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a b s t r a c t
We develop a prior-free mechanism for an asset market that is dominant-strategy incentive
compatible, ex post individually rational, constrained eﬃcient, and asymptotically optimal—
as the number of agents grows large, the designer’s proﬁt from using this mechanism
approaches the proﬁt it would optimally make if it knew the agents’ type distribution
at the outset. The direct implementation ﬁrst identiﬁes the agent whose value equals
the Walrasian price. The second step can be described algorithmically as consisting of
ascending and descending clock auctions that start from the Walrasian price, estimate
virtual types, and stop eliminating trades when the estimated virtual value exceeds the
estimated virtual cost. The mechanism permits partial clock auction implementation. Our
approach accommodates heterogeneity among groups of traders and discrimination among
these, provided heterogeneity is not too accentuated.
© 2022 Elsevier Inc. All rights reserved.

1. Introduction
Exchanges in which agents’ trading positions—buy, sell, or hold—are determined endogenously abound in the real world.
If anything, they have become even more prevalent in the digital age as companies like Uber, Lyft, and AirBnB allow agents
who used to be active on only one side of the market as buyers or sellers to choose whether they consume or provide
services. Moreover, vertical integration almost inevitably makes an integrated ﬁrm’s trading position endogenous because, for
some realizations of values, the vertically integrated ﬁrm may optimally buy additional inputs, sell its units, or not trade in
the input market. The mechanism design literature has long paid scant attention to such markets, which we refer to as asset
markets, but there has been a recent upsurge of interest.1 An important issue, of particular salience in novel industries and
environments, concerns the mechanism for a designer that faces traders without knowing the distributions of their types.
In this paper, we approach this problem by looking for mechanisms that satisfy dominant strategy incentive compatibility and individual rationality ex post, which seem the natural constraints in environments without knowledge of the
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prior distribution, and achieve maximum revenue as the number of ex ante symmetric agents becomes large. That is, as
the number of agents becomes large the mechanism converges to the one that maximizes the designer’s proﬁt if the designer knew the distribution from which the agents draw their types. We do this under the assumptions that the agents’
endowments and maximum demands are commonly known, their constant marginal values are independent draws from
the same distribution and that this (unknown) distribution is regular in the sense of exhibiting both increasing virtual costs
and virtual values.
Moreover, we show that this asymptotically optimal prior-free mechanism, in addition, always satisﬁes constrained eﬃciency insofar as the agents who sell their endowments under this mechanism are the ones with the lowest values, and the
agents who buy under this mechanism are the ones with the highest values. Constrained eﬃciency is a desirable property
because it eliminates post-allocation gains from trade on each side of the market among agents that trade in the mechanism. Thereby, it reduces scope for resale and, related, bid shading and public fall-out due to discrimination that arises
when, say, an agent who submitted a lower bid obtains a unit while another with a higher bid is not served (Loertscher
and Mezzetti, 2021). In light of the Wilson critique (Wilson, 1987), being prior-free is a desirable robustness property, while
asymptotic optimality insures the designer against ex post regret—the designer would not have made more proﬁt, ex post,
had it known at the outset the type distribution that it learned by running the mechanism (Loertscher and Marx, 2020a).
The asymptotic optimality of a mechanism that always endows agents with dominant strategies and respects their individual rationality constraint is a property that is similar to the consistency of an estimator in econometrics that may also have
other desirable features, such as unbiasedness. These properties can be established analytically, but are typically not interpreted as meaning that the estimator or mechanism only performs well in the large. Indeed, the simulations in Section 4
show that our prior-free mechanism performs well even with a moderate number of agents, and by construction, it always
satisﬁes dominant strategy incentive compatibility, ex post individual rationality, and constrained eﬃciency.
A particular feature of asset markets and partnership models à la Cramton et al. (1987), and a major challenge to
designing suitable mechanisms for these environments, is that they are subject to what Lewis and Sappington (1989) dubbed
“countervailing incentives”: agents who are likely to trade as sellers have incentives to exaggerate their costs, while agents
with high values are likely to trade as buyers and therefore have incentives to report lower values than they have. This
implies that in an asset market, an agent’s information rent is typically minimized for a type in the interior of the type
space. This contrasts sharply with one-sided allocation problems such as auctions or procurement auctions, as well as the
two-sided allocation problems addressed by double auctions, where it is a priori known which agents are buyers and sellers
and therefore a priori known which type of an agent is the worst-off—the lowest possible type for a buyer and the highest
possible type for a seller.
From the designer’s perspective, knowledge of which types are worst-off identiﬁes the types for which the individual rationality constraint binds, which, in turn, permits clock auction implementation of the optimal mechanism in environments
with one-sided and two-sided private information. Because of the countervailing incentives and the endogeneity of trading
positions inherent in asset markets, these markets afford no simple, a priori known point at which one can, say, start a
clock auction. The mechanism we develop is, therefore, direct. It ﬁrst identiﬁes agents with values equal to the Walrasian
price deﬁned with respect to the reported types. As the number of agents goes to inﬁnity, these agents will almost surely
not trade under the mechanism that is optimal for the market maker in the same sense and under the same conditions as
Myerson’s optimal auction is optimal for the auctioneer. Its second step can be described algorithmically as consisting of
ascending and descending clock auctions that start from the Walrasian price and estimate virtual types along the way using
the methodology developed in Loertscher and Marx (2020a).
Although the trades that are executed are eﬃcient in that they involve sales from the lowest-type agents to the highesttype agents, the mechanism that maximizes the market maker’s expected proﬁt does not, in general, involve the eﬃcient
number of trades. Just as a monopolist sells less than the eﬃcient quantity, our market maker generally restricts the quantity
of trades below the eﬃcient level. In contrast to an optimal sales (procurement) auction, the distortion away from the
eﬃcient allocation does not involve traders with low (high) values, but rather agents of intermediate types equal to or near
the Walrasian price. These are the types for whom the individual rationality constraint is binding in an optimal mechanism.
As we show, our mechanism permits partial clock implementation, which is desirable because, as argued by Baranov
et al. (2017), even partial privacy preservation is valuable when there is a tension between privacy preservation and price
discovery. For example, one can start an ascending clock. The clock increases as long as indicated net demand exceeds
supply. An agent that exits either does not trade or trades as a seller at a price that does not depend on its bid (other than
its having exited). As soon as net demand is less than supply, the mechanism begins estimating virtual values and virtual
costs, beginning in both directions from the price at which net demand equals supply. The clock auction continues to reduce
the quantity demanded until the ﬁrst point at which estimated virtual values exceed estimated virtual costs. This ascending
clock auction preserves the privacy of agents who trade as buyers and endows agents with obviously dominant strategies
in the subgame that ensues after the Walrasian price is reached. Conversely, one can implement the mechanism using a
descending clock auction and preserve the privacy of the agents who trade as sellers. Of course, if the Walrasian price
for the problem at hand is known a priori, for example based on historical data, then there is an asymptotically optimal
mechanism that requires no prior information about distributions and that can be implemented using clock auctions by
starting both the buyers’ and the sellers’ clock auctions at that Walrasian price.
The main analysis assumes that all agents draw their types from the same distribution and have the same endowments
and maximum demands, where for simplicity we set the ratio of maximum demand over endowment equal to two. In an
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extension, we show that the assumptions on maximum demands and endowments can be relaxed straightforwardly. We
also provide conditions under which one can allow for heterogeneous groups of traders, with traders in each group drawing
their types from the same regular distribution, while the distributions are allowed to vary across groups. Last but not least,
we show that the problem faced by the designer who aims to maximize revenue in the large is equivalent to the problem
faced by a tax-revenue maximizing authority that does not know the shape of the Laffer curve (Laffer, 2004), and we explain
how the mechanism can be augmented to accommodate a Ramsey objective consisting of a convex combination of revenue
and social surplus.
To the best of our knowledge, the mechanism design literature on asset markets is conﬁned to Lu and Robert (2001),
Chen and Li (2018), Loertscher and Wasser (2019), Johnson (2019), Loertscher and Marx (2020b), Delacrétaz et al. (2022),
and Li and Dworczak (2021), which, as mentioned in footnote 1, build on Cramton et al. (1987). None of these analyzes
prior-free asymptotic optimality.2 While details differ (in particular, there are no technological interference constraints and
agents do not register as buyers or sellers here), this mechanism is reminiscent of the incentive auction employed by the
U.S. Federal Communications Commission in 2017 to purchase spectrum licenses from television broadcasters and then sell
them to mobile wireless providers (see, e.g., Leyton-Brown et al., 2017; Milgrom, 2017).
Outside the domain of asset markets and beginning with Baliga and Vohra (2003) and Segal (2003), there is a sizeable
literature on prior-free asymptotically optimal mechanisms.3 To maintain incentive compatibility when agents compete
against each other for the opportunity to trade, most of this literature takes either a random-sampling approach, whereby a
small subset of agents is sampled and prevented from trading, or splits the market into separate submarkets and uses reports
and estimates from one submarket to determine the allocation and payments in the other. Neither of these mechanisms is
constrained eﬃcient. An exception is Loertscher and Marx (2020a), which develops a clock auction that is prior free and
asymptotically optimal if the type distributions satisfy regularity. In this paper, we use the estimation and elimination
procedure developed in Loertscher and Marx (2020a) in the second stage of a direct mechanism, which in a ﬁrst stage
needs to identify the Walrasian price in order to initiate that procedure. The ﬁrst stage of this mechanism embeds elements
from the trade-sacriﬁce mechanism that we developed in Loertscher and Marx (2020b), but the problems addressed by
that paper and the present one differ substantively. In particular, agents with types equal or close to the Walrasian price
never trade in the large-market limit here, while (some) agents with types close to the Walrasian price always trade under
eﬃciency (and in the trade sacriﬁce mechanism) in Loertscher and Marx (2020b). A key challenge for making things work
for asymptotic optimality in the asset market setting is that there is no obvious starting point for the mechanism. While
a designer selling to multiple buyers can use an ascending clock auction that starts at a very low price, and a designer
purchasing from multiple suppliers can use an descending clock auction that starts at a very high price, in the asset market
setting it is not clear ex ante which agents should be buyers and which should be suppliers (and which agents should not
trade).
More broadly and fundamentally, the paper contributes to what may be a nascent ﬁeld in policy making and market
design that recognizes the beneﬁts of adjusting allocations in real time to information gleaned from earlier allocations.
Chetty et al. (2021) provide a simple yet powerful illustration of this in the context of pandemic-related stimulus checks and
present persuasive arguments for why reliance on past experience is neither useful nor necessary.4 A natural reinterpretation
of our model and application to public ﬁnance is to view it as a Laffer curve problem, where the designer—that is, the tax
authority—needs to ﬁnd the tax rate that maximizes revenue, which in an evolving environment requires estimating the
elasticity of the volume traded with respect to the tax rate. In a different context, Agarwal et al. (2021) show how waitlists
whose priorities depend on empirical distributions can improve outcomes for patients waiting for a cadaver kidney.5
The remainder of this paper is organized as follows. Section 2 introduces the setup. In Section 3, we derive asymptotically
optimal, prior-free mechanisms. Section 4 analyzes performance in the small. Section 5 contains extensions and discussion,
and Section 6 concludes the paper.
2. Setup
We assume that there is a set N of n ≥ 3 agents, where n is odd. Each agent i ∈ N has an endowment of one unit of a
homogeneous good and a constant marginal value θi for up to two units of the good. The willingness to pay for additional
units beyond the capacity is zero. The agents’ endowments and maximum demands are commonly known, including by the
1
market maker (or designer). In this setup, eﬃciency would be achieved by having the n−
agents with the lowest values for
2
1
the good transfer their units to the n−
agents with the highest values for the good. But we consider a market maker that
2

2

Interestingly, the idea of estimating the agents’ type distribution was mentioned by Cramton et al. (1987, p. 624) without being further pursued there.
See, for example, Loertscher and Marx (2020a) for a comprehensive list of references.
4
Chetty et al. (2021) emphasize the value of real-time data on how consumers have spent stimulus checks for the design of continuing stimulus,
concluding that “targeting stimulus checks to lower- and middle-income households and using the money that is saved for programs to support those who
need the most help is likely to yield greater economic beneﬁts.”
5
The recent work by Abdulkadiroğlu et al. (2017, 2022), who use tie-breaking in centralized matching mechanisms for identiﬁcation and estimation, is
also related to our paper. One difference is that in our mechanism the estimates feed back into the allocation and transfers.
3

70

S. Loertscher and L.M. Marx

Games and Economic Behavior 137 (2023) 68–90

is not interested in eﬃciency, but rather in maximizing its own proﬁt.6 Further, we assume that the agents’ values for the
good, which we refer to as the agents’ types, are their own private information, so incentives must be provided for agents
to reveal the relevant information, and consequently, information rents will need to be paid.
1
It will be useful to have notation for order statistics among the agents’ types. For k ∈ {1, . . . , n−
}, we use θ(k) to denote
2
the k-th highest type and θ[k] to denote the k-th lowest type in θ ≡ (θ1 , . . . , θn ). We deﬁne θ(0) = 1 = θ[ n+1 ] and θ( n+1 ) =
2

2

0 = θ[0] .
We assume that the agents’ types are drawn independently from a continuously differentiable distribution F with compact interval support, which we normalize without loss of generality to [0, 1], and density f that is positive on [0, 1]. To
simplify notation, we assume that there are no ties among the agents’ types.7 We assume further that F has increasing
virtual type functions

(θ) ≡ θ −

1 − F (θ)
f (θ)

and (θ) ≡ θ +

F (θ)
f (θ)

(1)

,

where we refer to  as the virtual value function and to  as the virtual cost function. As is well known and will become
clear from the analysis below,  can be interpreted as a marginal revenue function and  as a marginal cost of procurement
function.8
We assume that neither the market maker nor the agents know F . That the agents do not know F is in the spirit of
robust mechanism design, and we impose it to prevent the market maker from simply asking agents to report F and if
they fail to agree, to prohibit all trade. However, we assume that the market maker knows that F has a continuous, positive
density on [0, 1] and increasing virtual type functions.
We say a mechanism is prior-free if it is deﬁned without reference to the type distribution. A direct mechanism s, p

n
consists of an allocation rule s : [0, 1]n → {0, 1, 2}n satisfying
i ∈N s i (θ ) = n for all θ ∈ [0, 1] and a payment rule p :

[0, 1]n → Rn . The mechanism satisﬁes dominant-strategy incentive compatibility (DIC) if, for all i ∈ N , all θi , θ̂i ∈ [0, 1], and
all θ −i ∈ [0, 1]n−1 ,
si (θ )θi − p i (θ) ≥ si (θ̂i , θ −i )θi − p i (θ̂i , θ −i ),
where θ = (θi , θ −i ), and ex post individual rationality (EIR) if for all i ∈ N , all θi ∈ [0, 1], and all θ −i ∈ [0, 1]n−1 ,

si (θ )θi − p i (θ) ≥ θi ,
where θi is the value of the outside option of agent i, which is the value of consuming its endowment.
If the market maker knew the distribution F and faced a continuum of traders with mass normalized to 1, its proﬁt
maximization problem would be to choose the quantity Q ∈ [0, 1] to maximize

( F −1 (1 − Q ) − F −1 ( Q )) Q ,
where F −1 (1 − Q ) is such that a mass 1 − Q of agents have higher values than F −1 (1 − Q ) and F −1 ( Q ) is such that a
mass Q of agents have values that are smaller than F −1 ( Q ). Setting p B = F −1 (1 − Q ) and p S = F −1 ( Q ), the ﬁrst-order
condition for a proﬁt maximum is

( p B ) = ( p S ),
and p =
B

F −1 (1 − Q ∗ ) and p S

(2)

=

F −1 ( Q ∗ ) is equivalent to the market-clearing condition

1 − F ( p B ) = Q ∗ = F ( p S ).

(3)

It is straightforward to verify that the second-order condition is satisﬁed whenever the ﬁrst-order condition is satisﬁed if
 and  are both monotone, which establishes that (2) and (3) characterize the unique maximum. Intuitively, (2) equalizes
the marginal revenue with the marginal cost of procurement and thereby illustrates the aforementioned interpretations of
 and . It follows that per-trader proﬁt in the large-market limit when the market maker knows F is ( p B − p S ) Q ∗ .9 Fig. 1
provides an illustration for the uniform distribution. We refer to mechanisms that maximize the market maker’s expected
proﬁt, with the expectation being taken with respect to the true distribution F , as optimal mechanisms.
We say that a DIC-EIR mechanism is asymptotically optimal if its per-trader proﬁt converges in probability to ( p B − p S ) Q ∗
as n (with n odd) goes to inﬁnity. As mentioned, the property of asymptotic optimality provides valuable discipline for a

6
It is straightforward to allow the market maker’s objective to be the maximization of the expected value of a weighted average of proﬁt and social
surplus, as described in Section 5.1.
7
One can accommodate ties by introducing an ordering over agents and using that ordering to deﬁne the tie-breaking rule; see, for example, Loertscher
and Marx (2020b).
8
See, for example, Mussa and Rosen (1978) and Bulow and Roberts (1989).
9
See Corollary B.1 in Appendix B, which extends Lu and Robert (2001, Theorem 3) to the limit case for our setup.
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Fig. 1. Illustrations for uniformly distributed types. With uniform types, (θ) = 2θ − 1 and (θ) = 2θ , and so ( F −1 (1 − Q )) = 1 − 2Q and ( F −1 ( Q )) = 2Q .
Thus Q ∗ = 1/4, p B = 3/4, p S = 1/4, and ( p B − p S ) Q ∗ = 1/8 as illustrated in panel (a). Panel (b) depicts the equivalent representation as a Laffer curve
problem, where τ is as speciﬁc tax and tax revenue is τ (1 − τ )/2.

mechanism, like requiring consistency for a statistic being used as an estimator. Asymptotic optimality protects the market
maker from ex post regret because it means that the market maker could not have done better had it known from the
outset what it learned about distributions and virtual types from running the mechanism.
When the market maker does not know F , but knows that it exhibits monotone virtual type functions, as we assume,
its problem boils down to estimating when the point of intersection between ( F −1 (1 − Q )) and ( F −1 ( Q )) has been
reached. Asymptotic optimality then requires this estimation to be accurate as the number of traders goes to inﬁnity. Of
course, the problem of empirically ﬁnding the maximum of a function is reminiscent of the discussions surrounding the
Laffer curve (Laffer, 2004), which gives tax revenue as a function of the tax rate. Indeed, if one imposes a speciﬁc tax τ ≥ 0,
the tax revenue with a continuum of traders drawing their types from the uniform distribution on [0, 1] is τ (1 − τ )/2 as
illustrated in panel (b) of Fig. 1.10 We return to the Laffer curve problem—that is, the problem of identifying its top—in
Section 5.1.
This setup provides a useful starting point for the analysis. Proﬁt maximization comes down to the selection of which
agents should sell their endowments and which agents should buy those units. While the underlying economics are most
transparent in this simple setup, the assumption that n is odd simpliﬁes the analysis without being essential, as discussed
at the end of Section 3.1, and the assumptions that endowments and maximal demands are the same across all agents (and
equal to one and two, respectively) are also not essential, as we show in Section 5.4.
3. Asymptotically optimal prior-free mechanisms
We begin by deﬁning a prior-free, incentive compatible, individually rational asset market mechanism with estimated
virtual types, and we then deﬁne the prior-free estimators for the virtual types to be used in that mechanism. Of course, if
the mechanism relies only on estimated virtual types, then it is prior free, and if those estimators are consistent, then we
have a prior-free mechanism that is asymptotically optimal. We conclude the section by showing that the prior-free asset
market mechanism with estimated virtual types can be implemented using a partial clock auction that preserves the privacy
of trading agents on one side of the market. For practical implementation, privacy preservation can be desirable because it
protects agents from the exploitation of their private information.
3.1. Prior-free mechanism with estimated virtual types
Although the prior-free asset market mechanism with estimated virtual types that we deﬁne is a direct mechanism that
requires agents to report their types only once, at the outset, one can usefully think of it as consisting of two phases.
In the ﬁrst phase, given reports θ1 , . . . , θn , the mechanism determines the type of the agent that, under eﬃciency, does
not trade: θ̂ ≡ θ n+1  . We refer to θ̂ as the cutoff type and the agent with type θ̂ as the cutoff agent. Note that θ̂ is the
2

(unique) market clearing price given the realization θ . After the cutoff type is identiﬁed, the mechanism has a second phase,
the “auction phase,” in which agents with initial reports above the cutoff type participate as buyers in an ascending clock

10
To see the equivalence between our problem and the Laffer problem, note that for the uniform distribution, p B − p S = F −1 (1 − Q ∗ ) − F −1 ( Q ∗ ) =
1 − 2Q ∗ , and so the market maker’s proﬁt is ( p B − p S ) Q ∗ = (1 − 2Q ∗ ) Q ∗ . Using the change of variables, τ = 2Q ∗ , this is equal to (1 − τ )τ /2. Giving
this tax interpretation, a tax τ on trade, borne symmetrically by buyers and sellers, means that for uniformly distributed types, trade only occurs between
buyers with types greater than 1/2 + τ /2 and sellers with types less than 1/2 − τ /2, in which case the gains from trade exceed τ . Thus, the tax τ is
collected on (1 − τ )/2 trades, for total tax revenue of τ (1 − τ )/2.
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auction starting at the cutoff type, while agents with reports below the cutoff type participate as sellers in a descending
clock auction. In this auction phase, for t ∈ {0, 1, . . . },11 we have a state ωt = (Bt , St , ptB , ptS ), where the components of
the state are: the set of active buyers Bt ⊆ N , the set of active sellers St ⊆ N , which satisfy Bt ∩ St = ∅, the buyer price
ptB ∈ [0, 1], and the seller price ptS ∈ [0, 1]. Letting  be the set of all such states, the auction phase relies on a virtual value
estimator φ :  → R that is increasing in the buyer price and a virtual cost estimator γ :  → R that is increasing in the
seller price. We defer to Section 3.2 the task of deﬁning consistent virtual type estimators.
We initialize the auction phase by setting S0 ≡ {i ∈ N | θi < θ̂}, B0 ≡ {i ∈ N | θi > θ̂ }, and p 0B = p 0S ≡ θ̂ . The cutoff agent
1
is not included in either of the sets S0 or B0 —as a result, the cutoff agent never trades. Also, |B0 | = |S0 | = n−
≥ 1, so,
2
given that n ≥ 3, the auction starts with at least one active buyer and seller.
For t ∈ {0, 1, . . . }, the auction phase applies the following iterative process:

• Step 1: If either φ(ωt ) ≥ γ (ωt ) or |Bt | = 1, then the auction phase ends; otherwise, proceed to step 2.
• Step 2: Let





ωt +1 = Bt \{ j B }, St \{ j S }, θ j B , θ j S ,
where j B and j S are deﬁned by θ j B = mini ∈Bt {θi } and θ j S = maxi ∈St {θi }, and proceed to step 3.
• Step 3: Increment t by 1 and return to step 1.
Because step 2 reduces the number of active buyers by 1 and the number of active sellers by 1, the auction phase ends
after a ﬁnite number of iterations. Let ω̂ = (B̂ , Ŝ , p̂ B , p̂ S ) denote the state when the auction phase ends. By construction,
|B̂ | = |Ŝ |, p̂ B ≥ θ̂ , and p̂ S ≤ θ̂ . The asset market mechanism then speciﬁes that |B̂ | units are traded, with each agent i ∈ B̂
receiving one unit and paying p̂ B , and each agent i ∈ Ŝ providing its endowment and being paid p̂ S .
Proposition 1. The prior-free asset market mechanism with virtual type estimators φ and γ is dominant-strategy incentive compatible, individually rational, and deﬁcit free if for any state ω = (B , S , p B , p S ), φ(ω) and γ (ω) depend only on p B , p S , and the types of
inactive agents, that is of agents in N \(B ∪ S ).
Proof of Proposition 1. If φ(ω) and γ (ω) depend only on p B and p S , which are functions of the types of agents in N \(B ∪
S ), and on the types of agents in N \(B ∪ S ), then the stopping rule in the auction phase depends only on the types of
agents that do not trade and so the auction phase is a two-sided clock auction as deﬁned by Loertscher and Marx (2020a).12
By the nature of clock auctions, it follows that in the auction phase every agent has a dominant strategy to bid truthfully.
Hence, we are left to rule out proﬁtable deviations from truthful reporting in the ﬁrst phase, which determines whether an
agent is the cutoff agent (and so does not trade) or participates as a buyer or a seller.
Consider ﬁrst an agent who under truthful reporting is the cutoff agent. If the agent deviates from truthful reporting but
remains the cutoff agent, its payoff remains zero and so the deviation is not proﬁtable. If the agent reports a higher type so
that it becomes a buyer, the cutoff type increases (above the deviating agent’s type), so that if the agent trades in the clock
auction, its payoff is negative. The best case for the agent is that it does not trade in the clock auction, in which case its
payoff is zero. Thus, a deviation that causes the agent to become a buyer in the clock auction is not proﬁtable. A symmetric
argument shows that a deviation that causes the agent to become a seller in the clock auction is also not proﬁtable.
We are left to consider agents who under truthful reporting are buyers or sellers in the clock auction. The smallest
payoff from truthful reporting in the clock auction is zero, so the deviation to become the cutoff agent is not proﬁtable. Any
deviation that leaves an agent on the same side of the cutoff agent does not affect the cutoff type, and so has no effect on
the starting prices of the clock auctions. Thus, no such deviation is proﬁtable. The only deviations we are left to rule out
as proﬁtable are such that an agent who under truthful reporting is a buyer (seller) becomes a seller (buyer). But no such
deviation can be proﬁtable because the best that could happen to the deviating agent is that it does not trade, in which
case its payoff is no more than the minimum payoff from truthful reporting in the clock auction. If the agent does trade, it
either sells at a price below its true type or buys at a price above its true type, in which case it makes a loss.
Thus, the mechanism is dominant-strategy incentive compatible. That it is individually rational follows from the fact by
bidding truthfully that every agent obtains a net payoff of at least zero. Deﬁcit freeness follows from the facts that the
lowest price paid by any buyer on any unit traded is the cutoff type, while the highest price received by any seller on any
unit is the cutoff type, and that the quantity traded is balanced. 
Proposition 1 puts us in a position to construct an asymptotically optimal prior-free market mechanism, provided that
we have mappings φ and γ that give consistent estimates of the marginal buyer’s virtual value and the marginal seller’s
virtual cost, respectively, without interfering with the incentive compatibility of the mechanism. The critical issue, then,
is to construct consistent, prior-free estimates of the hazard rates (1 − F (θ))/ f (θ) and F (θ)/ f (θ) using only data from
11
12

3
3
The mechanism that we deﬁne has no more that n−
iterations, so t never exceeds n−
.
2
2
The two-sided clock auction deﬁned in Loertscher and Marx (2020a) is an adaptation of the one-sided clock auction of Milgrom and Segal (2020).
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agents that do not trade. As we show below, the spacings-based estimator of Loertscher and Marx (2020a) provides such an
estimator.
While the analysis above assumes that n is odd, one can easily accommodate an even number of agents n with n ≥ 4.
To do so, deﬁne the two “middle” types, θ̂1 ≡ θ(n/2+1) and θ̂2 ≡ θ(n/2) , where θ̂1 ≤ θ̂2 , and initialize the auction phase with
p 0S ≡ θ̂1 , p 0B ≡ θ̂2 , S0 ≡ {i ∈ N | θi < θ̂1 }, and B0 ≡ {i ∈ N | θi > θ̂2 }.

3.2. Asymptotic optimality
We now specify virtual type estimators φσ and γσ that satisfy the conditions of Proposition 1 and that have properties
suﬃcient to guarantee asymptotic optimality.13 Given a state ω = (B , S , p B , p S ), as one might expect, and analogous to how
the analytic virtual value and cost functions are deﬁned in (1), we can estimate the virtual value as p B minus an estimate
of a buyer’s hazard rate and the virtual cost as p S plus an estimate of the seller’s hazard rate. Thus, the problem reduces to
ﬁnding consistent estimates of the hazard rate terms in the virtual type functions.
Following Loertscher and Marx (2020a), for any state ω = (B , S , p B , p S ) with the number of active agents on each side
1
denoted by a ≡ |B | = |S | ∈ {1, . . . , n−
}, we use
2

φσ (ω) ≡ p B − (a + 1) σ B (ω) and γσ (ω) ≡ p S + (a + 1) σ S (ω),
where

σ B (ω) and σ S (ω) are spacing estimators given by


θ(a+1) −θ(a+1+d(ω))
if d(ω) > 0,
B
S
d
(
ω
)
σ (ω) ≡
σ (ω) ≡
1
otherwise,

n +1

θ[a+1+d(ω)] −θ[a+1]
d (ω )
1

n +1

(4)

if d(ω) > 0,

(5)

otherwise,

and where d(ω) is the number of spacings to be included in the average, deﬁned by


c

d(ω) ≡ min n ,

n−1
2


−a−1

(6)

for some c ∈ (0, 1), where nc  is the smallest integer greater than or equal to nc . According to this deﬁnition, the hazard
rate terms in the virtual types are estimated as the factor a + 1 times the average of d(ω) spacings between adjacent types.
For the virtual value, we use the average of the spacings between the types of the most recent d(ω ) agents to exit on the
buyer side, and for the virtual cost, we use the average of the spacings between the types of the most recent d(ω ) agents to
exit on the seller side. The number of spacings used depends on the parameter c ∈ (0, 1), which ensures that the number of
spacings used increases with the number of agents, but at a slower rate. In that way, more information is used as more is
available, but in the limit, the spacings used in the estimator are spacings between types that are “close” to the type of the
marginal buyer or seller. We can then make use of the result of Loertscher and Marx (2020a) that times the average of a
number of spacings close to the -th highest type converges in probability to
close to the -th lowest type converges in probability to

1− F (θ( ) )
f (θ( ) )

and

times the average of spacing

F (θ[ ] )
.
f (θ[ ] )

Our prior-free asset market mechanism can therefore be summarized as φσ , γσ , c , deﬁned by (4)–(6), where c ∈ (0, 1).
Unpacking this, given a state ω such that a active buyers and a active sellers remain, σ B (ω) is the average spacing between
the d(ω) highest types for nontrading buyer-side agents, i.e., the average spacing between the d(ω ) highest types among

θ̂ = θ n+1  , . . . , θ(a+1) ,
2

and analogously for the seller-side spacing σ S (ω). The number of spacings to include is chosen so that σ B is based only
on spacings between types that are greater than the cutoff type and σ S is based only on spacings between types that are
less than the cutoff type.14 In addition, the number of spacings to include is capped at nc with c ∈ (0, 1) so that as n grows
large, the number of spacings that can be included in the average grows large in absolute terms, but shrinks as a proportion
of the total, i.e., as n goes to inﬁnity, nc goes to inﬁnity, but nc /n goes to zero. In addition, the share of spacings included in
the average does not shrink too quickly in the sense that limn→∞ lnncn = 0. As a result, given our continuity assumptions on
the distribution of types, the spacing estimators σ B (ω) and σ S (ω) are consistent estimators for the spacing between types
close to θ(a) and θ[a] , respectively, and we have the following:
Proposition 2. The prior-free asset market mechanism φσ , γσ , c  with c ∈ (0, 1) is asymptotically optimal.

13
If n = 3, then the auction phase ends at t = 0 with 1 active buyer and 1 active seller, who trade at a price of θ̂ , so in that case, the virtual type
estimators do not play a role.
1
3
14
During the auction phase at t = 0, the sets of active buyers and sellers have n−
members, so d(ω0 ) = 0. Thus, if n ≥ 5, one has at most n−
trades,
2
2

even though having

n−1
2

trades might increase the market maker’s expected payoff.
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Proof. See Appendix B.
While Proposition 2 shows that the prior-free asset market mechanism φσ , γσ , c  with c ∈ (0, 1) is asymptotically optimal, it leaves open the question as to what value c should take. The tradeoff is that with a smaller value of c, the hazard-rate
estimator uses less information, but that information is more tightly clustered around the point where the hazard rate is
being estimated; a larger value of c uses more information, but risks using information that is less relevant for the estimation of the hazard rate at the point under consideration. As discussed in Loertscher and Marx (2020a), using c = 4/5 gives
the estimator that minimizes the mean square error of the estimator.15
While the prior-free asset market mechanism φσ , γσ , c  is optimal in the limit as the number of agents grows large, it
can, of course, be used in settings with a ﬁnite, and even small, number of agents.
3.3. Partial clock auction implementation
It is possible to implement the direct mechanism derived above using a clock auction that applies to only one side of
the market, thereby preserving the privacy of all trading agents on one side of the market. An ascending clock preserves the
privacy of all traders who end up as buyers (i.e., whose types are larger than the market clearing price), and a descending
clock auction preserves the privacy of all analogously deﬁned sellers. In this way, the mechanism strikes a balance between
eliciting the information required to operate and preserving the privacy of agents where possible. This is in a similar vein
to the one-sided auction of Baranov et al. (2017), which induces losing bidders to reveal cost information about quantities
that are no longer proﬁtable, but generally does not require winning bidders to reveal their cost for the awarded quantities.
As they remark, “the format strikes a balance between price discovery and privacy preservation” (Baranov et al., 2017, p. 5).
In contrast to a one-sided setup, in our asset market setup, agents who exit may still trade—an agent who exits an
ascending (descending) clock auction may trade as a seller (buyer). Thus, the usual clock auction interpretation needs to be
adapted to this environment. We refer to our auction implementation as a partial clock auction.
1
In an ascending partial clock auction, we ﬁrst increase the buyer clock price from zero until only n−
active buyers
2
remain. At this point, the set of types that are less than or equal to θ̂ , and their associated types, are observed. This allows us
to initialize the state ωt = (Bt , St , ptB , ptS ), with components as before, by setting S0 ≡ {i ∈ N | θi < θ̂}, B0 ≡ {i ∈ N | θi > θ̂},
and p 0B = p 0S ≡ θ̂ . Then the clock auction deﬁned previously can be used—as the buyer price increases, only the types of
agents that exit from the buyer set are revealed. The privacy of all trading buyers is preserved. Analogously, one could start
with a seller clock that descends from a price of one to identify the cutoff type and the set of agents with types greater
than or equal to that type. Then the auction procedure preserves the privacy of all trading sellers.
While partial clock auctions endow agents with dominant strategies, they do not in general endow them with obviously
dominant strategies. However, the truncated game that starts when the market clearing price is passed endows the remaining active agents with obviously dominant strategies from that point onwards because these remaining active agents are
now essentially single-unit traders and the problem has become effectively one-sided.
The partial clock auction deﬁned here is reminiscent of the incentive auction employed by the U.S. Federal Communications Commission in 2017 to purchase spectrum licenses from television broadcasters and then sell them to mobile
wireless providers (see, e.g., Leyton-Brown et al., 2017; Milgrom, 2017). In that case, a reverse auction determined prices
at which broadcasters were willing to relinquish their spectrum usage rights, and a forward auction determined the prices
at which wireless carriers could purchase ﬂexible-use wireless licenses, with an intermediate process for the reorganization
and reassignment of spectrum licenses. Apart from the complexity inherent in the incentive auction due to interference
constraints, conceptually, the key difference between the two formats is that here agents’ trading positions are determined
endogenously, whereas the incentive auction required bidders to register as buyers or sellers.
The reason why a clock auction implementation of our asymptotically optimal prior-free mechanism is not possible is
that the mechanism needs to learn the Walrasian price to be able to start the estimation and elimination procedure that
we described algorithmically as consisting of two clock auctions. Consequently, if the Walrasian price is known before the
mechanism starts, for example, because of historical data, then there is an asymptotically optimal mechanism that requires
no prior information about distributions and that can be implemented using clock auctions. It dispenses with the ﬁrst stage
of our asymptotically optimal prior-free mechanism and directly starts with the estimation and elimination procedures using
clock auctions for buyers and sellers that are initialized at the Walrasian price.
4. Performance in the small
Thus far, we have focused on the optimal mechanism in the large, and we have constructed a prior-free DIC-EIR mechanism that is optimal, asymptotically. Of course, any real-world mechanism would be applied in settings with a limited

15
The choice of c = 4/5 minimizes the mean squared error of nearest neighbor estimators such as σ B and σ S (Silverman, 1986, Chapters 3 and 5.2.2).
For related discussion, see Loertscher and Marx (2020a). While one can use all the spacings between exited agents, including those on the buyer and seller
side (for a total of n − 1 − 2a spacings) without interfering with incentive compatibility, this introduces a mechanical relation between φ and γ and so
interferes with asymptotic optimality.
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Fig. 2. Illustration of the ironed virtual type function with ironing parameter z.

number of traders, raising the question of how our prior-free mechanism performs with a ﬁnite, possibly small, number of
agents. This is what we address in this section, beginning with the construction of the optimal mechanism in the small.
4.1. Optimal mechanism in the small
The optimal mechanism maximizes the market maker’s expected proﬁt, subject to DIC and EIR, given knowledge of
the type distribution.16 Because the underlying design problem is not regular even when the virtual type functions are
monotone (see, e.g., Lu and Robert, 2001; Loertscher and Wasser, 2019), the optimal mechanism allocates on the basis of
ironed virtual type functions (Myerson, 1981). Speciﬁcally, the ironed virtual type V (θ) of an agent of type θ is given as

V (θ) ≡

⎧
⎨ (θ)
⎩

z

(θ)

if (θ) < z,
if (θ) ≤ z ≤ (θ),
if z < (θ),

(7)

where z ∈ (0, 1) is the unique number satisfying F (−1 ( z)) = 1 − F (−1 ( z)).17 The ironed virtual type function V (θ) is
weakly increasing in θ , and it is equal to z for θ ∈ [−1 ( z), −1 ( z)], which we refer to as the ironing region. We illustrate
this in Fig. 2.
As Lu and Robert (2001) show, upon a vector of reports θ , the optimal mechanism induces the agents with the q ∈
{0, . . . , (n − 1)/2} lowest ironed virtual types to sell their units to the q agents with the highest ironed virtual types, with
no trades occurring between two or more agents whose types are in the ironed region (put differently, whose ironed virtual
types are equal to z).18 That is, the quantity traded is


min

n−1
2


, max

1(θi )<z ,
i ∈N

1(θi )>z

.

i ∈N

The number z makes sure that the interim expected allocation of an agent who reports a type in the ironing region is
1. Because the outside option of each agent is to consume its endowment, the interim individual rationality constraints
are satisﬁed with equality without further payments for these agents. Because these types are the worst off, the interim
individual rationality constraint is satisﬁed for all types. Denoting by ŝn (θ) the interim expected ﬁnal allocation of an agent
who reports θ under this mechanism with n agents (see Appendix C for an analytic expression for ŝn (θ)), the agent’s interim
expected quantity traded is ŝn (θ) − 1, with ŝn (θ) < 1 meaning that the agent is a seller in expectation and ŝn (θ) > 1 meaning
that the agent is a buyer in expectation. As usual, per-agent expected revenue can then be calculated as the expectation of
the virtual type times the interim expected number of trades (see e.g., Börgers, 2015):

16
Of course, DIC and EIR imply that the mechanism is also Bayesian incentive compatible and interim individually rational. Because the optimal mechanism involves randomization for a set of types θ with positive measure, individual rationality in a direct mechanism can be evaluated ex post in two ways:
after types have been reported and (i) before uncertainty due to randomization is resolved or (ii) after uncertainty due to randomization is resolved. That
is, according to (i) agents make payments after types have been reported and obtain expected allocations that are conditional on the types reported, with
the expectation being due to randomization. Interpreting EIR in the sense of (i), the optimal mechanism satisfying Bayesian incentive compatibility and
interim individual rationality can also be implemented as a DIC-EIR mechanism.
17
To see that such a number exists and is unique, note ﬁrst that the left side increases in z and the right side decreases in z, so at most one such number
exists. Observe then that both sides vary continuously in z and satisfy F (−1 (0)) = 0 < 1 − F (−1 (0)) and F (−1 (1)) > 0 = 1 − F (−1 (1)).
1
1
18
For example, if < n−
of the agents have ironed virtual types less than z and m < n−
of the agents have ironed virtual types greater than z, then
2
2
the quantity traded is max{ , m}. If, say, ≥ m, then all the agents with ironed virtual types less than z sell, all the agents with ironed virtual types greater
than z buy, and − m randomly selected agents with ironed virtual types equal to z also buy.
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Fig. 3. Optimal per-agent expected revenue in the small as a fraction of the limit optimal revenue, ( p B − p S ) Q ∗ , for the uniform, Beta(2,2), and Beta(4,1.5)
distributions, whose densities are displayed in panel (b).
−1 ( z )


O

π (n) ≡

1

(x)(ŝn (x) − 1)dF (x) +
0

(x)(ŝn (x) − 1)dF (x).

−1 ( z)

As an illustration of performance in the small, in Fig. 3 we compare the optimal revenue with small numbers of agents
to the limit optimal revenue for different distributions. As shown, proﬁt with only 9 agents is approximately 99% of the
limit optimal revenue for the distributions considered.
4.2. Prior-free mechanism in the small
With the benchmark of the optimal mechanism in hand, we are in a position to evaluate the performance of the priorfree mechanism in the small. The prior-free mechanism faces two challenges or obstacles: First, it must estimate the virtual
types of the marginal agents, and related, to maintain incentive compatibility while achieving asymptotic optimality, never
allow the median type to trade. Second, because the prior-free mechanism does not have an estimate of the type distribution
over its entire domain, it cannot iron, implying that even absent estimation errors and trade prohibition for the median type,
it cannot implement the optimal outcome.
To disentangle these effects and gain an understanding of their magnitudes, it is therefore useful to consider two intermediate mechanisms that are between our prior-free and the optimal mechanism: the prior-free mechanism with no
estimation error, which has the same allocation rule as our prior-free mechanism if the prior-free mechanism made no
estimation errors, and the naive two-sided mechanism, which ignores the asset market nature of the problem and “blindly”
evaluates agents with types above the median as buyers and agents with types below the median as sellers and induces
trade among buyers and sellers as long as the smallest virtual value of a buyer exceeds the largest virtual cost of a seller.
Slightly more formally, the prior-free mechanism with no estimation error is deﬁned by replacing the estimated φ and γ
in the prior-free mechanism with the true  and . This mechanism retains the structure of our prior-free mechanism, but
eliminates the estimation error. The quantity traded of the naive two-sided mechanism is the q ∈ {0, . . . , (n − 1)/2} such
that (θ(q) ) > (θ[q] ). All agents i with θi ≥ θ(q) obtain an additional unit and all agents i with θi ≤ θ[q] sell their unit.
Fig. 4 illustrates these effects for the case with F uniform.19 It shows the average number of trades and revenue per agent
for the four mechanisms—our prior-free mechanism, the prior-free mechanism with no estimation error, the naive two-sided
mechanism and the optimal mechanism—as the number of agents varies from 3 to 31. The effects of estimation errors are
small as evidenced by the relatively small gap between the trades and the revenue under the prior-free mechanism and
the prior-free mechanism with no estimation error. This contrasts with the substantial shortfall in revenue of the prior-free
mechanisms relative to both the naive two-sided and the optimal mechanisms that arises from the prior-free mechanisms
prohibiting the median agent from trading and from prohibiting all trades with n = 3.
Two things are noteworthy about the optimal mechanism with ﬁnite n, both of which relate to it making use of the
ironed virtual type function. First, as shown in Fig. 4(b), for n small, the optimal mechanism achieves substantively higher
revenue than the naive two-sided mechanism (for example, for n = 3, the naive two-sided mechanism achieves only about
62 percent of the revenue of the optimal mechanism), demonstrating the considerable revenue value of ironing. Second,
as shown in Fig. 4(a), the probability that an agent trades in the optimal mechanism with n ﬁnite is larger than the
probability that it trades in the continuum limit, i.e., it converges to 1/4 from above, while for the three other mechanisms,
the probability that an agent trades converges to 1/4 from below. The reason is that the optimal mechanism uses agents
with types in the ironed region to provide liquidity by serving as either buyers or sellers whenever the numbers of agents

19
We calculate revenues for the naive two-sided mechanism based on threshold payments. If q units trade, then each trading seller is paid
min{θ[q+1] , −1 ((θ(q) ))} and each trading buyer pays max{θ(q+1) , −1 ((θ[q] ))}.
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Fig. 4. Average number of trades, average revenue, and average social surplus per agent for 5000 simulated markets for varying numbers of agents as
indicated. Prior-free and prior-free with no estimation error are identical for n = 3 and n = 5. Assumes uniformly distributed types on [0, 1] and prior-free
parameter c = 4/5. Social surplus is calculated as the sum of agents’ types times their ﬁnal quantity and has limiting value per agent of
2

1

pB

 pB
pS

xdF (x) +

xdF (x), which is 11/16 for uniformly distributed types.

with types below −1 ( z) and above −1 ( z) are different.20 This also means that the randomization that is involved in the
optimal mechanism increases expected social surplus relative to the other mechanisms, in which no such randomization
occurs, as shown in panel (c) of Fig. 4.
In fact, if f is symmetric in the sense that f (θ) = f (1 − θ) for all θ ∈ [0, 1], then one can show that, type proﬁle by type
proﬁle, the optimal mechanism induces weakly more trade than the naive two-sided mechanism and strictly more than
the prior-free mechanism with no estimation error. As shown in Appendix C, for f symmetric, z = 1/2 = ( p S ) = ( p B ).
1
Because trade of q ∈ {0, . . . , n−
} units in the naive two-sided mechanism requires that (θ(q) ) > (θ[q] ), it must be that
2
either θ[q] < p S or θ(q) > p B , implying that the optimal mechanism trades at least q units and sometimes more.21 Further,
1
1
if more than n−
agents have types below p S or above p B , then the optimal mechanism trades n−
units (the maximum
2
2
possible number of trades) even when (θ( n−1 ) ) ≤ (θ[ n−1 ] ), in which case the naive two-sided mechanism has fewer than
n−1
2

2

2

trades. Consequently, the quantity traded of the optimal mechanism is weakly larger than that of the naive two-sided
mechanism. The quantity traded in the naive two-sided mechanism is one more than in the prior-free mechanism with
no estimation error, which excludes one trade for which the virtual cost is less than the virtual value.22 Thus, the optimal
mechanism induces a larger quantity traded than the prior-free mechanism with no estimation error, type proﬁle by type
proﬁle.
This discussion and analysis reveals three things. First, the asymptotically optimal prior-free mechanism tends to perform
well even in the small insofar as its expected per-trader revenue converges quickly to that of the optimal mechanism. Second, deviations from the optimal mechanism relate to its sacriﬁcing trades rather than estimation errors. As discussed, this
could be remedied by augmenting the mechanism with a few natural and simple tweaks. Third, the advantage of the optimal mechanism even relative to the naive two-sided mechanism that makes use of knowledge of the true distribution but
does not use ironing, provides motivation for incorporating ironing in constrained eﬃcient, prior-free DIC-EIR mechanisms,
which is a promising avenue for future research. As mentioned, this will require the mechanism to be able to extrapolate.23
5. Extensions
In this section, we provide extensions. In Section 5.1, we generalize the designer’s objective to allow for positive weights
on revenue and on social surplus. That is, we analyze a Ramsey pricing problem, which is of particular relevance in the
context of the Laffer curve problem. In Section 5.2, we adapt the setup to allow agents to have decreasing marginal values.
In Section 5.3, we extend the analysis beyond agents drawing their types from the same distribution to allow a priori
heterogeneous groups of agents. In Section 5.4, we extend the setup to general endowments and demands.

20
Because the probability that these numbers differ substantively remains large even for n relatively large, the probability that an agent trades remains
much larger than 1/4 even for n in the order of 200 (simulations show that for n = 201, the probability of trade is 27.0%; for n = 1, 001, it is 25.9%; and for
n = 10, 001, it is 25.3%). Despite the relatively slow convergence of the number of trades, the optimal expected revenue converges quickly to the limiting
optimal expected revenue, as shown in Fig. 4(b).
21
For example, if there are 5 agents with uniformly distributed types and θ = {0, .1, .3, .4, .6}, then there are two types less than p S = 14 and zero types

greater than p B = 34 . The naive two-sided mechanism trades one unit, but the optimal mechanism trades two units.
22
The prior-free mechanism with no estimation error “starts” from the median trader and excludes the marginal seller and buyer from trading until and
including the ﬁrst pair where the seller’s virtual cost is less than the buyer’s virtual value.
23
Random sampling mechanisms such as the one of Baliga and Vohra (2003) permit ironing but random sampling comes at the cost of giving up
constrained eﬃciency.
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5.1. Laffer curve and Ramsey pricing
As mentioned, the problem of the market maker who seeks to maximize its proﬁt without knowing the agents’ type
distribution is equivalent to the problem of a tax authority that seeks to maximize its tax revenue without knowing the
1
functional form of the Laffer curve (Laffer, 2004). To brieﬂy illustrate this, letting a ∈ {0, . . . , n−
} be the quantity traded, a
2
mechanism that charges buyers the price θ(a+1) and offers sellers the price θ[a+1] nets a revenue of





R (a, θ ) ≡ a θ(a+1) − θ[a+1] .
1
Evidently, we have R (0, θ ) = 0 = R ( n−
, θ ), which is reminiscent of the Laffer curve that has the same properties, typically
2
expressed as a function of the tax rate rather than the quantity traded.24 Just like for a market maker, a question of central
interest for a tax authority is how much to distort trade away from the eﬃcient level. Because the two problems are
equivalent, our prior-free mechanism is also asymptotically optimal in the Laffer curve problem.
Of course, a social planner may not necessarily want to maximize tax revenue per se but rather, in the tradition of
Ramsey (see e.g. Wilson, 1993), may be interested in maximizing a weighted average of tax revenue and social surplus, that
is, maximizing the expected value of

α (revenue) + (1 − α )(social surplus),
where α ∈ [0, 1] is a given parameter25 and where the expectation is taken with respect to the distribution F .
In this formulation of the planner’s objective, in the continuum limit, the planner’s Ramsey problem is to choose Q to
maximize

⎡
⎢

α ( F −1 (1 − Q ) − F −1 ( Q )) Q + (1 − α ) ⎣

F −1(1− Q )

1
2xdF (x) +

F −1 ( 1 − Q )

⎤
⎥

xdF (x)⎦ .
F −1 ( Q )

The maximizer Q α∗ is such that 1 − F ( p αB ) = Q α∗ = F ( p αS ) and α ( p αB ) = α ( p αS ), where α (θ) ≡ (1 − α )θ + α (θ) and
α (θ) ≡ (1 − α )θ + α (θ). The per-capita value of the objective in this limit is thus

⎡
⎢

πα ≡ α ( p αB − p αS ) Q α∗ + (1 − α ) ⎣

⎤

B

1

p α
2xdF (x) +

p αB

⎥

xdF (x)⎦ .
p αS

Letting an (θ ) be the quantity traded by a constrained eﬃcient DIC-EIR mechanism when the type proﬁle is θ and the
number of agents is n, the value of Ramsey objective ex post is

α R (an (θ ), θ ) + (1 − α ) S S (an (θ ), θ ),
an (θ )

where S S (an (θ ), θ) =

an (θ )+1

2θ(i ) +
i =1

θ(i ) is social surplus. A prior-free constrained eﬃcient DIC-EIR mechanism is
i =n−an (θ )

asymptotically optimal if

lim

n→∞

Eθ [α R (an (θ), θ ) + (1 − α ) S S (an (θ ), θ )]
n

= πα .

Such a mechanism is obtained from our prior-free mechanism by simply augmenting the virtual type estimators with
follows:

φ(ω) = p B − α (a + 1) σ B (ω) and γ (ω) = p S + α (a + 1) σ S (ω).

α as

(8)

All results above then extend to this setting.

Of course, denoting by τa = θ(a+1) − θ[a+1] the tax rate that induces the quantity traded a, the Laffer curve is aτa and inherits the properties of R (a, θ).
For example, if all taxes are distortionary in the economy with every dollar of taxes raised reducing social surplus by λ > 1 units, then α = λ/(1 + λ);
see, for example, Norman (2004) or Loertscher et al. (2015).
24
25
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5.2. Decreasing marginal values
Thus far, we assumed that an agent with type θ has a constant marginal value of θ for each of two units of the good.
As we show here, it is straightforward to extend this setup to allow for decreasing marginal values.26 To accomplish this,
we adapt the approach of Loertscher and Marx (2022) for the bilateral trade setup, in which each agent is ex ante either a
buyer or a seller, to our current setup in which that is not the case. Like there, we parameterize the extent to which agents’
marginal values decrease for additional units with a commonly known parameter δ ∈ (0, 1] such that an agent with type θ
has value θ for one unit of the good and total value for two units of the good of θ + δθ . Thus, the agent’s marginal value
for the ﬁrst unit is θ and its marginal value for the second unit is weakly lower at δθ .
Working within this extended setup is particularly tractable because the virtual value associated with agent i’s second
unit is simply δ (θi ). To see this, note that the distribution of x = δθi is H (x) ≡ F (x/δ) with density h(x) ≡ 1δ f (x/δ) and
support [0, δ], and so agent i’s virtual value for its second unit is

δθi −

1 − H (δθi )
h(δθi )

= δθi − δ

1 − F (θi )
f (θi )

= δ (θi ).

With a slight abuse of notation, the optimal outcome in the limit case can then be deﬁned in terms of prices p δB and p δS
satisfying market clearing,

1 − F ( p δB /δ) = Q δ∗ = F ( p δS ),

(9)

and equating marginal revenue and marginal cost,27

δ ( p δB /δ) = ( p δS ).

(10)

For example, for F uniform, we have

p δB =

δ(2 + δ)

δ

.
and p δS =
2(1 + δ)

2(1 + δ)

5
To give a particular example, if δ = 12 , then we have p δB = 12
and p δS = 16 , as compared with the corresponding prices of 34
1
and 4 when δ = 1. As this illustrates, a diminished marginal value for the second unit requires a reduction in the price to
buyers (because agents’ willingnesses to pay as a buyer are reduced) and a reduction in the price to sellers to balance the
reduced demand by buyers.
As in the model with constant marginal values, it remains the case that as n goes to inﬁnity, it is a probability zero event
that there are trades by agents with types in the ironing region, and so the methodology described above for estimating the
virtual values and virtual costs continues to deliver an asymptotically optimal prior-free mechanism.

5.3. Price discrimination among heterogeneous groups
We now explore the extent to which the analysis and mechanism extend to allow for ex ante heterogeneous groups of
traders, at the cost, of course, of sacriﬁcing constrained eﬃciency across groups because of the discrimination.28 We do this
for the model with constant marginal values.
In one-sided allocation problems such as auctions or procurement auctions and in two-sided settings with agents that
always trade either as buyers or sellers, the worst-off types are known a priori (the lowest possible type for a buyer and
the highest possible type for a seller). This permits prior-free, asymptotically optimal mechanisms because the designer
knows a priori where to start the elimination procedure required for estimation.29 In contrast, as seen above, in an asset
market, individual rationality constraints typically bind in the interior of the type space. With a homogeneous population,
our asymptotically optimal prior-free asset market mechanism initiates the elimination procedure at the median, which is
prior-free. We now show that this procedure extends to environments with ex ante heterogeneous groups, provided the
heterogeneity among groups with respect to their relative sizes and distributions is not too accentuated.
Formally, for the purposes of this section, we assume that there are m groups of agents. Let M ≡ {1, . . . , m}, and for each
j ∈ M, let n j denote the number of agents in group j. We assume that each agent in group j draws its type independently
from the distribution F j , where, as before, F j is continuously differentiable with positive density f j on [0, 1]. Let  j and  j

26
On the asymptotic eﬃciency of double auctions in a setting with decreasing marginal values and increasing marginal costs, see, for example, Cripps
and Swinkels (2006) or Loertscher and Mezzetti (2021).


27
To see this, note that the market maker’s problem can be expressed as max Q H −1 (1 − Q ) − F −1 ( Q ) Q , which, using H −1 (1 − Q ) = δ F −1 (1 − Q ),





can be rewritten as max Q δ F −1 (1 − Q ) − F −1 ( Q ) Q . The expression in (10) then follows from the ﬁrst-order condition and (9).
28
As will become clear, within each group the mechanism remains constrained eﬃcient in the sense that only the highest value agents buy and only the
lowest value agents sell.
29
This is also why for problems like these the asymptotically optimal prior-free mechanisms can be implemented via clock auctions (Loertscher and Marx,
2020a).
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denote the corresponding virtual value and virtual cost functions, assumed to be increasing on [0, 1]. When analyzing the
limits as the numbers of agents goes to inﬁnity, we assume that those numbers increase in ﬁxed proportion to one another.
Let ( p Bj ) j ∈M and ( p Sj ) j ∈M denote the optimal prices in the limit economy when all groups or markets are integrated,
which satisfy, for all j ∈ M,

 j ( p Bj ) =  j ( p Sj ) ≡ V

(11)

and the market clearing condition

μ j (1 − F j ( p Bj )) =
j ∈M

where

μ j F j ( p Sj ),

(12)

j ∈M

μj ≡



nj
i ∈M ni

> 0 is the probability that a randomly selected trader draws its type from the distribution F j .

5.3.1. Prior-free mechanism with heterogeneous groups
We now deﬁne a prior-free asset market mechanism for the setup with groups. As in the case without heterogeneous
groups, the mechanism is direct, elicits reports from all agents, and identiﬁes the cutoff type θ̂ as the median report. We
Sj

Bj

initialize buyer and seller prices for each group j ∈ M as p 0 = p 0 = θ̂ .30 We denote the estimated virtual value for
the marginal buyer in group j by φ j and the estimated virtual cost for the marginal seller in group j by γ j , where the
estimation procedure is as above, except that the estimates for a given agent are based only on the reports of other agents
from the same group. For each t ∈ {0, 1, . . . }, follow an iterative process similar to that deﬁned above for the setup without
groups, but with a state amended to include the sets of active buyers and sellers in each group and the buyer and seller
prices in each group. In step 1 of the auction phase, if the minimum value of φ j (ωt ) across all groups j with at least
one remaining active buyer is greater than or equal to the maximum value of γ j (ωt ) across all groups j with at least one
remaining active seller, then the auction phase ends. If not, then the buyer price for the group with the lowest virtual value
is increased to be the minimum value among the remaining active buyers in that group, and that buyer is removed from
the set of active buyers in that group, and the seller price for the group with the greatest virtual cost is decreased to be
the maximum cost among remaining active sellers in that group, and that seller is removed from the set of active sellers in
that group. Then t is incremented by 1 and the procedure continues with an updated state.
5.3.2. Asymptotical optimality with heterogeneous groups
W
market
in the limit large economy with heterogeneous groups. That is, p W is such that
 clearing price
 Denote by p the
W
W
μ
(
1
−
F
(
p
))
=
μ
F
(
p
)
.
j
j
j j
j ∈M
j ∈M
Proposition 3. If for all j ∈ M,

 j ( p W ) < V <  j ( p W ),

(13)

then the prior-free asset market mechanism for groups deﬁned above is asymptotically optimal.
Condition (13) implies that agents with types equal or close to the market clearing price in the large economy do not
trade in the optimal mechanism independently of the group to which they belong. It prevents “excessive” heterogeneity
across groups in the sense that, even though there is discrimination across groups, the discrimination effect is weak enough
that an agent with type p W neither trades in the agent’s own group when that group is treated as a standalone market nor
in the integrated market. One can therefore use the price p W to initiate estimation and elimination without eliminating the
“wrong” agents. As for the case of homogeneous agents, one can apply Loertscher and Marx (2020a, Theorem 1) to show
that this mechanism is asymptotically optimal, which is why we do not include an independent proof of Proposition 3.
The optimality condition in the large-market limit in standalone market j is that the prices p Bj and p Sj satisfy both

 j ( p Bj ) =  j ( p Sj ) ≡ V j

(14)

and the market-clearing condition

μ j (1 − F j ( p Bj )) =
j ∈M

μ j F j ( p Sj ).

(15)

j ∈M

Conditions (14) and (15) holding for every standalone market j, we let

V = min { V j } and V = max{ V j }.
j ∈M

30

j ∈M

As before, the median report is well deﬁned if n =


j

n j is odd, but one can easily accommodate an even number of agents n with n ≥ 4 by deﬁning
S

B

θ̂1 ≡ θ(n/2+1) and θ̂2 ≡ θ(n/2) , where θ̂1 ≤ θ̂2 , and initializing the auction phase with p 0 j ≡ θ̂1 and p 0 j ≡ θ̂2 .
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Lemma 1. V ∈ [ V , V ].
Proof. See Appendix B.
Lemma 1 implies that a suﬃcient condition for (13) to hold is what we refer to as Virtual Walrasian gap overlap, which is
stated formally as Assumption 131 :
Assumption 1. For all j ∈ M,  j ( p W ) < V and V <  j ( p W ).
In the model with ex ante homogeneous agents or with moderate heterogeneity across groups of agents, insisting that
a mechanism satisfy DIC for any number of agents does not come at a cost in terms of the revenue that it generates
asymptotically. In contrast, if heterogeneity is large, a tradeoff can arise between DIC and asymptotic optimality. In that
case, relaxing the notion of incentive compatibility by, for example, replacing it by approximate strategy proofness in the
large may have the beneﬁt of permitting asymptotic optimality. While this seems a worthwhile avenue for future research,
its pursuit is beyond the scope of the present paper.
5.4. General endowments and demands
We now show how the setup and analysis extends beyond the setting in which each agent has an endowment of one
unit and a maximum demand for two.
5.4.1. Setup and optimal outcome for the general case
In the generalized setup, each agent i ∈ N has endowment r i and a maximum demand ki , where 0 ≤ r i < ki for all i ∈ N ,
with r i > 0 for at least one i ∈ N . To deﬁne the optimal outcome requires some additional notation. Deﬁne θ B to be the
vector that replicates each agent i’s type ki − r i times:
k1 −r1 times

kn −rn times

  
  
θ B ≡ (θ1 , . . . , θ1 , . . . , θn , . . . , θn ),
and deﬁne θ S to be the vector that replicates each agent i’s type r i times:
r1 times

rn times

  
  
θ S ≡ (θ1 , . . . , θ1 , . . . , θn , . . . , θn ).
In the optimal mechanism in the large, q units are traded, where q is the largest index in

(ki − ri ),

0, 1, . . . , min
i ∈N

ri
i ∈N

such that

(θ(Bq) ) ≥ (θ[Sq] ).
Each agent i with type greater than θ(Bq) purchases ki − r i units, and so satisﬁes its maximum demand, and each agent i

with type less than θ[Sq] sells r i and so consumes zero. The agent with type θ(Bq) purchases q − i : θi >θ B (ki − r i ) units and



(q)

the agent with type θ[Sq] sells q − i : θ <θ S r i units.
i
[q]
To specify the threshold payments, ﬁrst, we say that the seller side is the long side of the market if

(ki − ri ) ≤
i : θi ≥θ(Bq)

ri ,
i : θi ≤θ[Sq]

and otherwise we say that the buyer side is the long side of the market. If the seller side is the long side of the market,
then all buyers pay θ(Bq+1) , which is less than θ(Bq) when the seller side is the long side of the market. If the buyer side is the

long side of the market, then all sellers are paid θ[Sq+1] , which is greater than θ[Sq] when the buyer side is the long side. It
then remains to describe the threshold payments for agents on the long side of the market, which are Vickrey prices (see,
e.g., Krishna, 2002, Chapter 12). If the buyer side is the long side, then buyers’ payments are the payments that would arise
in a Vickrey auction to sell q units to the agents with types greater than or equal to θ(Bq) with a reserve (minimum price)

31
Assumption 1 and the condition that (13) holds for all j ∈ M can be relaxed by stipulating that they hold for some a priori known quantile q j in every
market j.
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equal to max{θi | θi < θ(Bq) }. If the seller side is the long side, then payments to the sellers are the payments that would arise
in a Vickrey auction to purchase q units from the agents with types less than or equal to θ[Sq] with a reserve (maximum

price) equal to min{θi | θi > θ[Sq] }. For a review of the details of Vickrey pricing, see Appendix A or Loertscher and Marx
(2020b).
5.4.2. Asymptotic optimality
In the generalized setup, asymptotics and asymptotic optimality are then captured, as in Gresik and Satterthwaite (1989),
by looking at η -fold replicas of the economy characterized by (ki , r i )i ∈N and letting η go to inﬁnity. More speciﬁcally, ﬁxing
the initial number of agents n, each replica adds an additional set of n agents characterized by (ki , r i )i ∈N , with each agent
independently drawing its type from F . Given η ∈ {1, 2, . . . }, an η -fold replica of this initial economy has ηn agents, where
η have characteristics (k1 , r1 ), η have (k2 , r2 ), etc., up to η that have (kn , rn ), each with an independently drawn type. We
let Nη denote the set of agents in the η -th replica. In this setup, for all replicas, the market maker’s beliefs about the type
space amount to beliefs over F , which is the same as for a single replica.
Let

ri

r=
i ∈N

ki − r i

and d =

n

i ∈N

n

be per-agent supply and net demand, respectively, in a given replica. Then, in the limit as η goes to inﬁnity, the proﬁtmaximizing mechanism is characterized by prices p B and p S such that agents with θ ∈ ( p S , p B ) do not trade, agents with
θi ≥ p B buy ki − r i , and agents with θ j ≤ p S sell r j , with ( p S , p B ) satisfying

( p B ) = ( p S ) and d(1 − F ( p B )) = r F ( p S ).
It follows that in the limit, the market maker’s per-agent expected proﬁt is

⎛
lim

η→∞

1

ηn



⎝

E p S r i | θi ≤ p S ⎠ .

E p B (ki − ri ) | θi ≥ p B −
i ∈Nη

⎞



i ∈Nη

Now that we have identiﬁed the optimal outcome and characterized its asymptotic properties, we can deﬁne what it means
for a mechanism to be asymptotically optimal. We say that an incentive compatible, individually rational mechanism deﬁned
for an η -fold replica is asymptotically optimal if the ratio of the market maker’s expected proﬁt in the mechanism relative to
its expected proﬁt in the optimal mechanism converges to 1 in probability as the number of replicas goes to inﬁnity.
5.4.3. Incentive compatible asset market mechanism
The iterative steps in the auction phase of the asset market mechanism generalize as follows:

• Step 1: If φ(ωt ) ≥ γ (ωt ) or |B | ≤ 1 or |S | ≤ 1, then the estimation phase ends. Otherwise, proceed to step 2.
• Step 2: Let



ω t +1 =



(Bt \{ j B }, St , θ j B , ptS ) if i ∈Bt (ki − ri ) ≥ i ∈St ri ,
(Bt , St \{ j S }, ptB , θ j S ) otherwise,

where j B and j S are deﬁned by θ j B = mini ∈Bt {θi } and θ j S = maxi ∈St {θi }, and proceed to step 3.
• Step 3: Increment t by 1 and return to step 1.
When the estimation phase ends, with ﬁnal state





Q = min



ω B = (B, S , p B , p S ), then Q units trade, where

(ki − ri ),
i ∈B



ri

.

i ∈S

B
If
, then each buyer
i ∈B (k i − r i ) =
i ∈S r i
i ∈ B receives ki − r i units and pays p (ki − r i ) and each sellerB i ∈ S provides r i
units and is paid p S r i . If
(
k
−
r
)
<
r
,
then
each
buyer
i
∈
B
receives
ki − r i units
and pays p (ki 
− r i ) and the
i
i
i
i ∈B
i ∈S
market maker procures Q units from sellers in S using a Vickrey auction with reserve p S . If
i ∈B (k i − r i ) >
i ∈S r i , then
each seller i ∈ S provides r i units and is paid p S r i and the market maker sells the Q units purchased from the sellers to
the buyers in B using a Vickrey auction with reserve p B .
With this generalization, Proposition 1 continues to hold. The proof follows along the lines of the proof of Proposition 1,
noting that the nature of clock and Ausubel auctions implies that in the auction phase every agent has a dominant strategy
to bid sincerely. Asymptotic optimality holds using the same virtual type estimators as deﬁned above.
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5.4.4. Heterogeneous groups
We know brieﬂy discuss how the model with heterogeneous ki and r i can be extended to allow for groups of agents
that are heterogeneous with respect to their distributions as in Section 5.3. Just like there, we let M denote the set of
groups with every group j ∈ M being characterized by a distribution F j that exhibits increasing virtual type functions. For
agent i ∈ N in the initial economy, we denote by j (i ) the group it belongs to. Thus, the initial economy is described by
(ki , r i , j (i ))i ∈N , and we study η -fold replicas of this economy, in which the set of groups M is ﬁxed. That is, in the η -fold
replica, we have ηn agents, η of which are described ex ante as (k1 , r1 , j (1)), (k2 , r2 , j (2)), and so on.
Letting M j = {i ∈ N | j (i ) = j } be the set of agents in group j ∈ M in the initial economy, we can express the net
demand and the supply of agents in the initial economy in group j as

dj =

(ki − ri ) and r j =
i ∈M j

ri .
i ∈M j

Consequently, in the limit economy, that is, as

μ j d j (1 − F j ( p Bj )) =
j ∈M

η → ∞, the market-clearing condition becomes

μ j r j F j ( p Sj ).

(16)

j ∈M

With these adjustments, our prior results continue to hold. In particular, if for all groups j,  j ( p W ) < V <  j ( p W ) holds,
where p W is the market clearing price in the limit economy and V is the virtual type of the marginal traders in the optimal
mechanism in the limit, then the appropriately adjusted prior-free mechanism with groups is asymptotically optimal.
6. Conclusion
The advent of the gig economy—Uber, AirBnB, Nerdify, etc.—has rendered many markets that used to be two-sided into
asset markets, with agents’ trading positions being determined endogenously. Because these asset markets are typically
organized by proﬁt-seeking intermediaries who operate in new environments with demand and supply functions that are
not known, they give renewed salience to the problem studied here: developing prior-free asset market mechanisms that
are asymptotically optimal.
Under the assumption that the underlying distributions are regular, we derive a prior-free, asymptotically optimal mechanism that allocates the quantity traded eﬃciently when all agents draw their types from the same distribution. With
heterogeneous type distributions that differ across commonly known groups of agents, the mechanism generalizes, provided
that the heterogeneity is not excessive. A major challenge in asset markets is identifying the types who do not trade in
the proﬁt-maximizing mechanism; these types are typically in the interior of the type space, making the problem different
from one-sided or two-sided allocations problems (that is, auctions or double auctions), where it is a priori clear which
buyer and seller types do not trade. Although privacy preservation via clock auctions is not possible in asset markets, our
asymptotically optimal asset market mechanism can algorithmically be described as a clock auction and permits partial
clock implementation. Further research on asset market problems with heterogeneous goods seems particularly relevant
and promising.
Declaration of competing interest
None.
Appendix A. Vickrey auction
This appendix draws heavily from Loertscher and Marx (2020b, Appendix A.1).
We ﬁrst review a Vickrey auction that is used to sell q units with a reserve of p to a set of agents A with types that are
all greater than or equal to p. The Vickrey auction allocates to each agent i ∈ A a quantity of q i units, where

qi ≡ min ki − r i , max{0, q −

(k − r )} .
∈A : θ >θi

Thus, agent i is allocated units whenever there remain units available from the total of q after the net demands of agents
in A with types greater than θi have been satisﬁed, up to a maximum of ki − r i units.
The amount paid by agent i is based on an individualized price vector consisting of p followed by the types of the other
−i

agents in A, in increasing order by their types. Speciﬁcally, letting θ [ ] denote the type associated with the -th lowest type
element of {θ j } j ∈A\{i } , we deﬁne:
−i

−i

pi ≡ ( p , θ [1] , . . . , θ [|A|−1] ).
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p

<

ki − ri

θ3
1

<

θ2

<

2

θ1
1

Fig. 5. Example of net demand by agents with types greater than p.

For example, in the setup of Fig. 5, if A = {1, 2, 3} and q = 3, then the 3 units are allocated ﬁrst to the higher-type
agents so that q1 = 1, q2 = 2, and q3 = 0. Further, the individualized price vectors are simply the vectors consisting of p
followed by the types of the other agents in A, in increasing order: p1 = ( p , θ3 , θ2 ), p2 = ( p , θ3 , θ1 ), and p3 = ( p , θ2 , θ1 ).
Agent i’s total payment is determined by applying the prices in pi to traunches of agent i’s units. Agent i pays p for the
−i

i

i

ﬁrst b0 units that it purchases, pays θ [1] for the next b1 units, etc. The traunches of units are deﬁned so that each agent

i
pays an amount equal to the externality that it exerts on the other agents. That is, letting d−
[ ] be the net demand (capacity

−i

i

minus endowment) of the agent associated with type θ [ ] , we deﬁne b0 to be the maximum quantity (up to q i ) out of q
that can be allocated to agent i without affecting the allocation of the other agents in A,
i
b0

⎧
⎨

⎧
⎨

|A|−1

≡ max 0, min qi , q −
⎩
⎩

=1

⎫⎫
⎬⎬

i
d−
[ ] ⎭⎭ ,

(17)

i

and for ∈ {1, . . . , |A| − 1}, we deﬁne b iteratively to be the additional quantity (up to q i −
to agent i by imposing an externality on the -th lowest type agent in A,





−1

i

b ≡ max 0, min qi −
t =0



−1 i
t =0 bt )

that can be allocated


i
bt ,

i
d−
[ ]

(18)

.
i

Applying the prices in pi to the traunches for agent i, we get a total payment for agent i of pi · b .
In the example of Fig. 5, assuming q = 3, we have b1 = (0, 1, 0) and b2 = (1, 1, 0). Thus, agent 1 pays θ3 for its unit and
agent 2 pays p for its ﬁrst unit and θ3 for its second unit. Because there are 3 units for sale and only two units demanded
by agents other than agent 2, agent 2 is guaranteed to trade one unit and so pays the reserve for that unit. Agent 2’s
consumption of that unit has no impact on the trades of the others. However, agent 2’s purchase of a second unit precludes
agent 3 from trading, so agent 2 pays θ3 for its second unit. Similarly, agent 1’s purchase of a unit precludes agent 3 from
trading, so agent 1 pays θ3 for its unit.
Now turn to the Vickrey auction to purchase q units with reserve p from a set of agents A with types less than or equal
to p. In this case, the quantity purchased from agent i is

q ≡ min r i , max{0, q −
i

r } ,
∈A : θ <θi

so that agent i sells units whenever there remain units demanded after the agents ranked below agent i have sold their
i
endowments, up to a maximum of r i units. Analogously to the buyer side case, let θ −
( ) be the type associated with the
-highest element of {θ j } j ∈A\{i } .
The individualized price vector for agent i is
i
−i
pi ≡ ( p , θ −
(1) , . . . , θ (|A|−1) ).

The payment made to agent i is determined by applying the prices in pi to traunches of units bi deﬁned as in (17)–(18),
1
−i
i
i
but with q i replaced by q and d−
[ ] replaced by the supply of the agent with type θ ( ) . Then each agent i ∈ A is paid p · b .
i

Appendix B. Proofs
The following corollary extends Lu and Robert (2001, Theorem 3) to the limit case:
Corollary B.1. In the limit as n goes to inﬁnity, with probability one, the optimal outcome requires each agent with type less than p S
to sell one unit and each agent with type greater than p B buy one unit.
Proof of Corollary B.1. Let x∗ = p S and note that because y (x∗ ) = −1 ((x∗ )), we have y (x∗ ) = p B , giving us an ironing
range of [ p S , p B ]. Deﬁne the allocation rule s∗ so that when the empirical distribution of types is equal to F , which occurs
with probability one in the limit, then
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⎧
⎨ 0 if θi < p S ,
∗
si (θ) = 2 if θi > p B ,
⎩

1 otherwise,

which is feasible by (3). For other type realizations, let the allocation rule be (arbitrarily) such that no agent trades. Clearly,
under this allocation rule and ironing region, the interim expected trade for agents with types in the ironing region is zero.
With probability one, the empirical distribution is equal to F , so the optimality of the allocation rule given the ironing
region follows because for all θi > p B and θ j < p S , (θi ) > (θ j ), and so s∗ solves

&
max Eθ
s

n

lim

n→∞



(θi )1si (θ )=2 − (θi )1si (θ)=0



'
,

i =1



subject to market clearing.

Proof of Proposition 2. Given Proposition 1, we can assume truthful reporting in the prior-free asset market mechanism.
Loertscher and Marx (2020a, Theorem 1) states that if F is continuously differentiable with positive density f and
compact support and c ∈ (0, 1), as holds in our setup, then as n → ∞,

&

Pr
and

sup

∈{1,...,n−nc }

&
Pr

sup

∈{1,...,n−nc }

(
( θ( ) − θ(
(
(
nc
(
( θ[
(
(

+nc ]

+nc )

− θ[

]

nc

−

'
(
(>ε →0
f (θ( ) ) (

1 − F (θ( ) ) (

'

(

F (θ[ ] ) (
( > ε → 0.
−
f (θ[ ] ) (

(20)

At iteration t ∈ {0, 1, . . . } of the prior-free asset market mechanism, we have state



 n−1

(19)

1

1
2

1
,
2

ωt with at ≡ |Bt | = |St | =

n−1
2

− t.

Further, φ(ω0 ) = θ̂ − 2 + 1 n+1 = θ̂ − and γ (ω0 ) = θ̂ +
so φ(ω0 ) < γ (ω0 ), i.e., the stopping rule is never satisﬁed
at t = 0. Indeed, in the limit as n goes to inﬁnity, with probability one, more that nc /2 iterations are required prior to the
stopping rule being triggered. At iteration t in the prior-free asset market mechanism, for t > nc /2 we have

)

*

)

*

d(ωt ) = min nc , n − 2at − 1 = min nc , 2t = nc
and spacing estimators

σ B (ωt ) =

θ(at +1) − θ(at +1+nc )
nc

≡ σaBt +1

and

σ S (ωt ) =

θ[at +1+nc ] − θ[at +1]
nc

≡ σaSt +1 .

Thus, φ(ωt ) = θ(at +1) − (at + 1)σaBt +1 and
the at highest and lowest types) if

γ (ωt ) = θ[at +1] − (at + 1)σaSt +1 , and the algorithm ends with at trades (involving

θ(at +1) − (at + 1)σaBt +1 ≥ θ[at +1] − (at + 1)σaSt +1 .
In what follows, we ﬁrst show that the allocation rule of the prior-free asset market mechanism based on these estimates
converges in probability to the allocation rule of the optimal mechanism. Then, second, we show that the ratio of the proﬁt
from using the prior-free asset market mechanism to the proﬁt from the optimal mechanism converges in probability to 1
by invoking the payoff-equivalence theorem and continuity to show that the probability that the per-buyer proﬁts and the
per-seller expenditures differ from those in the optimum goes to zero as the number of agents goes to inﬁnity.
As above, deﬁne p S and p B by 1 − F ( p B ) = F ( p S ) and ( p B ) = ( p S ). By Proposition B.1, in the limit as n goes to
inﬁnity, with probability one, the optimal mechanism involves a purchase by every agent with a type greater than p B and
a sale by every agent with a type less than p S .
˜ n ( j ) ≡ θ( j ) − j σ B and ˜ n ( j ) ≡ θ[ j ] + j σ S . Let in be the random variable such that when there are n agents,
Given n, let 
j
j
in − 1 agents buy and in − 1 agents sell in the prior-free asset market mechanism. By the deﬁnition of the prior-free asset
market mechanism, in satisﬁes

˜ n (in ) ≥ ˜ n (in ).

Using (19) and (20), for all

ε > 0,
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&
Pr
and

'

sup

(
(
(
(˜
(n ( ) − (θ( ) )( > ε → 0

(21)

sup

'
(
(
(
(˜
(n ( ) − (θ[ ] )( > ε → 0.

(22)

∈{1,...,n−nc }

&
Pr

∈{1,...,n−nc }

In other words, as n → ∞, the probability that the thresholds for trade under the prior-free asset market mechanism and
under the optimal mechanism differ by more than ε , for any ε > 0, goes to zero. This allows us to prove the following
lemma:
Lemma B.1. plim θ(in ) = p B and plim θ[in ] = p S .
n→∞

n→∞

Proof of Lemma B.1. Let

ε > 0 be given. By the deﬁnitions of p B and p S ,

( p B − ε ) < ( p B ) = ( F −1 (1 − F ( p B ))) < ( F −1 (1 − F ( p B − ε )))

(23)

( p B + ε ) > ( p B ) = ( F −1 (1 − F ( p B ))) > ( F −1 (1 − F ( p B + ε ))).

(24)

and

Suppose that

plim θ(in ) < p B − ε ,

(25)

n→∞

which implies that plim θ[in ] > F −1 (1 − F ( p B − ε )). Using the continuity of  and  and Slutsky’s Theorem, and the asn→∞

sumption that  and  are increasing, it follows that

plim (θ(in ) ) = (plim θ(in ) ) < ( p B − ε )

(26)

( F −1 (1 − F ( p B − ε ))) < (plim θ[in ] ) = plim (θ[in ] ).

(27)

and

˜ (in ), so (21)–(22) imply that plim (θ[in ] ) ≤ plim (θ(in ) ). Combining this with (26) and
˜ (i n ) ≤ 
By the deﬁnition of in , 
(27), implies that ( F −1 (1 − F ( p B − ε ))) < ( p B − ε ), which contradicts (23), allowing us to conclude that (25) does not
hold. Thus, we have plim θ(in ) ≥ p B − ε . Analogously, using (24), we can conclude that plim θ(in ) ≤ p B + ε , which, letting ε
n→∞

n→∞

go to zero, completes the proof that plim θ(in ) = p B . Analogous arguments imply that plim θ[in ] = p S .
n→∞

n→∞



Continuation of the proof of Proposition 2. The difference in the per-buyer expected payments between the prior-free asset market mechanism and the optimal mechanism is, by the payoff-equivalence theorem,

( B
(
( p
(
(
(
(
(
(x) f (x)dx( ,
(
(
(
(θ(i )
(
n

and similarly the difference in per-seller expected payment is

( S
(
( p
(
(
(
(
(
( (x) f (x)dx( .
(
(
(θ[i ]
(
n

We are left to show that these differences converge in probability to zero. Fix  > 0 and focus on the difference in
per-buyer expected payments (the argument for per-seller payments is analogous). We need to show that

(
⎛( B
⎞
( p
(
(
(
(
⎜(
⎟
lim Pr ⎝(
( v ) f ( v )dv ( > ⎠ = 0.
n→∞
(
(
(θ(i )
(
n
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To show this, note that for any

ε > 0,

(
⎛( B
⎞
( p
(
(
(
(
⎜(
⎟
Pr ⎝(
( v ) f ( v )dv ( > ⎠
(
(
(θ(i )
(
n
(
⎛( B
⎞
( p
(
(
(


⎜(
⎟
(
= Pr ⎝(
( v ) f ( v )dv ( >  | |θ(in ) − p B | ≥ ε ⎠ Pr |θ(in ) − p B | ≥ ε
(
(
(θ(i )
(
n
(
(
⎛ B
⎞
( p
(
(
(


⎜(
⎟
(
+ Pr ⎝(
( v ) f ( v )dv ( >  | |θ(in ) − p B | < ε ⎠ Pr |θ(in ) − p B | < ε
(
(
(θ(i )
(
n
(
⎛( B
⎞
( p
(
(
(


⎜(
⎟
(
≤ Pr |θ(in ) − p B | ≥ ε + Pr ⎝(
( v ) f ( v )dv ( >  | |θ(in ) − p B | < ε ⎠ .
(
(
(θ(i )
(

(28)

(29)

(30)

(31)

n

The ﬁrst term in the last line of the expression above is zero in the limit as n goes to inﬁnity by Lemma B.1, and because
( v ) and f ( v ) are bounded, the second term is also zero in the limit as n goes to inﬁnity because we can make ε arbitrarily
small. Thus,

(
⎛( B
⎞
( p
(
(
(
⎜(
⎟
(
lim Pr ⎝(
( v ) f ( v )dv ( > ⎠ = 0
n→∞
(
(
(θ(i )
(
n

as required, and similarly for the seller side.



Proof of Lemma 1. Suppose to the contrary that the lemma is not true. That is, suppose, for example, that V > V . By the
monotonicity of the virtual type functions, this implies that for all j ∈ M, p Bj > p Bj and p Sj > p Sj , and hence 1 − F j ( p Bj ) <
1 − F j ( p Bj ) and F j ( p Sj ) > F j ( p Sj ) for all j ∈ M, which means that the market clearing condition (12) is violated. An analogous
argument applies to the case V < V , which proves the result. 
Appendix C. Optimal mechanism details
In this appendix, we provide additional details of the optimal mechanism.
The optimal allocation rule and ironing parameter are deﬁned so that the allocation rule maximizes the expected value
of the sum of ironed virtual types, weighted by quantities, and such that the interim expected net trade for agents with
types in the ironing 
region is zero. Adapting Lu and Robert (2001) to our setup, given ironing parameter z, the allocation
n−1
rule that maximizes
i ∈N V (θi )q i (θ) induces 2 trades if half or more of the agents have ironed virtual types below z or
above z. In that case, every agent except the median agent trades. Otherwise, the number of trades is determined by the
1
larger of the number of agents with ironed virtual types below z and above z. For example, if some number s < n−
of the
2
1
agents have ironed virtual types less than z and some number b < n−
of the agents have ironed virtual types greater than
2
z, and if s ≥ b, then there are s trades: all the agents with ironed virtual types less than z sell, all the agents with ironed
virtual types greater than z buy, and s − b randomly selected agents with ironed virtual types equal to z also buy.
Given this, we can write the optimal number of trades given an odd number n of agents, ironing parameter z, and type
realization θ as


min

n−1
2


, max

1(θi )<z ,
i ∈N

1(θi )>z

.

i ∈N

The optimal allocation rule is then deﬁned to reﬂect these trades, and the deﬁnition of the optimal mechanism is
completed by choosing z such that for θi ∈ [−1 ( z), −1 ( z)], each agent’s interim expected allocation is equal to its initial
allocation of 1, i.e., q̂(θi ) ≡ Eθ −i [qi (θi , θ −i )] = 1. As shown below in Lemma C.1, if f is symmetric in the sense that f (θ) =
f (1 − θ) for all θ ∈ [0, 1], then the ironing parameter z is such that z = ( p S ) = ( p B ), where p S and p B are as deﬁned in
(2) and (3).
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Given z and deﬁning p zS and p zB by ( p zS ) = z = ( p zB ), the optimal allocation rule for agent i is

qi (θi , θ −i ) =

⎧
0
⎪
⎪
⎪
⎪
⎪
1
⎪
⎪
⎪
⎪
⎨2

if θi < p zS or θi > p zB and x < θ −i [ n−1 ] ,
2

if θi < p zS or θi > p zB and θ −i [ n−1 ] < θi < θ −i [ n+1 ] ,
2

⎪
1−
⎪
⎪
⎪
⎪
⎪
1
⎪
⎪
⎪
⎩
1+

2

if θi < p zS or θi > p zB and θ −i [ n+1 ] < θi ,
2


if θi ∈ [ p zS , p zB ], s =
j =i 1θ < p S <
j =i 1θ j > p B = b ,

b −s
n−s−b

if θi ∈ [ p zS , p zB ] and



j

z



z

1θ < p S =
j =i 1θ j > p zB ,
j
z


if θi ∈ [ p zS , p zB ], s =
1
>
j =i θ < p S
j =i 1θ j > p B = b .

s−b
n−s−b

j =i

j

z

z

This implies that, given z, the interim expected allocation for an agent with an ironed virtual type equal to z does not
depend directly on the agent’s type and is given by the expectation of the last three lines in the above expression for
qi (θi , θ −i ), which we can write as:
n−1 min{n−b−1,b−1} .

n−1

h( z) ≡

· F ( p zS )s (1 −
n −1
2

+
s =0

.

n−1−b

b

s =0

b =1

/.

s

/.

s

n−1−s

/

s

n−1 min{n−s−1,s−1} .

+
s =1

b =0

b−s

1−

/

n−s−b

F ( p zS ))n−1−s−b

F ( p zB ))b ( F ( p zB ) −

n−1

/.

F ( p zS )s (1 − F ( p zB ))s ( F ( p zB ) − F ( p zS ))n−1−2s

/.

n−1

n−1−s

s

b

/.
1+

s−b

/

n−s−b

· F ( p zS )s (1 − F ( p zB ))b ( F ( p zB ) − F ( p zS ))n−1−s−b .
Thus, the optimal mechanism requires z such that h( z) = 1,32 giving us the interim expected allocation rule (the same for
all agents) of:

/
⎧.
n −1
n −1
n−1
⎪
⎪
F (θ) 2 (1 − F (θ)) 2
⎪
n −1
⎪
⎪
⎪
2
⎨
/
n −1 .
n−1
q̂(θ) =
+2
F (θ) j (1 − F (θ))n−1− j if θ < p zS or θ > p zB ,
⎪
⎪
j
⎪
⎪
n +1
⎪
j= 2
⎪
⎩
1

otherwise.

Per-agent expected revenue can be calculated as the expectation of the virtual type times the interim expected number
of trades. Noting that each agent starts with one unit, so that agent i’s interim expected number of trades is q̂ (θi ) − 1,
per-agent expected revenue is
S

p z
O

π ≡

1

(x)(q̂(x) − 1)dF (x) +
0

(x)(q̂(x) − 1)dF (x).
p zB

We conclude by providing conditions under which the ironing range in the optimal mechanism is given by [ p S , p B ],
where p S and p B are as deﬁned in (2) and (3).
Lemma C.1. Assuming regularity, i.e.,  and  are increasing, and that f is symmetric in the sense that f (θ) = f (1 − θ) for all
θ ∈ [0, 1], then the ironing region in the optimal mechanism is [ p S , p B ].
Proof. Let a0 and b0 be the lower and upper bound of the ironing interval. For the interim expected allocation for an
agent of type θ ∈ [a0 , b0 ] to be 1 as required under the pointwise maximizer for the ironed virtual types, it must be that
F (a0 ) = 1 − F (b0 ). Let p = F −1 (1/2) be the ironing parameter. The ironed virtual type function with ironing parameter p
and assumed ironing interval [ p S , p B ] is such that

32

Such a z exists because h( z) is continuous, with p 0S = 0 and p 1B = 1, which imply that h(0) < 1 and h(1) > 1.
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((x) − p ) f (x)dx
1 /2 −

F (p S )

 pB
=

p

( p − (x)) f (x)dx
F ( p B ) − 1 /2

= R.

Integrating by parts gives

L=

(p − p S )F (p S )
1 /2 − F ( p S )

and

R=

( p B − p )(1 − F ( p B ))
.
F ( p B ) − 1 /2

Using (3) twice, one gets

R=

( p B − p) F ( p S )
.
1 /2 − F ( p S )

Thus, L = R is equivalent to p − p S = p B − p, i.e., to p B and p S being symmetric around p, which is equivalent to p =

( p B + p S )/2. But if f is symmetric, then (3) holds if and only if p B = 1 − p S , which is equivalent to
is p. 

p B +p S
2

= 1/2, which
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