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Wiener Filter as  
Time-Varying FIR 
Filter

• Causal!
• Length Grows!

Wiener-Hopf Filtering Equations
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In Principle: Solve WHF Eqs for filter 4 at each $
In Practice: Use Levinson Recursion to Recursively Solve
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Kalman filtering
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Borrowed heavily from the excellent notes

Kalman filtering

• Rudolf Kalman developed in 1960s

• discrete-time and continuous time versions

• used in Control systems, Navigation systems, Tracking systems



Background

• Wiener filter: LMMSE of changing signal (varying parameter)

• Sequential LMMSE: sequentially estimate fixed parameter

• State-space models: dynamical models for varying parameters

• Kalman filter: sequential LMMSE estimation for a time-varying parameter 
vector that follows a ``state-space’’ dynamical model (i.e. not arbitrary 
dynamics) 

State-space / dynamical models

• System state: variables needed to predict system at future times in absence 
of inputs (i.e. what you need to keep track of)

• Example: constant velocity aircraft in 2-D



Vector Gauss-Markov Model

Thm. 13.1 (Vector Gauss-Markov Model)



Example - constant velocity 2-D aircraft
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Ex. Set of “Constant-Velocity” A/C Trajectories
Red Line is Non-Random 

Constant Velocity Trajectory

Acceleration of 
(5 m/s)/1s = 5m/s2

Have state model, now observation model

• Have a state-space or dynamical system model for the desired signal

• Need a model for the noisy measurements and how it relates to the states 
(depends on how we acquire the data)



Estimation problem

Scalar state, scalar observation Kalman



Scalar state, scalar observation Kalman

Let’s derive this!!!

Some observations

• dynamical model provides update from estimate to prediction

• in the Kalman filter, prediction acts like the prior information about the state at 
time n before we observe the data at time n

• must know noise and initial state distributions and dynamical and observation 
model 
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Properties of the Kalman filter

• extension of sequential MMSE (fixed parameter) to time-varying parameter 
with a known dynamical model

• Kalman filter is a time-varying filter (Kalman gain changes with n)

• Kalman filter computes and uses its performance measure M[n|n]

• prediction increases error, update decreases error

• as n→! Kalman filter reaches ``steady-state’’ and becomes a linear time-
invariant filter (i.e. k[n] constant, M[n|n] constant)

• Kalman filter created uncorrelated sequence of ``innovations’’

• Kalman filter is optimal for Gaussian, if not Gaussian, optimal Linear MMSE

• M[n|n-1], M[n|n], K[n] can be computed off-line (ahead of time)

2

5. There is a natural up-down progression in the error
• The Prediction Stage increases the error 
• The Update Stage decreases the error M[n|n – 1]  > M[n|n]
• This is OK… prediction is just a natural, intermediate step in the Optimal

processing

5 6 7 8 n

M[5|4]
M[6|5]

M[7|6]
M[8|7]M[5|5]

M[6|6]
M[7|7]

6. Prediction is an integral part of the KF
• And it is based entirely on the Dynamical Model!!!

7. After a “long” time (as n !") the KF reaches “steady-state”
operation… and the KF becomes a Linear Time-Invariant filter

• M[n|n] and M[n|n – 1] both become constant
• … but still have M[n|n – 1]  > M[n|n]
• Thus,  the gain k[n] becomes constant, too.

More observations

• Kalman vs Wiener?

• What about if don’t have linear observation and dynamical models?

• Much more to know about Kalman filter!!!


