefficient, β. In general β should be some small fraction of the average
of the diagonal elements of B, β ≪ trace(B)/n. Increasing β will make the problem easier
to solve numerically, but will also add bias to the estimates. The philosophy of using the
regularization coefficient is something like this: Let’s say we have a problem which we can’t
solve, (i.e., det(B) = 0 ). Regularization slightly changes the problem into a problem that
does have a solution which is ideally independent of the amount of the perturbation.
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Because the estimate c∗ depends upon β, we can plot c1 and c2 vs. β and determine
the effect of β on the coefficient estimates.
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Figure 12. The effect of regularization on solutions to yo = [Bo + βI]c ... where UT
n yo = 0

From figure 12 we see that cs β approaches 0, the estimate approaches c∗
(β) = [ 0.99010

; 9.90099 ]. For this data, the estimate is insensitive to β for 10−3 > β/trace(Bo)/2 > 10−12;
for β < 10−12trace(Bo)/2 the solution can not be found. Note that for y = Bo c as defined
above, there are infinitely many solutions; the two lines c1(c2) over-lay one another. A
solution exists, but it is not unique. In this case a very small regularization factor, β, gives a
unique solution. Changing the problem only slightly, by setting y = [100 1001]T, we see that
no solution exists to the original problem y = Bo c. By changing one element of y by only 0.1
percent, the original problem changes from having infinite solutions to having no solution.
For systems with no solution, the regularized solution is very sensitive to the choice of the
regularization factor, β. There is a region, 10−3 > β/trace(Bo)/2 > 10−4 in this problem,
for which c1 is relatively insensitive to β, however there is no region in which dc2

dβ
= 0. For

this type of problem, regularization of some type is necessary to find any solution, and the
solution is sensitive to the value chosen for the regularization coefficient.
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Figure 13. The effect of regularization on coefficient estimates to y + δy = [Bo + βI]c ... where
UT

n (yo + δy) ̸= 0

Now let’s examine the effects of some small random perturbations in both Bo and y. In
this part of the example, small random numbers (normally distributed with a mean of zero
and a standard deviation of 0.0005) are added toBo and y, and regularized solutions are found
for β = 0.01trace(Bo)/2 and β = 0.0001trace(Bo)/2, i.e, the equations y+δy = [Bo+δB+βI]c
are solved for c. Regularized solutions to these randomly perturbed problems illustrate that
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Figure 14. Effect of regularization on the solution of y + δy = [Bo + δB + βI]c
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ct a regularization factor, β ≈ 0.01trace(Bo)/2, the solution is relatively insensitive to the
value of β. Comparing the solutions for 100 randomly perturbed problems, we find that
the variance among the solutions is less than 1. For a regularization factor of 0.001, on
the other hand, we see that the variance of the solution is quite a bit larger, but that the
mean value of all of the solutions is much closer to the noise-free solution. This illustrates
the fact that larger values of β decrease the propagation error but introduce a bias error.
If no regularization is used, then c1 and c2 range from -1000 to +1000 and from -100 to
100, respectively, in this Monte Carlo analysis. Adding the small levels of noise to the non-
invertible matrix Bo makes it invertible, however, the solution depends largely on the noise
level. In fact if no regularization is used, the solution to this problem depends almost entirely
on the noise in the matrices. Increasing the regularization factor, β, reduces the propagation
of random noise in the solution at the cost of a bias error.

15 Constrained Least Squares

Suppose that in addition to minimizing the sum-of-squares-of-errors, the curve-fit must
also satisfy other criteria. For example, suppose that the curve-fit must pass through a
particular point (xc, yc), or that the slope of the curve at a particular location, xs, must be
exactly a given value, y′

s. Equality constraints such as these are linear in the coefficients
and are a natural application of the method of Lagrange multipliers. In general, equality
constraints that are linear in the coefficient may be expressed as Ac = b. The constrained
least-squares problem is to minimize χ2(c) such that Ac = b. The augmented objective
function (the Lagrangian) becomes,

χ2
A(c, λ) = yTV −1

y − cTBTV −2
y y − yTV −1

y Bc+ ycTBTV −1
y Bc+ λT(Ac− b) (102)

Minimizing χ2
A with respect to c and maximizing χ2

A with respect to λ results in a system of
linear equations for the coefficient estimates c∗ and Lagrange multipliers λ̂.[

2BTV −1
y B AT

A 0

] [
c∗

λ̂

]
=
[

2BTV −1
y y
b

]
(103)

If the curve-fit problem has n coefficients and c constraint equations, then the matrix is
square and of size (n+ c) × (n+ c).
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16 Recursive Least Squares

When data points are provided sequentially, coefficient estimates c(m) can be updated
with each new observation, (xm+1, ym+1).

Given a set of m measurement points and estimates of model coefficients c(m) corre-
sponding to the data set (xi, yi), i = 1, ...,m, we seek an update to the model coefficients
c(m+1) from a new measurement xm+1, ym+1.

Presuming a linear model, ŷ(x; c) = Bc, we define the i-th rows of B as x̄i so that
ŷ1
...
ŷN

 =


− x̄1 −

...
− x̄N −



c1
...
cn


The least-squares error criterion is

J(m) =
N∑

i=1
||yi − ŷi||2F

=
N∑

i=1
(yi − x̄ic)T(yi − x̄ic)

=
N∑

i=1
(yT

i yi − 2yT
i x̄ic+ cTx̄T

i x̄ic)

and applying the necessary condition for optimality,(
∂J(m)

∂c

)T

= 0 :
N∑

i=1
[x̄T

i x̄i]c∗
(m) =

N∑
i=1

x̄T
i yi

Defining some new terms to simplify the notation,

R(m) =
N∑

i=1
[x̄T

i x̄i]

and
q(m) =

N∑
i=1

x̄T
i yi ,

we see that R(m) is a sum of rank-1 matrices. and it can be viewed as an auto-correlation of
the sequence of the rows x̄i of the model basis B, in the special case that xi have a mean of
zero. The matrix R−1

(m) is interpreted as the coefficient estimate covariance matrix, [BTB]−1.
The (column) vector q(m) can be viewed as a cross-correlation between the rows of the model
basis and the data, in the special case that xi and yi have a mean of zero. Given a new
measurement (xm+1, ym+1),

R(m+1) = R(m) + x̄T
m+1x̄m+1

and
q(m+1) = q(m) + x̄T

m+1ym+1
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and the model coefficients incorporating information from the new data points satisfy

R(m+1)c
∗
(m+1) = q(m+1) (104)

With a known value of a matrix inverse, R−1, the inverse of R + xTx can be computed via
the Sherman-Morrison Update identity

(R + xTx)−1 = R−1 −R−1xT
(
1 + xR−1xT

)−1
xR−1 (105)

Defining more notation to simplify expressions,

K(m+1) = R−1
(m) −R−1

(m)x̄
T
m+1(1 + x̄m+1R

−1
(m)x̄

T
m+1)−1

the rank-1 update of the updated coefficient covariance becomes

R−1
(m+1) = R−1

(m) −K(m+1)x̄m+1R
−1
(m) (106)

With this we can write K(m+1) as

K(m+1) = R−1
(m+1)x̄

T
m+1 (107)

= R−1
(m)x̄

T
m+1

(
1 + x̄m+1R

−1
(m)x̄

T
m+1

)−1

which can be shown as follows:

K(m+1)
(
1 + x̄m+1R

−1
(m)x̄

T
m+1

)
= R−1

(m)x̄
T
m+1

K(m+1) +K(m+1)x̄m+1R
−1
(m)x̄

T
m+1 = R−1

(m)x̄
T
m+1

K(m+1) = R−1
(m)x̄

T
m+1 −K(m+1)x̄m+1R

−1
(m)x̄

T
m+1

=
(
R−1

(m) −K(m+1)x̄m+1R
−1
(m)

)
x̄T

m+1

= R−1
(m+1)x̄

T
m+1

Now, introducing a model prediction

ŷm+1 = x̄m+1c
∗
(m) = x̄m+1R

−1
(m)q(m) (108)

and combining equations (104) to (108), the update of the model coefficient estimates can
be written,

c∗
(m+1) = c∗

(m) +K(m+1) (ym+1 − ŷm+1) (109)
The role of K(m+1) can be interpreted as an update gain which provides the sensitivity of
the model coefficient update to differences between the measurement ym+1 and its predicted
value ŷm+1. This prediction error is called an innovation. The model coefficient update
identity can be shown as follows:

c∗
(m+1) = R−1

(m+1)q(m+1)

=
(
R−1

(m) −K(m+1)x̄m+1R
−1
(m)

) (
q(m) + x̄m+1ym+1

)
= R−1

(m)q(m) −K(m+1)x̄m+1R
−1
(m)q(m) +R−1

(m)x̄m+1ym+1 −K(m+1)x̄m+1R
−1
(m)x̄m+1ym+1

= c∗
(m) −K(m+1)ŷm+1 +

(
R−1

(m) −K(m+1)x̄m+1R
−1
(m)

)
x̄m+1ym+1

= c∗
(m) −K(m+1)ŷm+1 +R−1

(m+1)x̄m+1ym+1

= c∗
(m) +K(m+1) (ym+1 − ŷm+1)
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In many applications of recursive-least squares it is desirable for the most-recent data to have
a larger effect upon the coefficient estimates. In these situations, the least-squares objective
can be exponentially weighted

J(m) =
m∑

i=1
λm−i||yi − ŷi||2 0 ≪ λ < 1

Typical values for the exponential forgetting factor λ are close to 1 (e.g., 0.98 to 0.995).
Carrying λ through the previous development (104) to (109) we arrive at the recursive least
squares procedure

1. initialize variables ... m = 0, R−1
(m) = δIn where δ ≥ 100σ2

x or R−1
(m) =

[
0∑

i=−l
λ−ix̄T

i xi

]−1

,

and c∗
(m) = 0 or a knowledgeable guess,

2. collect x̄m+1

3. compute the update gain ... K(m+1) = R−1
(m)x̄

T
m+1

(
λ+ x̄m+1R

−1
(m)x̄

T
m+1

)−1

4. predict the next measurement ... ŷm+1 = x̄m+1c
∗
(m)

5. collect ym+1

6. update the model coefficients ... c∗
(m+1) = c∗

(m) +K(m+1) (ym+1 − ŷm+1)

7. update the coefficient covariance ... R−1
(m+1) =

(
R−1

(m) −K(m+1)x̄m+1R
−1
(m)

)
/λ

8. increment m ... m = m+ 1 and go to step 2.

Notes:

• If the update gain is very small, the model coefficient update is not sensitive to large
prediction errors.

• The update gain decreases monotonically; λ keeps the update gain from becoming too
small too fast.

• The update gain increases with larger values of the coefficient covariance R−1.

• The update gain can be interpreted as K ∼ Vc/(1 + Vŷ). A large coefficient covariance
implies large uncertainty in the coefficients, and the need for a coefficient update that
is sensitive to prediction errors (large K). A large model prediction covariance implies
noisy data, and the need for a coefficient update that is insensitive to prediction errors
(small K).

• Likewise, smaller values of λ keep the coefficient covariance matrix R−1
(m+1) from getting

too small too fast.

• With λ = 1 the RLS estimates c∗
(m) equals the OLS estimates [BTB]−1BTy obtained

from m data points.
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16.1 The Sherman-Morrison rank-1 update identity

The Sherman-Morrison Update identity provides the inverse of (R + xTx) in terms of
x and the inverse of R. Defining,

R(m+1) = R(m) + xTx

we have (
R(m) + xTx

)
R−1

(m+1) = I

which is equivalent to [
R(m) xT

x −1

] [
R−1

(m+1)
z

]
=
[
I
0

]
To show this, we break the above matrix equation into two separate matrix equations,

R(m)R
−1
(m+1) + xTz = I (110)
xR−1

(m+1) − z = 0 (111)

and substitute the second equation into the first,

R(m)R
−1
(m+1) + xTxR−1

(m+1) = I

which shows that (
R(m) + xTx

)
R−1

(m+1) = I .

Now re-arranging the first equation,

R−1
(m+1) = R−1

(m)(I − xTz) (112)

and substituting equation (112) into (111) we solve for z,

z = xR−1
(m)(I − xTz)

= xR−1
(m) − xR−1

(m)x
Tz(

1 + xR−1
(m)x

T
)
z = xR−1

(m)

z =
(
1 + xR−1

(m)x
T
)−1

xR−1
(m) (113)

Finally, inserting (113) into (112) we have the Sherman-Morrison Update identity.

R−1
(m+1) = R−1

(m)

(
I − xT

(
1 + xR−1

(m)x
T
)−1

xR−1
(m)

)
R−1

(m+1) = R−1
(m) −R−1

(m)x
T
(
1 + xR−1

(m)x
T
)−1

xR−1
(m)
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16.2 Example of Recursive Least Squares

To illustrate the application of recursive least squares, consider the recursive estimation
of coefficients c1 and c2 in the model

ŷ(x; c) = c1x+ c2x
2

and measurements yi = ŷ(xi; c) + v with normally-distributed measurement errors, v ∼
N (0, 0.25). The “true” model coefficient values are c1 = 0.1 and c2 = 0.1. The sequence
of independent variables is xm = 0.2m so that x̄m = [0.2m , 0.04m2]. The initial coefficient
covariance is R−1

(0) = I and λ = 0.99 The following figures plot measurements, prediction,

and standard errors of the prediction, σŷ =
(
xmR

−1
(m)x

T
m

)1/2
. These figures show that initially

the update gain grows, as the prediction errors covariance is smaller than the coefficient
covariance. As more data is incorporated into the fit, the coefficient covariance and the
update gain decrease, as revealed by smaller values of the standard error of the prediction
and less fluctuation in the model prediction, despite relatively large prediction errors around
x ≈ 8.
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Figure 15. Sequence of predictions and measurements, and sequence of coefficient estimates and
norms of the update gains.
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16.3 Recursive least squares and the Kalman filter

The Kalman filter estimates the states of a noisy dynamical system from a model for
the system and noisy output measurements. As is demonstrated below, the Kalman filter
can be interpreted as a generalization of recursive least squares for the recursive estimation
of the time-varying states of linear dynamical systems. The state vector estimate x̂(k) in the
Kalman filter is analogous to the coefficient vector estimate c∗

(m) in recursive least squares. In
recursive least squares, the objective is to recursively converge upon a set of constant model
coefficients. In Kalman filtering, the objective is to recursively track set of time-varying
model states.

A noise-driven discrete-time linear dynamical system with a state vector x(k) = x(tk) =
x(k(∆t)) and noisy outputs (measurements) y(k) can be described by

x(k + 1) = Ax(k) + w(k)
y(k) = Cx(k) + v(k) (114)

where w(k) and v(k) are white noise for which the covariance of w is Q and the covariance
of v is R. The initial state x(0) is uncertain and assumed to be normally distributed x(0) ∼
N (x̄(0), P (0)). The method to sequentially and recursively estimate the state x(k) via the
Kalman filter starts by initializing the state vector estimate x̂(0) = x̄(0) and P (0) = δIn,
and proceeds as follows:

K(k + 1) = AP (k)CT
(
CP (k)CT +R

)−1
(115)

ŷ(k + 1) = Cx̂(k) (116)
x̂(k + 1) = Ax̂(k) +K(k + 1) (y(k + 1) − ŷ(k + 1)) (117)
P (k + 1) = AP (k)AT − AP (k)CT(CP (k)CT +R)−1CP (k)AT +Q (118)

An analogy between the Kalman filter and recursive least squares is tabulated here.

Kalman filter recursive least squares
x̂(k) state vector estimate c∗

(m) coefficient vector estimate
ŷ(k + 1) Cx̂(k) ... prediction eq’n ŷm+1 x̄m+1c

∗
(m) ... prediction eq’n

C output matrix x̄m+1 model basis
x̂(k + 1) Ax̂(k) +K(k + 1)(y(k + 1) − ŷ(k + 1)) c∗

(m+1) c∗
(m) +K(m+1)(ym+1 − ŷm+1)

A dynamics matrix I no dynamics
K(k + 1) Kalman gain K(m+1) update gain
K(k + 1) AP (k)CT

(
CP (k)CT +R

)−1
K(m+1) R−1

(m)x̄
T
m+1

(
x̄m+1R

−1
(m)x̄

T
m+1 + λ

)−1

P (m) state estimation error covariance R−1
(m) coefficient estimation error covariance

R measurement noise covariance λ forgetting factor
Q additive process noise covariance 1/λ multiplicative forgetting factor

In the Kalman filter if P (0) is symmetric then P (k) is symmetric for k > 0. Similarly, in
recursive least squares, if R−1

(0) is symmetric, then R−1
(m) remains symmetric for m > 0.
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