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traction is stress at a point on a plane



Sunday! SUNDAY!! SUNDAY!!!
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traction forces in equilibrium

A/
3 z @ : i > T =
_forces acting on the ground
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nonuniform dlstr|but|on of tractlon stress components
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. - 2
a small volume under traction stress vectors, ty, t,

T T

» Traction is a stress vector acting on a plane.

» The traction stress vector ?X acts on the x-normal plane and
has components oy, and 7y.

» The traction stress vector ?y acts on the y-normal plane and
has components 7y and oy .
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the state of stress is coordinate invariant



the state of stress in 2D

» The state of stress on an infinitesimal cubic volume is completely
described by the traction vectors acting on the faces of the cube.

» In 2D (plane stress), the complete set of traction stresses is

5
E( _ Oxx Txy
ty Tyx  Oyy

» Sis called the stress tensor

> Tyxy = Tyx ... S IS @ symmetric tensor

Tq‘ ZMPZOZ

o, [ Fo(AA)(dI/2) — o (AA)(dI/2)
o e oy (BAYAIR) - oy (AAY(/2)
cl + 1 (AAY(dl) = Ty (AA) () = 0
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traction stress vectors on coordinate planes
» The traction stress vector ?X is the first row of S.
L= o]-[ To Ty ]:r.s
Tyx  Oyy

Note: 7’ is the unit normal to the x-plane.
> The traction stress vector 1, is the second row of S.

v 7 D |

Note: j is the unit normal to the y-plane.
> Justas fy = 7- S and fy = J- S, the stress vector on any other plane
(with unit normal ) is given by
fh=n-S
This is what the stress tensor does.
It defines tractions on any plane.
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. -
traction stress vectors on any plane: t, = - S
equilibrium on the wedge:

y
ot
Oy Af, = (A cos )t +(Asin6)i,
- . L
< /tn /txﬁ thn = [cos @ sind] [ t{, ]
<
/e n c.. x A =[cos@ sind]
> >
tx A sin 8\ S — ix
L t,=h-8

The traction t, = 7 - S is expressed in the xy coordinate system.

note: (A cosf) = Any and (A sinf) = An,
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. . . e 7
traction stress vectors in other coordinates: t, =t,- T

> Let's express this traction f, in a new coordinate system x’y’,
where x’ is along the unit normal 77 and y’ is perpendicular to x’.

» These rotated components of ?n are the normal stress and shear
stress on the plane with normal fi: t, = [0 x , Txy/]

\y y
ot
TAmY b c = cosd
o) , S = sind
\ X
Ty y —7 Oy
| 1% \ Oxx =  InxC+ InyS
’&‘Vl;t x TX’y’ = —tnxs+ tnyC

O S L P R R AR
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unit vectors and coordinate transformation in 2D
» The unit vectors along x and y are
’=[1,0] and j=]0, 1]
» The unit vectors along x” and y’ ... rotated by 6 (ccw) ... are
7 =[cos6, sing] and [ =[-sind, cosd|

» The coordinate transformation
from a vector f (in xy) to the vector ' (in x’y’) is

cosf —sind oy ?-f’
[tX t}’]:[tx y][sing cos 6 :[tx ty][]"f’ ]"7']
» The coordinate transformation
from a vector t (in X’y’) to the vector f (in xy) is
. 2 2
T e cosf sing | i iy
[tx ty]_[t" ty][—siné) cose]_[tx ty]{f’-?f’-f]

» Tractions (stress vectors) can be transformed by coordinate rotation.
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summary
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Stress Transformation 2D stress

» In the xy coordinate system, the
traction on a plane with unit
normal n is

-

tn ﬁS

[cos @, sind]-S

» The coordinate transformation
from 1, (in xy) to . (in X'y’) is

f=t-T

» Unit vectors can be similarly

transformed, i’ = A4- T ... and ...

-

i
[cos @, sind]

i-Tr
[1,0-TT
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putting it all together ... stress transformation

» Given:

e stress in an xy coordinate system, S.
e a unit vector A along x’ in an x’y’ coordinate system.

» Find: The stress S’ in the X"y’ coordinate system.

» Substitute ...

b o= 6T

= A-S-T
= #&-1T7-8.T
= /-8

S = T7.8-T

In 2D, the stress transformation formula for a CCW rotation 9 is:

Rl S R el
Ty/X/ O—y/y/ —S C Tyx O-yy S C
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carry out the matrix product S’ =T7-S- T
oxx Txy | | € 8 Oxx  Txy c -S
Tyx Oyy | | -S ¢ Ty Oy s ¢

_ O'XXC2 + O—yysz + 2TxyCS (O-yy - Uxx)cs + Txy(02 - 32)
(0yy = )08 + Ty (€% = 87)  0iS? + 0y — 21y C8

(simplified using symmetry ... 74, = Ty )
TR
YA

o

yy’
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For what angle 6 is 7y, = 0?

1. On what planes is the shear stress zero?
2. What is the transformation matrix T that diagonalizes S’?
3. What are the normal stresses on planes with no shear stress?

C S O xx Txy c -—-S ] o 01 0
) (o} Tyx O-yy S (o ] O g2
C S O xx Txy o 01 0 C S
-S C | Tyx O_yy ] 0 [02) -S C
_ o . .
[ c s ] ey = 01[ c s ]
[ Tyx Oyy |
g T
[—s C] SR A B 0-2[—3 c]
[ Tyx Oyy |

1. Planes with no shear stress are normal to eigenvectors of S.

2. The transformation matrix T of eigenvectors of S diagonalizes S.

3. The normal stresses on planes with no shear stress are the
eigenvalues of S, o1 and o». These are called principle stresses.

Stress Transformation 2D stress EGR 201L. Duke Spring 2017 13/36



principle stresses are the eigenvalues of the stress tensor
That sounds impressive.

But what does it mean?
Let’s look at an example in 2D.

o PR Rl B B
Here’s a plot of f,(6) = A(6) - S for all values of A(6) = [cos @, sind]

10 ;

T T

o= 8.10 kPa

-10 -5 0 5 10
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principle stresses are the eigenvalues of the stress tensor

10

o= 8.10 kPa

> At =0, A(6) = [1, 0] and f, = fy = [Sy1, S12] = [2,-5]

» In general, the traction vector is not in line with the normal vector.

» There are two normal vectors for which the traction vectors align with
the normal vector. These are the eigenvectors of S.

» For normal vectors aligned with the eigenvectors of S, the traction
vector 1, is in line with the normal vector A, and has a length equal to

the eigenvalues of S. These are the principal stresses. (red lines).
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Mohr’s Circle (for plane stress)



trigonometry and algebra lead to Mohr’s circle
Substitute:
cos? 6 = (1 + cos 26)/2

sin6 = (1 — cos 20)/2
2sinfcosd = sin 20

into:

Twy = (0yy — 0xx) SINOCOS O + T4, (cOs? 6 — sin? 6)
square equations, add them, and do some algebra to obtain:
2
Txx + Tyy 2 Txx — Ty \? |
("X'X' - T) e e
and compare to:
(x—c)+y*=r*

to recognize the equation for a circle with center (¢, 0) and radius r!
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Mohr’s circle of stress

The center of Mohr’s circle is at (M 0)
The radius of Mohr’s circle is the maximum shear stress, Tmax

;
Oxx — Oyy\2 2
e[z

There exists a plane on which the shear stresses are zero. This plane
is inclined at an angle a from the xy axes. The normal stresses acting
at this orientation are called the principle stresses, o1 and o.

From Mohr’s circle:

v

v

v

v

Oxx T Oyy Oxx + Oyy
01 = ———— + Tmax 02 = —x—— — Tmax

2 2
The angle, a, is given by:

2T
2a = arctan (i)
Oxx — Oyy

v
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Mohr’s Circle Procedure - draw the circle

1. Draw the stress element aligned with the original x, y axes.

Show the known stresses, oy, 0y, and 7y, on the stress element.
Tension is positive.

Compression is negative.

Draw the o, T axes for Mohr’s circle with T pointing down.

Locate the center C of the circle at (w 0) .

Locate the point X on the circle at (oxx, Txy)-

o > D

Draw the circle passing through point X with center at point C.
The circle will pass through point Y (o, —7x,) 180 degrees from
point X.
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Mohr’s Circle Procedure - draw the circle

(c,.~T,,)
Y
Y
62 | Q/v vy &
) L,
Tmax — (Gxx’ Txy) <+ o x
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Mohr’s Circle Procedure - transform the stress

1. Draw new axes x’y’ rotated an angle 6 counter-clockwise from the xy
axes on the stress element from step 1a above.

2. Find numerical values for the principle stresses, the maximum shear
stresses, and the angle, a, from the xy axes to the principle axes.

3. Separate the angle 6 into two parts: 6 = a + 8.
4. Calculate the new stresses:

Oxx + O

Ty = % + Trmax COS(—28)
Oxx +0

O-y’y’ == % - Tmax COS(_2ﬁ)

Tx'y' — Tmax Sln(—Zﬁ)

5. Points X', (oxx', Txry) @and Y, (oyyr, —Txry) lie on the circle at an
angle 26 in the CCW direction from points X and Y, respectively.

s this easierthan S’ = TT-S-T ?
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Mohr’s Circle Procedure - transform the stress

)20(, 61 %
X
(c.T.) y
y
i
<1—é ib— x
<’7F
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notes on Mohr’s circle

» Why is a counter-clockwise rotation of the coordinate axes translated

into a counter-clock-wise rotation on Mohr’s circle?

» Why are the rotations of the coordinate axes doubled when translated
to Mohr’s circle?

The answer to these questions can be answered by considering the state
of stress caused by pure torsion:

Stress Transformation

(ny’_rxy)
Y
N A A )oc

v PO VAN
(¢) X’| O

2 jZ(x !

L
J] Lx X
= T (G Ty

2D Mohr’s circle

EGR 201L. Duke

Spring 2017  22/36



notes on Mohr’s circle

» This state of stress is described by a Mohr’s circle centered at the
origin of the o — 7 axes with a radius equal to 7.

» Points X and Y lie on the r-axis

» Point X is located at (0, +7).
Point Y is located at (0, -7).

» If a new set of axes (x’y’) are drawn at an angle of 45 degrees
(CCW) to the xy axes, no shear stresses will act on surfaces normal
to the x’y’ axes.

» The normal stress acting along the x’-axis will be in tension. The
normal stress acting along the y’-axis will be in compression.

» These stresses correspond to points X’ and Y’, rotated in a CCW
direction of 90 degrees from points X and Y, respectively.

» Point X’ shows a tensile stress +7.

Point Y’ shows a compressive stress —7.
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So what'’s easier, Mohr’'s Circleor S’ =T"-S-T ?

S=1[2-5; % 2D stress tensor
-5 4 1;

[ evecS , evalS ] = eig(S) % principle directions & stresses

tau_max = (max(diag(evalS)) - min(diag(evalS)))/2

t = 47; % rotation angle theta (degrees)

T = [ cosd(t) , -sind(t) ; % coordinate transformation matx
sind(t) , cosd(t) 1;

St = T’*S*T % transformed stress tensor

... you may decide for yourself.
I's good to know about Linear Algebra.
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stress transformation in 3D



the continuum potato

cuts on three planes (yz, zx, zy)

and an internal elemental cube with surface areas AA.
y

z ]
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The elemental stress cube
showing “positive-facing” faces

yy
. AN
agji = lim ——

| AA—0 AA;

/_> sz
S —

y

N

Q
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the stress tensor

The stresses on the surfaces in the xyz coordinate system are

the rows of the stress tensor.

T xx
[O’XX Txy TXZ] = [1 0 0] Tyx
Tzx
T xx
[Tyx Oyy Tyz] = [0 1 0] Tyx
Tzx
O xx
[TZX Tzy O'zz] = [O 0 1] Tyx

Tzx
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sz

Txy

sz

Txy

sz

Txz

Ozz

Txz

Ozz

Txz

Ozz

Spring 2017 27/36



stress vectors, or “tractions” on the coordinate planes

,
t, =78
t=j-S
t,==%-S

J
X
Z k l
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stress vectors, or “tractions” on the coordinate planes

The traction, f, on a surface has Xyz components.
The traction on the surface with unit normal 7’is

b=l +Tyl+Tek =] o Ty T |=7-8
The traction on the surface with unit normal ;’is

= T+ 0y T+ Tyk = [ Tyx Oy Tyz ] =78
The traction on the surface with unit normal % is

=Tod+ Ty f+ 0k =] Tox Tz 02z |=R-S

Likewise ... (because the stress tensor is a linear operator)
The traction on any surface with unit normal i is

?n:ﬁs
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. . -
traction on an arbitrary surface t, = ri- S

/

7 >
tX:l_)S
=78

From equilibrium on the tetrahedron,
Af, = Anyt,+An B, + An, [,

recall from 2D: A cos§ = An, and Asiné = An,
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. . -
traction on an arbitrary surface t, = ri- S

» Consider the three coordinate planes passing through a point with
unit normal vectors 7, j; and ¥

» The unit normal vector i to any plane can be expressed in terms of 7,
- -
J,and k.

» From equilibrium on the tetrahedron:
E)n:nxz("‘nyf;/‘f'nz?z
> So the traction f, on a plane with unit normal A

fo =m0 S+nyj-S+nR-S=(ni+nyj+nk)-S=0-8
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. . . e 7
traction stress vectors in other coordinates: t, =t,- T

> Let's express this traction f, in a new coordinate system x’y’z’ where
S
1

N

) J» K are unit vectors in the x, y, z axes, and
22 . .
i’,j’, k" are unit vectors in the x’, y’, z’ axes.

» These rotated components of ?n are the normal stress and shear
stress in the rotated coordinate system : t, = [oxx , Ty , Txz’]

VY]
\
\\
' -, >
Luy L, fh=1t-T
Ty 2 2 54
. - viorjy Tk
) I\ o 2 2 P
[ P T = ]—> 4 ]—> f’ ]—» Kk’
T 3 E 54
S > ¢ : R-i" R-J R-K
k nx
-1 T
bz T'=T
/,

recall coordinate transformation matrix in 2D

Stress Transformation 3D stress EGR 201L. Duke Spring 2017 32/36



transformation of tractions and stresses



apply coordinate transformation to a traction

» the traction on surface “n” is

=78
> the coordinate transformation from unit normal A’ to unit normal 7 is
WA=/ -T7
> theﬁcoorﬁdinate transformation from traction vectors f, to t’ is
=1, T
= &7
= A-S-T
— #-.77.-8.-T
= ﬁ’-(TT-S-T)
= i-8

So, the stress tensor S’ in a coordinate system with axis i’ can be
expressed in terms of the stress tensor S in a coordinate system with axis
Awhere @ =n-T,

S=T7".8.T
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Mohr’s circle in 3D



Mohr’s circle in 3D

» Make three Mohr’s circles,

¢ one for the xy stress square,
¢ one for the yz stress square, and
o one for the xz stress square.

» The three circles will share three principle stresses.

» If there is no traction on one face of the stress cube,
then then one of the principle stresses is zero.
In this case:
e If oy > 0and o2 <0, then Tax = (071 — 02)/2
e [foy >0andos >0, then tpa = +01/2
e [foy <0andos <0, then T = —02/2
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Mohr’s circle in 3D for o1 > 0,05 < 0,and o3 =0

o) Xy

Xz

)

¥z
(c6)(c) <0

=(0,—G,)/2 —]

max
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Mohr’s circle in 3D for o1 > 0,05 > 0,and o3 =0
Xz

i Xy

g 7

(6)(c,) >0

Tnax— 0y/2 T

What are the 3D coordinate rotations
to get from the x, y, z coordinates to the T,,2x coordinates?

.. (o about z, 45 deg. about y’).
Biaxial tension: ductile shear failure. Triaxial tension: brittle tensile failure.
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