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Introduction
Physics-based distributed hydrologic models (DHMs) simulate 

multiple hydrologic states at numerous locations within a watershed, 
and at fine time intervals [1-7]. As the spatio-temporal resolution of 
model simulation becomes finer and number of predicted hydrologic 
states becomes larger, model simulations become more and more 
computationally intensive, rendering solution of large problems 
intractable or at least not suitable for near real-time predictions on 
a serial computer. The computational burden is further enhanced 
by the use of finer resolution (≤ 30m) geospatial products that are 
inputs to these models. The need to run DHMs at fine spatio-
temporal resolution for multiple states/parameters over large domains 
necessitates the use of high performance computing (HPC) systems.

Growth in computing power and speed along with rapid decrease 
in hardware costs [8] have facilitated the use of HPC systems in a wide 
variety of science and engineering applications, including for DHM 
simulations. One of the earlier implementations of a parallel DHM 
was performed by Morton et al. [9] who developed a parallelized 
code for simulating hydrologic processes in Arctic regions, primarily 
on Cray architectures. Performance gains were found for 8 and 32 
processors using MPI and CRAFT implementations respectively. 
Apostolopoulos and Georgakakos [10] used ENCORE Parallel 
FORTRAN for parallelization of a sub-basin based semi-distributed 
hydrologic model on 14 processors. Both of these implementations 
were limited to parallelization of surface flow network. Cui et al. [11] 
parallelized DHMs by partitioning the watershed into sub-basins, 
where they specifically noted the adverse effect on parallelization 
efficiency due to imbalance in computational load assignment 
on different processors. Cui et al. [11] tackled the problem of load 
imbalance by redistribution of load between processors using sending-
by-pairs, circular-send and sending-by-percentage methodology. 
The technique transmitted data from overloaded to underloaded 
processors in order to balance load. However, the methodology 
greatly increased the communication between processors. Cheng 
et al. and Vivoni et al. [12,13] alleviated these problems by optimal 
partitioning of the model domain using METIS [14] software, which 
ensured both the load balance and minimization of interprocessor 
communication. pWASH123D model code [12] demonstrated 
performance gains up till 32 processors. Vivoni et al. [13] reported 
a maximum speed up of 70 (efficiency of ~ 0.14) for 512 processors. 
Kollet and Maxwell [6] presented a parallelized, structured-grid 
based, fully coupled model by coupling overland flow with PARFLOW 
groundwater flow model [15]. Application of the parallelized coupled 
model on an experimental setup to study surface-subsurface flow 
interactions recorded an efficiency of 0.82 for 100 processors. Kollet 
et al. [16] demonstrated a parallel efficiency of around 0.6 for an 
application of parallel PARFLOW model on 16384 processors, and 
made a compelling case to finally be able to perform large-scale fully-
coupled hydrologic simulations at fine resolutions within reasonable 
time. The varied computational efficiency of different parallelization 
efforts is partially attributable to two factors: efficiency with which the 
modeling problem is divided-and-distributed in a multi-processor 
environment and the amount of information that is shared between 
processors. However, there has been no proof-of-concept evaluation 
and demonstration of the impact of these two factors on the 
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efficiency of parallelized distributed hydrologic models. In addition, 
the relative influence of partitioning of the computational load and 
information shared between processors on computation efficiency 
has not been presented before for DHMs. Finally, details about how 
the characteristics of DHMs can be incorporated in existing optimal 
partitioning strategies are yet to be delineated.

In this paper, parallel implementation of a fully-coupled DHM 
called Pennstate Integrated Hydrologic Model (PIHM) for simulating 
land-surface-subsurface hydrologic states is presented on a cluster 
of 512 processors. First, we present a generic methodology for 
incorporating hydrologic factors, such as the number of hydrologic 
processes, coupling between processes and flow network topology, 
in optimal domain partitioning algorithms. The model is then 
used to evaluate how partitioning of model domain influences the 
computation efficiency of parallel DHMs in relation to computational 
load balance and inter-processor communication across processors. 
Next, the relative role of load balance between processors and 
minimization of interprocessor communication on parallel efficiency 
is presented. Finally, relations between theoretical and actual metrics 
of parallel efficiency are evaluated to explore if theoretical metrics can 
be used for comparing parallel efficiency of different partitions.  

PIHM Formulation
PIHM is a fully coupled, physically-based, spatially distributed 

hydrologic model. It simulates six hydrologic states (canopy 
interception storage, snow water equivalent, 2-D overland flow, soil 
moisture in the surface layer, unsaturated zone soil moisture and 
groundwater levels) on each unstructured element of the watershed 
using a semi-discrete finite-volume approach [4,5,17]. Streamflow 
simulation in the model is based on a depth-averaged 1-D diffusive 
wave equation, surface flow uses a depth-averaged 2-D diffusive 
wave approximation of the Saint Venant equations, and subsurface 

flow is based on depth-averaged, moving boundary approximation 
of Richards’s equation [17]. The partial differential equations (PDEs) 
governing each of these processes are locally reduced to ordinary 
differential equations (ODEs) by integration on a spatial unit element. 
The generic semi-discrete form of ODE that defines all the hydrologic 
processes incorporated in PIHM is represented as

. .i j ij k ik i
j k

dA n G A n F A S V
dt \
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 � �¦ ¦
G GG G                                (1)

Where ( )L\ is average volumetric conservative scalar per unit 
planimetric control volume area Ai , S\ � is average source/sink rate 
per unit control volume, G

G
 and F

G
 are vertical and lateral flux terms 

respectively, and nG  is normal vector to the surface j of the control 
volume i.  Relevant ODEs for all the hydrologic processes in the 
PIHM control volume are shown in Table 1. For more details about 
the individual process equations, readers are referred to [17]. The 
model has been successfully applied at multiple scales and in diverse 
hydro-climatological settings in both North America and Europe 
[18-21].

Parallelization Strategy
Here, we use a domain partitioning approach for parallelizing 

PIHM. The methodology, also referred as Single Program Multiple 
Data technique [22], entails running the same model code 
concurrently on multiple processors. Each processor is assigned its 
own part of the data or ODEs to work on. In order to preserve spatial 
coupling of processes (or lateral fluxes, f[] in Table 1) between control 
volumes that lie on different processors, appropriate communication 
of hydrologic states between processors is implemented to ensure that 
the solution of a serial and parallel problem is exactly the same. The 
methodology is potentially scalable and can be used to simulate the 
parallel model on thousands of processors. However, its effectiveness 
depends on how the data are divided-and-distributed in a multi-
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Table 1: 'H¿QLWLRQ�RI�FRXSOLQJ�IXQFWLRQ�DQG�WKH�ODWHUDO�DQG�YHUWLFDO�ÀX[HV�DFURVV�WKH�IDFHV�RI�D�FRQWURO�YROXPH��i and j are indices of neighboring control volumes. 
denotes conditional terms for grids that are neighbors of a river element. Explanation of symbols is in Appendix.
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processor environment and the efficiency with which information is 
shared between processors. 

Domain partitioning
Efficient data partitioning involves satisfying two objectives: 

load balancing and minimization of interprocessor communication. 
Load balancing ensures that computation on each processor finishes 
simultaneously during each time step, thus avoiding any idle-time 
delay incurred on processors that finish their jobs earlier than others. 
This leads to the most efficient use of existing parallel computing 
resources. The second objective is to minimize communication 
between processors. Although the number of communication 
operations is generally much less than computation, the cost of 
accessing memory on other processors is relatively much more time-
expensive with respect to accessing variables from a local processor. 
The cost of processor communication is proportional to amount of 
data shared, frequency of data sharing, and latency and bandwidth 
of interconnection network. One obvious strategy to minimize 
communication is by assigning computation to only a small number 
of processors thus reducing the need to communicate with other 
processors in a cluster. However, that will lead to load imbalance since 
few processors would do all the work while the others will remain idle. 
An optimal partition should ensure both load balance and minimal 
communication. 

Graph definition and weight assignment: Consideration of 
hydrologic factors: A partitioning problem is generally formulated 
on an undirected communication graph [23], which is obtained 
by connecting unit elements that exchange information. For the 
cell-centered finite volume formulation in PIHM, vertices of the 
communication graph are the centroids of discretization elements 
and edge of the graph is the connecting segment joining the vertices 
(Figure 1). Edges connect the neighboring elements that share 
information during a time step. Such a graph is called the dual graph 
of a mesh. The edge and vertex weight of a dual graph represents the 
computational load at each element and the communication between 
neighboring elements respectively [23].

Weights on a dual graph of a DHM simulation domain can be 
assigned based on hydrologic factors such as the number of hydrologic 
processes solved at each discretization element, flow topology, and 
level of spatial coupling between processes. An increase in number 
of prognosticated states proportionally increases the amount of 
computation and the data shared with neighboring elements. This 
directly impacts computation and inter-processor communication 
time, and hence also the vertex and edge weights. The flow topology 
also determines the communication volume. Depending on if a model 
calculates overland flow flux in the direction of maximum elevation 
gradient or if it accounts for head magnitudes in all the neighboring 
elements of a cell, communication volume may be different. For 
example, to evaluate overland flux in single flow direction based 
models (e.g. tRIBS), dual mesh edges corresponding to unstructured 
mesh faces that do not interact with their neighbors should have an 
edge weight of zero. In contrast, positive edge weights will have to 
be assigned to all edges of a dual mesh in multiple flow direction 
based models (e.g. ModHMS, PIHM). Level of spatial coupling, 
i.e. the number of hydrologic processes that interact laterally with 
neighboring cells, also affects communication volume and hence 
the edge weight. For example, models such as FIHM/ PIHM3D [5] 
simulate lateral flow in both unsaturated and saturated zone whereas 
PIHM only considers sub-surface lateral flux between groundwater 

states. So edge weights in FIHM have to be larger than in PIHM to 
account for larger communication. It is to be noted that in addition to 
hydrologic factors, design and configuration of a parallel computing 
cluster such as the relative speed of individual processor nodes, and 
latency, bandwidth, diameter and degree of interconnect, can also 
contribute to heterogeneous computing and communication between 
processors, and hence should be duly accounted for in assignment of 
dual mesh weights.

Weight assignment on a PIHM dual mesh is unusual even among 
unstructured grid based models. In addition to communication 
between triangular mesh watershed elements, communication 
in PIHM is also defined between river and watershed elements 
(triangles) and between upstream and downstream river elements 
(Figure 1). Computation weights are assigned to vertices of a dual 
graph in proportion to the number of prediction variables or the 
number of ODEs that are solved on a discretized element. So a 
computation weight of 6 is assigned to each triangular element, 
as six hydrologic states are solved on each of them. On linear river 
elements, PIHM solves for two states (stream stage and groundwater 
depth below the river). Similar to the assignment of computation 
weight on vertices of the dual graph, edges of dual graphs are assigned 
weights in proportion to number of laterally coupled physical states 
that are shared between neighboring linear or triangular elements. 
In PIHM, two neighboring elements (e.g. triangle-triangle, river-
triangle or river-river) share information about groundwater depths 
and overland flow depths in order to calculate the lateral fluxes at each 
time step. Hence, a communication weight of two is assigned to all 
the dual graph edges. We note that computation and communication 
weights on dual meshes can be similarly implemented for other 
fully-distributed models that are based on finite difference, finite 
element and finite volume methods. The magnitude of computation 
and communication weights, however, will differ depending on the 
number of predicted states on each unit element, number of spatially 
coupled processes, shape of each unit element and flow topology 
between neighboring elements. 

Domain partitioning algorithms: Using a dual graph with n 
weighted vertices and m weighted edges, the objective is then to divide 
the vertices into P partition sets in such a way that the sum of vertex 
weights in each set is as close as possible and sum of the weights of 
edges crossing between sets is minimized. The posed problem is NP-
complete [24] and so it is hard to obtain globally optimal solutions. 
Several near-optimal techniques such as the K-L algorithm [25], 
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Figure 1: Dual graph for a representative unstructured discretization of 
PIHM domain.  



Citation:� .XPDU�0��'XII\� &-� ������� ([SORULQJ� WKH� 5ROH� RI� 'RPDLQ� 3DUWLWLRQLQJ� RQ� (I¿FLHQF\� RI� 3DUDOOHO� 'LVWULEXWHG�+\GURORJLF�0RGHO� 6LPXODWLRQV�� -�
+\GURJHRO�+\GURO�(QJ�����

x�Page 4 of 12 x

doi:http://dx.doi.org/10.4172/2325-9647.1000119

9ROXPH�����,VVXH������������

simulated annealing [26], genetic algorithm [27], greedy method 
[28], recursive inertial bisection (RIB) [29], recursive graph bisection 
(RGB) [30], recursive spectral bisection (RSB)  [31,32], multilevel 
partitioning (ML) [33], and hybrid methods such as multilevel-KL 
partitioning (ML-KL) [34] and RSB and RGB algorithms refined by 
KL method (RSB-KL, RGB-KL) [35] exist for partitioning the dual 
graph. RSB algorithms have been previously found to outperform 
or serve as a better compromise to RGB, RIB, greedy and simulated 
annealing methods [30,32,36]. Readers are encouraged to look into 
respective references to see details of the algorithms. Implementations 
of these algorithms are available in numerous state-of-the-art 
partitioning software packages including CHACO [37], JOSTLE [38], 
METIS [14] and RALPAR [35]. In this paper, the best partition from 
among RGB, RSB, RGB-KL, ML-KL and RSB-KL is used for further 
analyses. The best partition is selected based on theoretical measures 
of load balance and communication minimization. Load balance of 
a partition-set is measured using load balance ratio (LBR), which is 
calculated as

100
max( )

p

i

i

N

o
i

p o

N
LBR

N N
 u

¦
               (2)

Where Np is number of processors and
ioN is number of dual 

mesh nodes in ith partition. For a perfectly balanced partition, 
the maximum partition size and average size of each partition is 
all the same. So LBR is equal to 100 for this case. With increase in 
load imbalance, numerator in Equation 2 remains the same, while 
denominator increases. Hence LBR is less than 100 for an imbalanced 
load case. Communication volume, which is quantified as edge-cut 
(Ec), is equal to the sum of weights of dual-mesh edges that connect 
vertices from different partitions. RGB and RGB-KL partitions were 
generated using RALPAR while RSB, RSB-KL and ML-KL partitions 
were obtained using CHACO software. We note that the partitions 
obtained in this analysis are static, and are used throughout the model 
simulation. In simulations where compute times on processors are 
markedly different, static partitioning may not be the most efficient 
strategy.

PIHM code parallelization 
The governing ODEs for all the considered physical processes are 

solved using an implicit Newton-Krylov based solver called CVODE 
[39]. Within each integrator time step, the rate of change in state 
variables (right hand side of ODEs in Equation 1) on each partition 
(and hence on separate processors) is evaluated. The Message 
Passing Interface (MPI) system [40] is used to carry out parallel 
communications between partitions at synchronization points, thus 
ensuring that data from other processes are available locally when 
needed. Two sets of send and receive operations are executed. The 
first communication-set exchanges information about hydrologic 
states between processors. This is executed at the beginning of the 
subroutine that defines process ODEs in parallel-PIHM code. The 
second communication-set is executed from within the solver at the 
end of ODE evaluation subroutine. This communication-set includes 
MPI global reduction operations such as dot products, weighted root-
mean-square norms and linear sums. These operations are launched at 
each convergence iteration step to check for the absolute and relative 
tolerance metric criteria [41]. This location in the code also acts as the 
synchronization point, as quantification of fluxes is a pre-requisite to 
any global convergence criteria evaluations. A successful convergence 
at any iteration step indicates fulfillment of tolerance criteria for all 

ODEs in the model domain, instead of for a local set of ODEs on 
a particular partition. We note that in this step, overlap between 
computation and communication operations that can potentially 
reduce the wall clock time is not executed, and will be addressed in 
future versions of the code. The developed parallelized code is run on 
IBM x3450 1U Rackmount Server with 64 GB of ECC RAM and Dual 
3.0 GHz Intel Xeon E5472 (Woodcrest) Quad-Core Processors. The 
cluster is a shared resource with limited number of users (less than 
ten), and consisted of 756 active processors.

Experiments, Results and Discussions
To demonstrate the effectiveness and scalability of the parallel 

model in relation to how a domain is partitioned, four representative 
partitioning configurations are considered: a) an optimal partition 
where computational load is balanced and communication 
is minimum, b) a partition with balanced load but with large 
interprocessor communication, c) a partition with minimum 
interprocessor communication but with imbalanced load, and 
d) a partition with both load imbalance and large interprocessor 
communication. The results of four configurations are compared 
based on the parallel efficiency metric [42], E, which is quantified as 
the ratio of Speedup ( )

PNS to the number of processors (NP), and is 
given by

PN

P

S
E

N
                (3)

Speedup,
PNS , is defined as the ratio of wall-clock time for a 

serial program to the time for a parallel version of the same program. 
Scalability comparisons between the four configurations involve 
evaluation of respective parallel implementation’s capability to 
demonstrate a proportionate increase in speedup with additional 
processors.

The parallel model is implemented for the Little Juniata River 
Watershed, located in south central Pennsylvania. The watershed size 
is 845.6 sq. km, and is characterized by significant complexity in the 
bedrock geology, soil, land cover, precipitation and elevation [17]. All 
physiographic and hydroclimatic data and other topological relations 
needed to perform model simulations are automatically mapped to 
the model unstructured mesh using PIHMgis [43]. Constrained 
Delaunay triangulation is used to discretize the domain at four spatial 
resolutions (Table 2): 412, 243, 169 and 99 m. Constraints include 
hydrographic features such as rivers and sub-watershed boundaries, 
and thematic features such as soil and land cover classes [44]. Case 
I discretization (Table 2) is obtained by only using hydrographic 
features as constraints. Next two discretization levels are generated 
by incrementally considering land cover and soil boundaries, along 
with hydrographic boundaries as constraints. Finest discretization 
(case IV) is generated by setting maximum-triangle-area constraint 
of 0.016 sq. km in Triangle [45], in addition to internal boundary 
constraints used in case III. The problem size for four discretization 
levels range from 32566 to 534048 ODEs. Parallel simulations are 
performed for the two month period (November 1 to December 30, 
1983) at each discretization resolution. This standardizes comparisons 
and discounts the effect of change in hydrologic process dynamics 
between model runs. We note that even though model simulations 
are being performed for the same duration in all four discretization 
configurations, changes in resolution does lead to differences in 
representation of topography and hydro-geologic properties and 
hence also in the hydrologic interactions. This indicates that the model 
simulations at different resolutions are not identical and may have 
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differences in process dynamics. The simulation period comprises of 
30 precipitation events with a total precipitation of 218 mm (average 
precipitation = 3.7 mm/d). The precipitation duration during the two-
month period was about 22 days, out of which snow events spanned 7 
days. The serial code took 273 hours to finish 2 months of simulation 
on case IV discretization. Choice of the finest discretization resolution 
and length of simulation period were ceiled by the time it takes to 
solve the largest problem on a single processor, as it has to be less 
than the maximum contiguous compute time available on the cluster. 
It is to be noted that maximal range of discretization resolutions and 
processor (partition) size considered in each experiment is governed 
by the need to optimally utilize limited wall-clock times available 
to each individual user on shared computing cluster, while still 
being able to sufficiently confirm the goals of each experiment. The 
simulation settings and hydrologic response predictions of the model 
(on one processor) for a two year model run are presented in Kumar 
[17]. Here we focus only on the computational aspect of the model 
simulation.

Parallel model efficiency of an optimal domain partition: 
Balanced load and minimum interprocessor communication 

The first experiment uses load-balanced partitions with minimum 
inter-processor communication. Partitioning is performed for all four 
discretization levels (Table 2) and the parallel efficiency is evaluated 
for 2, 4, 8, 16, 32, 64, 128, 256 and 512 processors (Figure 2). 

Figure 2 shows results of only the best theoretical partition 
configuration from among RGB, RSB, RGB-KL, ML-KL and RSB-
KL at each scale. The best partition was selected based on LBR and 
Ec metrics (see Section “Parallel model efficiency of an optimal 
domain partition: Balanced load and minimum interprocessor 
communication”). Notably, all of the five algorithms considered 
here ensure an identical LBR of close to 100%, but they differ in 
the number of edge-cuts i.e. in their effectiveness to minimize 
communication. For all four discretization levels, either RSB-KL 
or ML-KL partition outperformed other algorithms considered in 
this study in terms of minimization of Ec (Table 3). The experiment 
suggests that for larger number of partitions, ML-KL generally yields 
the best partition (Figure 2, Table 3). Notably, the spatial distribution 
of partitions obtained from these algorithms look very similar across 
different discretizations. For example, partitions on smaller number 
of processors share their boundaries with partitions on larger number 
of processors. This is because of the recursive nature of partitioning 
algorithms, which subdivide the coarser partitions to obtain finer 
ones. The spatial distribution of partitions obtained using RSB-KL 
and ML-KL algorithms, however, can be fairly different. It is to be 
noted that partition boundaries for river and triangles coincide with 
each other as this leads to reduction in overall communication. 

For the same level of discretization (problem size), efficiency of 

the parallel model decreases with increase in the number of processors 
(Figure 3). For case I, which corresponds to the coarsest discretization 
level and hence the smallest problem size, efficiency reduces from 1 to 
0.087 as the number of processors increase from 1 to 512. Even though 
running at a fairly low efficiency, the parallel model runs around 73 
and 45 times faster than the serial code on 256 and 512 processors 
respectively. The rate of decrease in efficiency with increase in the 
number of processors is much smaller for larger problem sizes. For 
example, parallel efficiency in case IV is close to one for up until 128 
processors. Even for 512 processors, the efficiency in case IV reduces 
only to 0.6 and is much larger than the efficiency in cases I, II and 
III (Figure 3). The parallel code runs around 312 times faster on 512 
processors (for case IV) with respect to the serial version of the model 
code. Comparatively the computation is 185, 103 and 45 times faster 
on 512 processors for cases III, II and I respectively. We note that for 
some cases, efficiency is slightly larger than one (Figure 3). This is 
attributable to: a) a large working-set size (amount of memory needed 
to compute the problem) relative to available memory on individual 
processors, when data are mapped onto small number of processors. 
As a result, data are fetched from the disk, a relatively slower option 
than data fetch from memory. In contrast, the partitioned data size 
and hence the working-set is smaller for large number of processors. 
This results in a faster data fetch from memory, leading to super-linear 
speedups; b) pre-fetching of data in a buffer, which leads to faster 
access of data by other cores (in a quad-core processor),in addition 
to the one that is fetching the data. This saves time as shared cores do 
not have to individually fetch data, and can access it directly from the 
buffer, thus contributing to higher efficiency. Mild sensitivity of the 
efficiency results to unsustainable steady throughput from processors 
cannot be discounted either. 

The decrease in efficiency with decrease in problem size and 
increase in processors can be explained by rewriting Equation 3 as

1 / 1
1

pN ser par

parP P
P ser comm

P

T T T T
E

TN N R
N T T

N

�
  |

�§ ·
� �¨ ¸

© ¹

                             (4)

Where Tser and Tpar are wall clock times for the serial and 
parallelizable part of the code on a single processor, Tcomm is the inter-
processor communication time, and R is the ratio of communication 

to computation, comm

par

T
T

. Equation 4 is derived by considering Tser 

« Tpar, a reasonable assumption as parallelizable part of the code is 

the time intensive part where all time-evolving computations are 
performed. Since Tcomm is directly proportional to Ec (see Section 
“Parallel model efficiency of an optimal domain partition: Balanced 
load and minimum interprocessor communication” for details), and 

Tpar is directly proportional to � �iNo No ¦ , Equation 4 can be 

Discretization

Number of 

triangular 

elements (NTE)

Number of river 

elements

(NRE)

Total number of ODEs

(= 6* NTE +2*NRE)

Minimum, Maximum, 

Mean Area of Triangular 

Element (sq. m)

Minimum, Maximum, 

Mean Length of River 

Element (m)

Constraints

Case I 5065 1088 32566 1163, 1323137, 169607 38, 1725, 549 Sub-watershed Bdd. +Rivers

Case II 14553 1751 90820 5.4, 149872, 59029 2.7, 926, 341 Sub-watershed Bdd. +Rivers 
+ Land Cover

Case III 30155 2608 186146 0.03, 59985, 28488 0.3, 564, 229 Sub-watershed Bdd. +Rivers 
+ Land Cover + Soil

Case IV 87645 4089 534048 0.03, 15999, 9801 0.3, 328, 146 Sub-watershed Bdd. +Rivers 
+ Land Cover + Soil

Table 2: The four levels of domain discretization of Little Juniata Watershed. Bdd. stands for boundary.
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Figure 2: Optimal domain partitions for four discretization levels (Table 2) in the Little Juniata watershed on 2, 4, 8, 16, 32, 64, 128, 256 and 512 processors. 
3DUWLWLRQLQJ�DOJRULWKP�WKDW�SURGXFHV�WKH�EHVW�WKHRUHWLFDO�HI¿FLHQF\�DPRQJ�5*%��56%��5*%�./��56%�./��0/�./�LV�OLVWHG�FRUUHVSRQGLQJ�WR�HDFK�SDUWLWLRQ�
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rewritten as:
1 1

1 1 cP
P

o

E
EN R N
N

D
  

� �
                  (5)

Where α is a proportionality constant. For a given problem 
size (constant No), increase in number of partitions (Np) results in 
proportional increase in Ec. This translates to increase in R (Table 4), 
and hence a decrease in E (based on Equation 5), with increase in NP. 
The results point to reduced efficiency on larger number of processors 
because of an increase in the amount of communication between 
processors. For identical Np  but larger problem sizes, both Ec and No 
increases. However, increase in No is much larger than the increase in 
Ec. This leads to a decrease in R (Table 4) and hence an increase in E 
for finer discretizations (based on Equation 5). 

Larger efficiency of the parallel PIHM model for finer 
discretizations of the model domaindemonstrates the potential of 
applying the parallel model to even larger problem sizes and number 
of processors (~1000s). 

Parallel model efficiency of sub-optimal domain partitions
The effectiveness of optimal domain partitioning with respect to 

other sub-optimal partitioning configurations is explored next. In this 
context, three experiments are conducted. The first two configurations 
highlight the isolated impacts of load balance and interprocessor 
communication on parallel efficiency, while the third configuration 
considers their combined impact.

Balanced computation load, but inefficient interprocessor 
communication: In the first configuration, partitions are generated 
such that computation load across processors is balanced, but 
without accounting for minimization of communication between 
processors. In this regard, two experiments are conducted. First, the 
partitions are generated by randomly assigning discretized cells and 
hence the ODEs to different processors while ensuring that the total 
number of cells in each partition is the same (Figure 4). The method 
yields partitions with number of edge-cuts being almost an order of 
magnitude higher than in the optimal partitioning case (discussed 
in section “Parallel model efficiency of an optimal domain partition: 
Balanced load and minimum interprocessor communication”). 
Using case I as a representative discretization in this experiment, the D
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Figure 3: (I¿FLHQF\� RI� SDUDOOHO� 3,+0� IRU� IRXU� GLVFUHWL]DWLRQ� OHYHOV�
(see Table 2 for details) on 1, 2, 4, 8, 16, 32, 64, 128, 256 and 512 
processors. 
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number of edge-cuts for the optimal partitioning case and for this case 
on 2, 4, 8, 16, 32 and 64 processors are (82, 5690), (196, 8354), (406, 
10688), (682, 11634), (1082, 12318) and (1654, 13102) respectively. 
For the same problem size, since edge-cuts for optimal partitioning 
case is always smaller than that for load balanced partitions with 
efficient interprocessor communication, following Equation 5 they 
over-perform in terms of parallel efficiency for all processor sets 
(Figure 4). A consistently lower parallel efficiency of these randomly 
distributed non-contiguous partitions and their explain ability based 
on communication to computation ratio (R) underscores that the 
results are not chance agreements. Next, the sensitivity of parallel 
efficiency to edge cuts (or communication volume) is further explored 
by generating four additional partitions with increasing number of 
edge-cuts. Starting with an optimal partition configuration on 64 
processors, same numbers of triangles are randomly selected from 
two different partitions and are then assigned to the other partition. 
This ensures load balance, but increases edge-cuts. The process is 
repeated for additional pairs of partitions to obtain varying number 
of edge-cuts. Edge-cut and corresponding parallel efficiency for the 
five partition sets on 64 processors are (1654, 0.65), (2974, 0.58), 
(5872, 0.53), (10942, 0.48) and (13102, 0.41) respectively. Results 
suggest that for load-balanced partitions, increase in the number 
of edge-cuts result in reduction of parallel efficiency, when the 
problem size and number of processors are kept constant. The two 
experiments highlight the role of minimization of edge-cuts during 
domain partitioning to obtain best parallel efficiency.

Minimum interprocessor communication, but imbalanced 

computation load: To evaluate the impact of computational 
load balance on parallel efficiency of the model, an alternate sub-
optimal configuration is considered where the load is imbalanced 
but minimum communication between processors is maintained. 
This partition configuration is obtained by simple reassignment 
of cells of an optimal partition (derived in section “Parallel model 
efficiency of an optimal domain partition: Balanced load and 
minimum interprocessor communication”). The mapping of cells 
for (NP-2) partitions is left as is. For the remaining two partitions, 
cells from one are assigned to the other (Figure 5), thus altering 
load balance. For a perfectly balanced partition set, the LBR is equal 
to 100. As the load imbalance increases, the LBR becomes smaller. 
For case I discretization on 16 processors, the simulation time 
with respect to a load-balanced case, increases with increasing load 
imbalance (decreasing LBR). A consistent under-performance of the 
representative load imbalanced configuration and the decrease in its 
efficiency (increasing wall clock time) suggests that similar trend in 
computation efficiency can be expected for partition configurations 
with smaller LBRs but with near-identical communication volume. It 
is to be noted that a reduction in LBR from around 100 % to 55 % lead 
to a decrease in parallel computation efficiency from 0.94 to 0.4 on 16 
processors. In contrast, 16 times increase in edge cuts (a surrogate for 
communication volume) resulted in computation efficiency to only 
reduce from 0.94 to 0.6 (See Section “Balanced computation load, but 
inefficient interprocessor communication”).  

Imbalanced load and inefficient interprocessor communication: 
A sub-watershed based partitioning configuration, obtained by 

Figure 4:�&RPSDULVRQ�RI�SDUDOOHO�HI¿FLHQF\�EHWZHHQ�RSWLPDO�SDUWLWLRQV�DQG�SDUWLWLRQV�ZLWK�ORDG�EDODQFH�EXW�LQHI¿FLHQW�FRPPXQLFDWLRQV��XVLQJ�&DVH�,�GLVFUHWL]DWLRQ��

Discretization Level (Across)
Case I Case II Case III Case IV

Number of Processors (Down)

2 0.003 0.001 0.001 0.001
4 0.006 0.003 0.002 0.002
8 0.013 0.007 0.005 0.003
16 0.021 0.012 0.008 0.005
32 0.034 0.019 0.013 0.008
64 0.051 0.028 0.020 0.012
128 0.079 0.042 0.029 0.018
256 0.119 0.063 0.043 0.026
512 0.178 0.095 0.064 0.037

Table 4: Ratio of edge cut (Ec) and problem size (No), a surrogate for communication to computation ratio (R), for the four levels of discretization on 2, 4, 8, 16, 32, 
64, 128, 256 and 512 processors.
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Figure 5: Comparison of wall clock time for partitions with different load balance ratios, on a Case II discretization mapped to 16 processors using RSB-KL 
algorithm. The normalized wall clock time represents the ratio of wall clock time with respect to the case where load balance ratio is equal to 100%. The 
corresponding load imbalanced partitions are also shown (top). The load imbalance is simulated by assigning discretization elements from one partition to 
another. Red ellipse highlights the location of participating partitions. Re-assignment of unit elements is indicated by the arrow

Figure 6: Sub-watershed based partitioning of the model domain on 2, 4, 8, 16 and 32 processors. Sub-watersheds are shown in the left-most column in light 
grey. Dark grey internal boundaries depict partition boundaries

Case I Case II Case III

2

4

8

16

32

# of 
processors

Sub-watershed 
Bdd.

mapping the sub-watersheds (Figure 6) of a fifth Strahler-order 
stream network to different processors, is considered next. First, the 
sub-watersheds are aggregated into two contiguous units such that 
both units drain into a fifth order stream. The two aggregates are then 
mapped to different processors. For mapping on four processors, sub-
watersheds are aggregated into four contiguous units in such a way 
that each unit drains into fourth or higher order streams. The process 

is repeated for mapping on larger number of processors. Partitions 
are obtained for 2, 4, 8, 16 and 32 processors for three discretization 
resolutions (cases I, II and III, Figure 6). Sub-watershed based 
partitions generally have a smaller LBR and larger R with respect to 
optimal partitions (Table 5). The results show that parallel efficiency, 
even for the largest problem (case III) in this case, is consistently 
smaller than the optimal partitioning case (Figure 7). Parallel 
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efficiency using the optimal partitioning strategy is close to 1 for up 
until 32 processors, whereas the parallel efficiency for sub-watershed 
based partitions reduces to around 0.2. The reduced parallel efficiency 
is a result of load imbalance and large communication across sub-
watershed boundaries relative to optimal partitions. It is to be noted 
that the goal of this experiment was not to establish that all possible 
sub-watershed partitions are sub-optimal, but to only highlight that 
sub-watershed based partitioning strategies are often plagued by load 
imbalance and large interprocessor communication and are hence 
likely to underperform in relation to optimal partitions.

Summary and Conclusions
In this study, we presented the efficiency and scalability of the 

parallel PIHM code for a range of partition configurations and 
discretizations of the Little Juniata Watershed model domain. The 
goal was to evaluate both the isolated and integrated role of load 
balance and minimization of interprocessor communication on the 
efficiency of parallel hydrologic model simulations. Results suggest 
that for the same problem size, efficiency of the parallel model 
decreases with increase in number of processors. More importantly, 
the rate of decrease in efficiency with increase in the number of 
processors is not as large for larger problem sizes. This indicates that 
parallel PIHM simulations based on optimal domain partitions can 
be expected to exhibit even higher speedups for larger number of 
processors. Also, parallel efficiency of the model was observed to have 
a direct correspondence with theoretical metrics of load balance ratio 
and communication to computation ratio. This implies that these two 
theoretical metrics can be used to evaluate, screen and identify the best 

partitions, which can then be later used to perform computationally 
intensive parallel simulations. Intercomparison of efficiency results 
between numerous optimal and sub-optimal configurations suggest 
that for the same problem size, sub-optimal partitions that do not 
consider either load balance or minimization of interprocessor 
communication always under-perform relative to optimal ones. More 
importantly, the decrease in parallel efficiency was much more severe 
with the same per unit increase in load-imbalance than with increase 
in interprocessor communication. This suggests that during domain 
partitioning, load balance should be given priority over minimization 
of inter-processor communication. Nevertheless, the effect of 
interprocessor communication on efficiency cannot be neglected. 
Results also suggest that since not all optimal partitioning algorithms 
are equally efficient, appropriate partitioning algorithm should be 
chosen to maximize efficiency. Among the five optimal partitioning 
algorithms (RGB, RSB, RGB-KL, ML-KL and RSB-KL) considered 
here, the RSB-KL or ML-KL algorithms were found to outperform 
others at all four discretization resolutions. For larger partition sizes, 
ML-KL generally yielded the best partition. As the optimal partition 
algorithms are determined by the weights of the dual graphs, the 
paper also demonstrated that hydrologic factors such as the number 
of hydrologic processes being solved at a discretization element, flow 
topology, and level of spatial coupling between processes, can be easily 
incorporated in optimal partitioning algorithms by modulating vertex 
and edge weights to account for changes in computation load and 
interprocessor communication respectively. While the gain in parallel 
efficiency due to the incorporation of hydrologic factors during domain 
partitioning remains unquantified, the presented methodology is 
generic and can be applied to both unstructured or structured mesh 
based distributed models to evaluate the improvements in parallel 
efficiency. It is to be noted that the results presented in this paper were 
obtained based on a two months long simulation period. The length 
of simulation period and the choice of finest discretization resolution 
were ceiled by the time it took to solve the largest problem on a single 
processor. Even through the simulation period consisted of numerous 
precipitation events and intermittent dry periods, one may expect the 
efficiency results to slightly vary from year to year depending on the 
precipitation regime and the ensuing hydrodynamics. 
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