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Network Theory

* Networked systems and network data are everywhere

 Statistical network analysis: Observe network data — Infer hidden structures
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Network Theory

* Networked systems and network data are everywhere

 Statistical network analysis: Observe network data — Infer hidden structures
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e Network design: Design network structure — Enable efficient operations
(This Talk)



Flexibility Network Design Under Uncertainty

A Toy Example: Ideal setting
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Flexibility Network Design Under Uncertainty

A Toy Example: Actual demand may change dramatically depending on popularity
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Flexibility Network Design Under Uncertainty

A Toy Example: Configure all production lines to be fully flexible, but too costly
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Flexibility Network Design Under Uncertainty

A Toy Example: Add a few flexible edges (long-chain design)

- ]

Capacity: 10K | |D| @ Demand: 5K
N g

Capacity: 10K |u|u| |u§ Demand: 10K
n g

Capacity: 10K |u|m| |D§ Demand: 15K
N &

Capacity: 10K |..| | I% Demand: 15K

Capacity: 10K ||.’u|'§'| @ Demand: 5K



Flexibility Network Design Under Uncertainty

A Toy Example:
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Flexibility Network Design Under Uncertainty

A Toy Example:
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Question: How to design a sparse graph
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Many real-world applications: match capacitated resources with uncertain demand
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Motivation: Transportation flexibility

* Proposed in [Feng-Caldentey-Xin-Zhong-Wang-Hu *24]
e Logistics networks are divided into regions A region
* With each region:

e | distribution center (DC)

e Multiple delivery stations (Sites)




Motivation: Transportation flexibility

* Proposed in [Feng-Caldentey-Xin-Zhong-Wang-Hu *24]
e Logistics networks are divided into regions A region
* With each region:

e | distribution center (DC)

e Multiple delivery stations (Sites)
* On each day:

e Demands are revealed at each site

e Packages are transported from DC to Sites




Motivation: Transportation flexibility

* Proposed in [Feng-Caldentey-Xin-Zhong-Wang-Hu *24]
e Logistics networks are divided into regions A region
e With each region:

e | distribution center (DC)

e Multiple delivery stations (Sites)
* On each day:

* Demands are revealed at each site

e Packages are transported from DC to Sites

e Current practice [ DC }

e Direct shipping (mostly): one truck one site



Motivation: Transportation flexibility

* Proposed in [Feng-Caldentey-Xin-Zhong-Wang-Hu *24]
e Logistics networks are divided into regions A region
e With each region:

e | distribution center (DC)

e Multiple delivery stations (Sites)
* On each day:

* Demands are revealed at each site

e Packages are transported from DC to Sites

e Current practice [ DC }

e Direct shipping (mostly): one truck one site
 Room for Improvement

e Indirect shipping: one truck serves multiple (two) sites



Motivation: Transportation flexibility

* Proposed in [Feng-Caldentey-Xin-Zhong-Wang-Hu *24]
e Logistics networks are divided into regions A region
e With each region:

e | distribution center (DC)

e Multiple delivery stations (Sites)
* On each day:

* Demands are revealed at each site

e Packages are transported from DC to Sites

e Current practice

e Direct shipping (mostly): one truck one site
 Room for Improvement

e Indirect shipping: one truck serves multiple (two) sites
* Question

* How to design delivery routes for indirect shipping under uncertain demands?
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Tradeoff between truck cost and network complexity

Direct shipping only
poe

Truck cost

Fully flexible

.....................

Network complexity

How to design a sparse network that achieves low truck cost?
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Process Flexibility Model

e Bipartite graph G = ([n], [n], E)
e The total fulfilled demand

2(G, D) = max X;;
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e Bipartite graph G = ([n], [n], E)
e The total fulfilled demand

2(G, D) =ma(>)< Z Xii D ><O
520 (i ek

s.t. Z x; <1 Vi
Z xzj < Dj V.] D >O

i: (i,j))€E

Supply Demand

Total fulfilled demand
* The expected loss of G / under complete graph

EplL(G, D)] = Eplz(K,,,, D) — 2(G, D)] |:| ’O




Process Flexibility Model

e Bipartite graph G = ([n], [n], E)

Supply Demand
e The total fulfilled demand
>
ey 0——0
xl'jZO ..
(i,j))eE
S.t. Z X < | Vi D >C)
Z xzj <D j V.] D
i (i,))EE .
Total fulfilled demand

* The expected loss of G: / under complete graph
EplL(G, D)] = EplzK, ,, D) — (G, D)] |:I

e [ID Bernoulli demand with mean 1:

D. =

{ 0 W.p. g Random demand node deletion with
J

1/p wp.p=1—-g¢ probability g
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Transportation Flexibility Model

e Given a graph design G = ([n], E)
e Vertices = sites

* Edges = delivery routes

e The total fulfilled demand
(G0 = max 3y,

yije{oal} (l,])EE

s.t. Z y; <1 Vi
J: ())EE Two connected sites can be served by
Vi < 1 DAD<I V(i,j) € E «—— asingle truck if their total demand

K .
Total fulfilled demand does not exceed the truck capacity

* The expected loss 1s / under complete graph
EplL(G, D)l = 2Ep, |u(K,, D) — u(G, D))



Transportation Flexibility Model

e Given a graph design G = ([n], E)

e Vertices = sites

e Edges = delivery routes @
e The total fulfilled demand

u(G,D) = max Z Vi

yije{oal} (l,_])EE
S.t. Z Vi <1 Vi
j:(i,))eE
Vi < 1pyp<i V(i,j) € E «—

* The expected loss 1s

EplL(G,D)] = 2E, |u(K,, D) — u(G, D)| +—

e [ID Bernoulli demand with mean 1:

D, =

{

1  wp.g
0.5 wp.p=1—-g

Two connected sites can be served by
a single truck if their total demand
does not exceed the truck capacity

Expected number of unmatched sites

Random node deletion with probability g



Stochastic matching with random node deletion

[ ]

Process flexibility Transportation flexibility

e Both problems reduce to a “matching” problem in the residual graph G,

obtained after each demand node is independently deleted with probability g

e (Goal: Design a graph that sustains a large “matching” after random node
deletions
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Fractional loss

R Dedicated
® design
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Tradeoff: Demand Loss vs Network Complexity

Fractional loss

R Dedicated
® design

Long

® chain [Chou-Chua-Teo-Zheng’ 10, Simchi-Levi-Wei’ 12, Wang-Zhang’15]

Probabilistic K-Chain
expander [Chou-Chua-Teo-Zheng’11]
[Chen-Zhang-Zhou’15] :
I N N @& — — — — — — — - Fully flexible
R =
0 log(1l/€) Average degree

loz(1/2) Q(log(1/e)) Q(1/e)

Our contribution Random node deletion with probability ¢
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Process Flexibility: A simple lower bound
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Process Flexibility: A simple lower bound

Theorem D ><O
For any bipartite graph G with an average degree d, D /O

EplL(G,D)] > ng“. ]

e Proof Ideas:
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, E[ # ot 1solated supply nodes in G,] = Z q“ Demand node deletion w.p. g
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Process Flexibility: A simple lower bound

Theorem D ><O
For any bipartite graph G with an average degree d, D /O

EplL(G,D)] 2 ng“. ]

* Proof Ideas: : %
e L(G,D) 2z # of1solated supply nodes in G,

. E[ # of 1solated supply nodes in G| = Z 7" ? g’ Demand node deletion w.p. g
i=1

Jensen’s; Equality holds
for regular graphs

e Implications:
e en-loss requires d > log(1/¢)/log(1/qg) for any graph;
* An optimal graph design needs to be regular

e K-Chain i1s also regular, but it still requires d > €2(1/€) [Chou-Chua-Teo-Zheng’11]



Our solution: Random regular graphs
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* An object widely study in probability and TCS

* Spectral expansion: Almost Ramanujan graphs
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Process Flexibility: Random Regular Graphs Are Optimal

Theorem [Li-Niu-Wei-Xu ’25]
For any constant 6 > 0, a random d-regular bipartite graph G achieves whp:
o ¢-fractional loss (Ep[L(G, D)] < en), if
1
i (1 + d)log(1/¢)
log(1/¢g)

e Constant loss (Ep[L(G, D)] = O(1)), if
i> (1 4+ 9)logn
log(1/q)

Remarks
e Match the lower bounds with the sharp constant;
e Previous best-known upper bound d > Q(log(1/€)) [Chen-Zhang-Zhou’15];
e K-chain needs d > €2(1/€) [Chou-Chua-Teo-Zheng’11].



Theorem [Li-Niu-Wei-Xu ’25]
For any constant 6 > 0, a random d-regular graph G achieves whp:
e ¢-fractional loss (Ep[L(G, D)] < en), if
g5 (1 + d)log(1/e)
log(1/¢g)

e Constant loss (Ep[L(G, D)] = O(1)), if
i> (1 4+ 9)logn
log(1/q)

Remarks
e Match the lower bounds with the sharp constant;
e Erdds—Rényi random graph needs d > log(1/€)/(1 — g) [Li-Niu-Wei-Xu’25];
e K-chainneeds d > 21log(1/¢)/log(1/q) [Li-Niu-Wei-Xu’25].
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Strong Connectivity Property

By max-flow min-cut theorem:

Z2(G,D) = gcl%n] {n—|§]+[N(S) r}supp(D) |/p}

The demand neighbors
Supply Demand of S in Gies
I:l \ >O
< N(S) N supp(D)

To ensure en-loss: Strong “en-connectivity”

L(G,D) > (1 —e)n < VS C[n]: |N(S)nsupp(D)| = p(|S| —en)
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Ruling out Large Bottleneck

e Sis called a bottleneck, if | N(S) Nnsupp(D)| < p(|S| — en)

e A bottleneck S is called “large”, if | S| > €“n for some choice of ¢ € (0,1)

Supply Demand e Sisa “large” bottleneck =

e 1 demand subset T' C supp(D) with

| T| = |supp(D)| — p(|S| —en)
s.t. there 1s no cross-edge between S
and T, 1.e.,e(S,7) =0

e A simple union bound over $ and T
shows that there 1s no such big cut
whp

e Regularity on the demand side and
random connections are important

Large Bottleneck S



Ruling out Small Bottleneck $

e Sis called a bottleneck, if | N(S) Nnsupp(D)| < p(|S| — en)

e A bottleneck S is called “small”, ifen < | S| < €“n

Supply Demand
D r Key challenge:
G {e(S,T)} are highly correlated
supp(D) across different 7' C supp(D), so a
: simple union bound over $ and T
O does not work

Small Bottleneck S
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e Sis called a bottleneck, if | N(S) Nnsupp(D)| < p(|S| — en)

e A bottleneck S is called “small”, ifen < | S| < €“n

Supply Demand (1) Little waste of supply:
e(S, supp(D)) > y|S|for all § with
| S| > en, for somey > 0

T

A stronger requirement than the bound
on the # 1solated supplier nodes

(1 4+ 6)log(1/¢)
log(1/g)

Satisfied when d >
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Ruling out Small Bottleneck $

e Sis called a bottleneck, if | N(S) Nnsupp(D)| < p(|S| — en)

e A bottleneck S is called “small”, ifen < | S| < €“n

Supply Demand (1) Little waste of supply:
e(S, supp(D)) > y| S| for all S with
| S| > en, for somey > 0

supp(D) (2) Little congestion: e(S,T) < y| S|
for all S withen < |S| < €“n and
all T' C supp(D) with
| T| < p(|S]| —en)

e (1)+ (2) = small bottleneck S
cannot occur

e Regularity on the supply side and
random connections are important

Small Bottleneck S
Rule out by (2)
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Tutte-Berge theorem

Theorem [Tutte *47, Berge’58]

The number of unmatched vertices 1n a maximum matching of graph G 1s given by

max (odd(G—S) — ISI)

SCV(G) T
# of odd components when $§
removed
G-39$
Maximum independent set size A

RS

Remark: odd(G — §) < Ind(G) = It suffices to check S with | S| < Ind(G)
For a random d-regular graph G, Ind(G) < 2nlog(d)/d



Constant Loss Regime: Ruling out Small Bottleneck §

e Sis called a bottleneck, if odd(G™* — §) > | S| + 2, where G* := G[supp(D)]
e A bottleneck S is called “small”, if | S| < 2nlog(d)/d

Components of G* — S

_________________________________________________
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e Sis called a bottleneck, if odd(G™* — §) > | S| + 2, where G* := G[supp(D)]
e A bottleneck S is called “small”, if | S| < 2nlog(d)/d

e (No big cut) = there exist at least |S| + 1 small components



Constant Loss Regime: Ruling out Small Bottleneck §

e Sis called a bottleneck, if odd(G™* — §) > | S| + 2, where G* := G[supp(D)]
e A bottleneck S is called “small”, if | S| < 2nlog(d)/d

e (No big cut) = there exist at least |.S| + 1 small components

e (No small component in G*) = each of these small components must have at
least one edgeto S = e(S,7) > [ S|+ 1

A stronger requirement than Satisfied when d > (1+0)logn
no isolated node — log(1/q)




Constant Loss Regime: Ruling out Small Bottleneck §

e Sis called a bottleneck, if odd(G™* — §) > | S| + 2, where G* := G[supp(D)]
e A bottleneck S is called “small”, if | S| < 2nlog(d)/d

e (No big cut) = there exist at least |.S| + 1 small components

e (No small component in G*) = each of these small components must have at
least one edgeto S = e(S,7) > [ S|+ 1

e (Little congestion) = since both S and T are small, (S, 7") < |.§| (contradiction)
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e In our setting, G, 1s the random d-regular graph with random vertex removal (with

probability g). We show 1t converges locally to GW tree with degree distribution
r = Binom(d,p) withp =1 —g¢q
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e In our setting, G, 1s the random d-regular graph with random vertex removal (with

probability g). We show 1t converges locally to GW tree with degree distribution
r = Binom(d,p) withp =1 —g¢q

o Thus, ¢(t) = (pt + 1 — p)* and we show F(¢) has three extremum points with the

first one being the maximum and max F(r) = (1 + 0,(1))g?
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e So,whend > (1 +6)log(1/e)/log(1/q), a(G,) < € and thus E,[L(G, D)] < en



Numerical Experiments
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Random regular graphs can achieve performance close to the theoretical lower

bounds even for moderate graph sizes and relatively small degrees




Summary

Setting Graph design en-loss Constant loss
log(1/¢) log(n)
Lower bound Both Any log(1/2) log(1/4)
Chou et al. (2011)| Bipartite Chain Q(1/e) -
Chen et al. (2015)| Bipartite |Probabilistic Expander|  €(log(1/¢)) -
... | Ring; Chain; Cluster;
Feng et al. (2024) [ Unipartite Erdss-Reényi Q(log(1/¢)) Q(log(n))
log(1/€)” log(n)
Our work Both Random regular gtl/e) g(r)
log(1/g) log(1/g)

*Within a factor of (1 + 6) for arbitrarily small 6 > 0.
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