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We study dynamic contracts that incentivize an agent to exert effort to increase the arrival rate of a Poisson
arrival (breakthrough), where both the effort cost and the effort level at any time are the agent’s private
information. The principal needs to offer a menu of contracts such that each type of agent (with a different
effort cost) chooses the corresponding item on the menu. Each item specifies a deadline for the contract and
the payment process over time. We focus on two types of agents and fully characterize the optimal menu
of contracts. Specifically, the principal will not provide any contracts when the revenue of the breakthrough
is low enough. When the revenue is at the medium level, only the good agent is worth hiring. Hence, the
principal provides a pay-to-leave contract to the bad agent, which pays a lump-sum payment to the agent
without asking the agent to work. At the same time, the good agent is provided a so-called IC-binding
contract that provides exactly enough incentives for him to work. When the revenue is high enough, the
bad agent obtains an IC-binding contract, while the good agent gets a so-called screening contract such that
he is not willing to mimic the bad agent. Overall, we are able to obtain the closed-form expression of the

optimal menu, and the optimal contracts are easy to describe, compute, and implement.
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1. Introduction

Research breakthrough projects refer to initiatives or endeavors that aim to achieve significant
advancements or discoveries in a particular field of study. These projects typically involve pushing
the boundaries of existing knowledge, technologies, or understanding to attain novel and trans-
formative outcomes. Breakthroughs in research projects often lead to groundbreaking innovations,
solutions to long-standing problems, or the development of new theories and methodologies.

To achieve environmental sustainability, projects on climate change mitigation technologies are
developed across the globe. A total of 243 projects (USD 13.5 billion, 51.9 billion including co-
financing) are funded by the Green Climate Fund (GCF) to deliver transformative climate actions.
In pharmaceutical development, any medical breakthrough that is an advancement to cure a cur-

rently incurable disease, such as cancer or Alzheimer’s, can be enormously lucrative. Leading
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pharmaceutical companies have their R&D spending, which can be as high as 30% of their yearly
revenue. Research breakthrough projects are common in technology companies. The R&D spending
in Amazon was as high as $ 26.6 Billion, accounting for 13% of its total revenue. Yet the return once
a research project succeeds is also enormous: Open Al brings Microsoft a revenue of $1.3 Billion
in the year 2023. It is vital that the fundings are used properly and effectively. However, there is
news showing improper usage of funding by researchers. A professor is accused of cheating NASA
out of millions of Space research institutes at the University of Florida. The NASA grant, which is
supposed to be spent on high-tech engineering research, was privately spent on cars and condos.!.
United States Office of Special Counsel has overseen another investigation, which revealed that
hundreds of millions of dollars were not used for their intended purpose. Funds for the Biomedical
Advanced Research and Development Authority (BARDA) were intended for the development of
drugs, therapies, and vaccines. However, a large fraction of the funds have been used for unrelated
purposes, such as salaries and the removal of office furniture.?.

There are some common features among those motivating examples. First, these projects are
usually structured within an agency relationship due to the need for both high technical expertise
and significant capital inputs (funding). The skilled individuals execute the project under some level
of separation from the entity supplying financial support. Additionally, the preferences of the agent
(entrepreneur, contractor, or researcher) in terms of investment timing, intensity, and direction are
not likely to perfectly align with the preferences of the principal (financier, end user, or institution).
Second, moral hazard issues exist because of the misalignment of incentives. The agent may have
the incentive to misuse funding. They may divert the funding for their private benefits rather than
to the proper uses to develop the breakthroughs. Therefore, the principal has to provide sufficient
incentive for the agent to be willing to exert effort. Third, the funding levels that are required may
vary across different types of agents. Scientific teams who work on such projects are heterogeneous:
they vary in their approaches/methods to tackle problems. Moreover, due to professional barriers,
how much funding a project requires remains private information to the agent. The project may
be terminated if no success has been observed after a certain period. Despite its high potential
and enormous returns, project cancellation and terminations are sometimes necessary. An example
of project cancellation is the V.C. Summer project, which was intended to build nuclear plant in
South Carolina. The project was cancelled in 2017, after more than $9 billion was invested.?

These common ingredients give rise to this paper’s research question: when sponsoring research-
breakthrough projects, the principal faces two dimensions of disadvantages in information. First,
she does not know what levels of funding are sufficient; second, the principal cannot observe whether
the agent is misusing the funding. To overcome such informational disadvantages, how should she

design optimal contracts? Notice that the agent has a great amount of latitude for misconduct: he
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may ask for funding that is more than necessary; he may also divert the funding for his private
benefits, and he may even do both. The principal, thus, has to be meticulous in designing contracts
that prevent such misbehaviors.

We model the problem to be the optimal design of the principal’s contract (when there exists
both adverse selection and dynamic moral hazard). The principal delegates the development of a
research project to an agent. With the agent’s continued effort, the success of the project may arrive
randomly. Once it succeeds, a fixed amount of revenue goes to the principal. The misalignment
of interest between the principal and the agent lies in the fact that the revenue is enjoyed by
the principal while the effort cost is paid by the agent. Therefore, incentives must be created to
induce the agent’s effort. Being the residual claimer of the project, the principal also needs to
provide the funding to reimburse for the agent’s cost. However, the agent’s cost, which is his private
information, is uncertain.

Following standard results in mechanism design in Laffont and Martimort (2009), the principal
should provide a menu of contracts, such that an agent with a specific cost chooses a particular
contract from this menu. The application of menu of contracts in real life is common. When applying
for research funding, a principal investigator (PI) drafts proposals with clear budget and intentions
on spending the budget, which is a way to self-select a contract with a funding provider such as NSF.
Following the revelation principle (Myerson 1981), it is without loss of generality for us to consider
direct mechanisms. In our setting, however, after the agent reports the operating cost, the two
players still face a dynamic moral hazard game. That is, the agent can choose his effort at any point
in time, which depends on the payment process designed by the principal. Therefore, the principal
needs to optimize over the menus of dynamic incentive-compatible contracts. Furthermore, one type
of agent should not have an incentive to choose a dynamic contract for another type. Consequently,
the optimal design problem can no longer be formulated as a classic dynamic program.

The major contributions of this paper are threefold. First, to solve the optimal contract design
problem, we develop a solution approach based on deterministic continuous-time optimal control.
Specifically, we construct an easy-to-solve upper-bound optimization problem for the original con-
tract design problem. Fortunately, the optimal solution to the optimization problem provides a
menu of contracts where the performance achieves the upper bound. Second, we fully characterize
the optimal menu of contracts that can be expressed in closed form, and the optimal contracts are
easy to describe, compute, and implement. Third, we summarize the structures of the optimal con-
tracts in the space of key parameters, which provide managerial implications on how the principal

should address the problem of dynamic moral hazard and adverse selection at the same time.
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1.1. Summary of main results

Our paper focuses on a two-type case, where the effort cost of the agent can either be high or low.
For simplicity, the low-cost agent is called a good agent, and the high-cost agent is called a bad
agent. Therefore, the principal offers the agent a menu of two contracts, with each item in the
menu designed specifically for the good agent and the bad agent, respectively. In each contract,
the principal specifies the deadline of the project and the payments to the agent upon success. The
contract is terminated if the agent is not able to bring the arrival before the deadline. We show that
to implement the optimal menu of contracts; we only need to consider three types of contracts:
Pay-to-leave contract, IC-binding contract, and Screening contract. Specifically, the pay-to-leave
contract pays a lump-sum payment to the agent without asking the agent to work. The IC-binding
contract keeps the agent’s incentive constraints always binding and is proved to be optimal in the
benchmark case when the agent’s cost is known by the principal. In the screening contract, the
incentive constraint is not always binding. In the screening contract, the good agent exerts full
effort, while the bad agent does not have the incentive to work. Therefore, anyone who manages
to deliver an arrival in the screening contract has to be the good agent.

Our analysis reveals that the optimal menu of contracts demonstrates three possibilities depend-
ing on model parameters, as illustrated in the three regions of Figure 2 later in the paper. First,
when the revenue R is low enough, no contract will be provided. That is, it is not worth hiring any
agent at all. When the revenue R is medium, only the good agent is worth hiring. Hence, the prin-
cipal offers the bad agent a pay-to-leave contract and offers the good agent an IC-binding contract.
The pay-to-leave contract is for the bad agent to truthfully report his type because otherwise, he
could have pretended to be the good agent and collected the funding in the good agent’s contract.
This medium case only occurs when the good agent takes up a sufficiently high fraction of the
population and the revenue from the success is medium.

Finally, when the revenue R is high, the principal allows both types of agents to work. As a
result, the bad agent will be offered an IC-binding contract, while the good agent will be offered
a screening contract. The screening contract creates a discrepancy in the expected payoff between
the good and the bad agent. Notice that whenever the principal wants to induce the bad agent
to work, the good agent could always pretend to be the bad agent and become better off than
the bad agent. Therefore, a utility gap naturally exists between the good and bad agents. The
screening contract manifests an interesting synergy between adverse selection and moral hazard:
the existence of multiple types of agents makes the principal shift the optimal contract from the
IC-binding contract in our benchmark to a novel screening contract.

Note to Feifan himself, will provide further explanations of these results later.
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Finally, we discuss the welfare implications of unknown costs by comparing the optimal contracts
in the unknown cost scenario to that in the scenario when the principal knows the agent’s cost.
We find that the unknown cost situation hurts the good agent and benefits the bad agent if and

only if the revenue R is low enough.

2. Literature Review

There have been previous attempts on the problem with both adverse selection and dynamic moral
hazard. Ma (1991) focuses on renegotiation and actions with long term effects, whereas we give
the principal full commitment power on contracting and hence the issue of renegotiation does not
exist. Gershkov and Perry (2012) studies moral hazard with both persistent and repeated adverse
selection in a discrete and finite horizon. In every period, the agent receives a task and different
types of agent differ in the probability of success, while in our model types differ in the cost of
exerting effort. Furthermore, our payment contract has an arguably cleaner and simpler structure
thanks to the continuous-time setting. Mayer (2020) and Rong et al. (2021) both consider dynamic
moral hazard problems with adverse selection where an agent is hired to exert effort to reach a
single breakthrough, which is similar to ours. However, the adverse selection in their model comes
from the information about the arrival (timing of the arrival or the status of the arrival) but
not a characteristic of the agent (capability of the agent in our model). Similarly, Chen et al.
(2018) considers an infinite horizon Poisson model where the adverse selection also comes from the
feature of the arrivals. Foarta and Sugaya (2021) studies the optimal contract design under both
moral hazard and unknown agent’s effort cost. The optimal contract asks the agent to truthfully
report their types, and will assign him to the corresponding position. However, their contract is
a static contract, as opposed to our dynamic moral hazard contract setting. Second, they made
simplification assumptions on the implementable contracts by giving the low type agent a contract
under perfect monitoring. Our paper considers a much more sophisticated setting where both types
of the agent receives a dynamic contracts with imperfect monitoring through breakthrough arrivals.

Our adverse selection and moral hazard setting is also related to the one studied in Cvitani¢ and
Zhang (2007). Their underlying stochastic process is Brownian motion over a finite time horizon.
They suggest a relaxation-based procedure to obtain contracts that “are not necessarily optimal.”
In comparison, we are able to derive closed form optimal contracts thanks to our Poisson setting.
Cvitani¢ et al. (2013) and Santibanez et al. (2020) study continuous-time moral hazard problems
in infinite horizon with adverse selection under Brownian and Poisson stochasticity, respectively.
To solve the adverse selection problem, they adopt the methodology of a credible set regarding

the agents’ continuation and temptation values. Rather than resorting to their method, which
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involves stochastic differential equations with variational inequalities, we formulate our optimiza-
tion problem with a deterministic optimal control approach. Our formulation enables us to provide
closed-form solutions of optimal menu of contracts with intuitive implementations, such as screen-
ing contract and pay-to-leave contract.

Our paper implements optimal contracts that screens out different types of agent, which relates
to the literature with screening. Curello and Sinander (2020) relates to our work by analyzing
screening contracts in research breakthroughs. In their paper, the agent privately observes the
arrival of a breakthrough of technology and decides when to disclose it to the principal. There is
conflict of interest between the principal and the agent because once the breakthrough is revealed,
the principal prefers to lower the agent’s utility under the new technology. Though similar in
considering truthful reporting and breakthroughs, our paper differ in the following two dimensions.
First, their breakthrough is an intermediate process, which is the origin of the agent’s heterogeneity,
while our agent’s type is given in the beginning of the game and our breakthrough marks the end
of the game. Second, we offer a menu of contracts to solve the adverse selection issue, while they
use a single contract to induce truthful reports of arrivals.

The dynamic moral hazard dimension of our model is based on Green and Taylor (2016), in
which all model parameters (including the operating cost) are known. In Green and Taylor (2016),
the agent’s effort level is binary while we allow for a continuum of effort. Similar dynamic moral
hazard models based on Poisson arrivals include Sun and Tian (2018), Chen et al. (2020a), Tian
et al. (2021), Cao et al. (2022, 2023). The key difference between our paper and these papers is the
addition of the adverse selection component into the dynamic moral hazard model. The adverse-
selection extension brings this line of work much closer to reality, because the agent’s capability
is often not transparent in real-world settings. The analysis and results are also strikingly differ-
ent. First, due to adverse selection, our design involves a menu of contracts rather than a single
contract as in each of the other papers. Second, the individual contract received by each type of
agent may have different structures including pay- to-leave contract and screening contract, which
do not appear in the aforementioned papers. The promised utility formulation of continuous time
moral hazard problem originates from Sannikov (2008), which provides a martingale representa-
tion of incentive compatibility constraint with an underlying Brownian motion uncertainty. This
framework has been further applied to Poisson settings by Biais et al. (2010), in which the agent
is hired to decrease the arrival rate of “bad news.” Increasing the arrival rate of “good news,” as
in our model, has been studied in a stream of recent papers, (see, for example, Green and Taylor
2016, Shan 2017, Sun and Tian 2018, etc.), although without an adverse selection component.

Note: Need to search for project management + innovation + adverse selection literature.
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Dynamic contracting problems have been the subject of recent Operations Research studies
(see, for example, Zhang 2012a,b, Li et al. 2013). A particularly relevant stream of papers applies
dynamic incentive design to project management settings (Kwon et al. 2010, Chen et al. 2015,
Dawande et al. 2019). In these papers, a project manager designs short-term contracts for multiple
independent agents (contractors). In comparison, we focus on designing contracts for a single agent.
Further, including both moral hazard and adverse selection on the agent’s effort cost distinguishes
our paper from the aforementioned literature. It is worth mentioning two recent papers, which also
consider both moral hazard and adverse selection issues. Chen et al. (2020b) studies a principal
who periodically offers agents “limited-term” non-monetary rewards in order to induce agents’
effort over the long-run. The reward’s value to each agent is the agent’s private information. The
paper is focused on designing near-optimal “limited-term” stationary policies. Zorc et al. (2019)
considers a delegated search model where the agent’s search effort and the findings from the search
process are private information. They adopt the framework of Plambeck and Zenios (2000), which
considers a risk averse agent who can borrow money. In comparison, we study a risk-neutral agent
who can exert partial effort when cash-constrained.

Another related strand of literature combines dynamic moral hazard with learning. Unlike our
private information setting where the principal can elicit truthful information, under their setting
with learning, the true state is unobservable to either party, and hence the contract has to update
both parties’ belief (see, for example, Bhaskar 2012, Kwon 2011). Halac et al. (2016) further con-
siders long-term contracting problems that involve adverse selection, moral hazard, and learning.
In another paper, Bimpikis et al. (2019) studies when and what information a contest designer
should disclose in a contest design setting, which affects how much participants learn about the
feasibility of the innovation over time.

The remainder of the paper is organized as follows. We introduce the model in Section 3. In
Section 4, we present three contracts that are candidates for optimal contracts when the agent type
is unknown by the principal. In Section 5, we summarize the mian results of the paper. Section 6
contains detailed steps to derive the optimal menu of contracts, how to show their optimality. To
deliver further managerial implications, we summarize the main properties of the optimal menu of
contracts in Subsection 7.1, and in Subsection 7.2, we discuss the welfare implications of unknown
cost by comparing the optimal menu of contracts between the unknown cost and the known cost

scenarios. Finally, Section 8 concludes the paper with future directions.

3. Model

A principal contracts an agent to increase the instantaneous arrival rate of a Poisson process

over a potentially infinite time horizon. At any point of time ¢, the agent can privately choose an
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effort level v, € [0, ], which incurs a flow cost, and generates an arrival (breakthrough) with an
instantaneous rate ;. The arrival yields a revenue R to the principal, and is observable to both
the principal and the agent. We denote the arrival time as 7.

The agent’s capability, reflected in the operating cost, is linear in the effort level. We denote ¢ to

represent the operating cost when the agent chooses the highest possible effort level u. Therefore,

the per arrival rate per—unittimeunit flow operating cost is
Be:=c/ L.

Hence, if the agent chooses effort level v; € [0, u], the corresponding flow operating cost is . - v;.
That is, a more capable agent can generate the arrival with a lower operating cost. In this paper, we

7

use “capability” and “cost” interchangeably. The operating cost is the agent’s private information,
and stays the same throughout the time horizon. The common prior distribution of the operating
cost has a support C. In this paper we consider a binary set C ={g,b} with g < b. The operating
cost ¢ is also referred to as the agent’s type. The prior probabilities of types g and b are p and 1 — p,
respectively. We refer to the type g agent, who has a lower cost g, as the good agent and b as the

bad agent. In this paper, we require the following assumption.

ASSUMPTION 1.

By < R, or, equivalently, uR> g.

This assumption guarantees that the good agent is efficient, which means that this agent gen-
erates a positive societal value whenever exerting effort. With this assumption, we exclude the
trivial case where both agents are inefficient because it is obviously dominant for the principal to
offer a null contract with no payment and immediate termination in that trivial case. Note that
we have not made any assumption on the bad agent’s cost b yet. Indeed, the bad agent can either
be efficient (8, < R) or inefficient (8, > R), which leads to somewhat different optimal contract
structures, as will be discussed later in Section 6.

We assume that the principal needs to reimburse the flow operating cost in real time, because
the agent has limited liability and is cash constrained, a standard assumption in the dynamic
contracting literature. In particular, at any point in time, the agent’s effort choice is constrained by
the flow reimbursement provided by the principal. Because the agent knows the operating cost in
the beginning, following the Revelation Principle, it is without loss of generality to consider direct
mechanisms (see, for example, Myerson 1986, Pavan et al. 2014). In our context, the principal
designs a menu of contracts I'c = {7“}.cc, such that type ¢ agent chooses contract v¢. It is natural
to assume that contract v¢ provides the type ¢ agent a flow reimbursement ¢ before the termination

of the contract.(This situation is fairly common in contexts such as R&D and lobbying, where the
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principal has to provide a continuous flow of payments for the agent to operate. It may take the
form of retainers in the case of lobbyists or repetitive payments in the case of R&D contracts.)*
Generally speaking, if the agent chooses an effort level strictly less than u, and therefore does not
use up the operating payment, the part not being used can be diverted as a shirking benefit to the
agent.?

Any contract v¢ = (I¢,7¢) includes a payment process I¢, and a time duration 7 (deadline).
When it is not necessary in the context to stress the operating cost ¢, we also use the notation
~v = (I,T) without superscripts to represent a generic contract. Specifically, for a payment process
I ={I;}:>0, at each time epoch t > 0, I, represents the instantaneous payment for success at time ¢,
and T is the time at which the contract is terminated absent an arrival. Therefore, the contract ends
at time T'A 7. The agent’s limited liability (LL) and being cash constrained imply that payment is

from the principal to the agent but not the other way around. That is,
Iy >0, Vt>0,ceC. (LL)

Agent utility Given a dynamic contract v = (1¢,7¢) and an effort process v, the expected

utility of the agent with an operating cost ¢ is

ul i) = B

—~
[a—
~—

TAT
1;‘-11T<Tc+/ (c—ut-ﬁcz)dt] :
0

in which the expectation E” is taken with respect to arrival rates

probabilities generated from the effort process v.°

Denote N to be the set of all effort processes v that satisfy the condition v; € [0, u]. Further
denote MN(v¢,¢) CN to represent the set of best-response (BR) effort processes, when the type ¢

agent truthfully reports and chooses contract v¢. That is,
u(v4,v;e) 2 u(y%,v'5c), Yw e N(¥%,¢) and V' € N. (BR)

Next, it is worth discussing the scenario when a type ¢ agent pretends to be of type ¢ in the

following remark.

REMARK 1. When the type g agent pretends to be of type b, he can choose any effort process in NV,
because the flow payment b is able to fully cover his effort cost g. On the other hand, if the type b
agent pretends to be type g, then this agent is only reimbursed with an effort cost g. Consequently,
the agent’s effort level can not be higher than ug/b. We denote the set of effort processes that can
be chosen by the bad type when mimicking the good one as

N :={v | v <pg/b, Vt}.

If the agent chooses an effort level strictly less than pg/b, he diverts the rest flow reimbursement

as a shirking benefit. Q.E.D.
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The revelation principle implies that we can focus on direct mechanisms. Therefore, we need the
following Incentive-Compatibility (IC) constraints on the menu I'c, which ensures that an agent

with operating cost ¢ indeed chooses contract ¢ from the menu, that is,

u(y?,v%9) > u (v’ vig), VW eN(Y,g),vEN, (ICg)
u(y*,v";0) > u(y?,v;b), V' e N(7’,b),veN. (ICb)

It is standard to consider the agent’s continuation utility (also called the promised utility, see, for
example, Biais et al. 2010) at time ¢, defined as,”
TCAT

W,(v¢,v;c) =E !Ij e + /t+ (c—vq- Bc)ds] Ticrens, (2)
for the type ¢ agent who exerts an effort process v under contract v°. Following standard assump-
tions in the dynamic contracting literature, the principal has the commitment power to issue a
long term contract, while the agent can choose to walk away from the contract at any time with a
zero utility. That is, we need the following Individual Rationality (IR) constraint to guarantee the

agent’s participation before contract termination,
Wi(v¢,v;e) >0, Ve [0,T°AT], ceC. (IR)

Principal utility. Denote U (7, v°) to represent the principal’s total expected utility from a

contract v¢ for a type ¢ agent who exerts effort according to a process v € M(~¢, ¢). That is,
UG, 1) =B (R I9) 1 er]. 3)
Now we define U (I'c) :=E[U(7¢,v°)] to represent the principal’s total expected utility from the
menu of contracts I'c. The principal’s contract design problem is

Z2(C)=sup UTc)=p U, v)+(1-p) UK V) (4)

Te
s.t. (LL), (BR), (IR), (ICg) and (ICb).
The objective function value Z(C) is the principal’s optimal expected utility. Note that the con-
straints (LL), (BR), and (IR) are for each ¢ € C. The constraints (ICg) and (ICb) imply that the

maximization problem (4) cannot be decoupled in c.

4. Implementable Contracts

In this section, we present all possible contract forms that will appear in an optimal menu of
contracts before rigorously deriving them in the next section. Note that the space of the dynamic
contracts could be enormous. Here, we greatly narrow down the possibilities to three structures:
pay-to-leave contract, IC-binding contract, and screening contract, all of which are easy to compute
and implement. In later sections, we will formally show how to derive the optimal contracts and

verify that these three contract structures suffice.
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4.1. Pay-to-leave contract

First, we introduce the so-called pay-to-leave contract. In particular, we allow the principal to pay

a lump-sum payment without asking the agent to work.

DEFINITION 1. For a lump-sum payment B >0, define a pay-to-leave contract 5(B), which pays

the agent Iy = B at time 0, and then set the time duration as T'=0.

One can imagine that when the bad type is inefficient (xR < b), hiring the agent hurts the principal.
To resolve the adverse selection issue, the principal can provide the bad type a pay-to-leave contract
that asks the bad type to leave without working. Later in Section 5, we show that a pay-to-leave
contract may also appear when the bad type is efficient (uR > b) but the revenue R is not large

enough.

4.2. I1C-binding contract

Second, we introduce the so-called IC-binding contract.

DEFINITION 2. For any deadline T > 0, define an IC-binding contract 4°(T) = (1¢,7¢), which gen-
erates a promised utility process {Wy} following W§ =c-T', as well as a payment process {I;} and

time duration T° =T, such that

W¢=¢(T¢—t), and (5)

IS =W¢ + .. (6)

Note that (5) and (6) implies that time duration 7" fully specifies If. That is why 4°(7°) only has
one parameter 7. Consider a small time interval [t,t+ ], the agent’s expected gain is v; - (I, — W),
and expected cost is v; - B.. Hence, he chooses his effort v; to maximize v, - (I, — W, — j3.). Hence,
the agent’s optimal effort choice is v, = p if I, — W, > 3., and v; =0 if I, — W, < .. Hence, the
IC-binding contract keeps the incentive constraint always binding. Therefore, the agent is always
indifferent between exerting full effort and exerting zero effort. That is why the agent’s continuation
utility at time ¢ is ¢(T' —t), which equals the operating cost from time ¢ to the end of duration
T. Not surprisingly, 4°(7") is the optimal contract when the principal knows the agent’s type. We
formally show this result in Section 4.4. In the contract design problem with adverse selection,
we show that the bad type is provided either a pay-to-leave contract or an IC-binding contract.
However, in the optimal menu of contracts, the good type may obtain a contract in which the
incentive constraint is not always binding. That is, providing more incentives to the good type may

help with screening out good from bad.
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4.3. Screening contract

As mentioned above, a contract where the incentive constraint is not always binding is helpful in

our context. We introduce this so-called Screening contract for type g.

DEFINITION 3. For any deadline 7' > 0, and a transition time ¢, € [0,7T], define a screening contract
(t1,T) = (I,T), which generates a promised utility process {W;} according to

9T —t)+(By—By) (1 — e T=D) | for t € [ty,T],
Wt_{g(tl—t)—i—Wl:l, ( ) forte[Ol,tl), (7)

as well as a payment process {/;} and time duration 7,

It:{gv,[(/T—t)Jrﬁb, for t € [t1, T, (8)
+ + By, for t € [0,¢,).

In particular, the good type agent’s incentive constraint is not always binding in contract 7. Specif-
ically, there exists ¢; such that before t;, the good type agent’s incentive constraint is set to be
binding, and after ¢;, the bad type agent’s incentive constraint is binding. To see this, (7) and
(8) imply that I, — W, =, for t € [0,t;) and I, — (T —t) = 3, for t € [t;,T]. Here, g(T —t) can
be interpreted as the bad agent’s continuation utility by mimicking the good agent since the bad
agent weakly prefers not working, and his continuation utility at time t equals the rest of the
reimbursement cost he can collect from time ¢. As a result, it delivers the good agent a utility
that is higher than the utility obtained from an IC-binding contract with the same deadline, i.e.,
u(y(t1,T),0;9) > g-T =u(¥9(T),v;g), where v := {7, };>0 represents the always exerting effort pro-
cess such that 7, = p for all ¢ before contract termination. In Section 4.4, we formally show that
always exerting effort is the good type’s best response to the contract 7. It is worth noting that 4
becomes the IC-binding contract when ¢, =T.

This contract provides incentives high enough for the good agent to work while not so high as
to make the bad agent exert any effort (even partial effort). An immediate result of implementing
such a contract is that only the good agent is willing to work, which may eventually result in a
breakthrough. Hence, it screens out the good agent from the bad, making it a Screening contract.
Because the bad agent does not work in the contract, it also reduces the bad agent’s information
rent by mimicking the good agent. However, the good agent can still enjoy a higher promised utility
from the extra incentives higher than that in the IC-binding case. Finally, we plot I; and W, of
~ in Figure 1. It is worth noting that W, is continuous in ¢ on interval [0,7] and I; may not be
continuous at ¢t =t;. This is because I, — W; =3, for t € [0,¢,) and I, — W} > 3, for t; € [t1,T].

Note to Feifan: There needs to be a discussion explain why the jump at ¢; helps, intuitively.
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Figure 1  Sample trajectories of the screening contract J(t1,7T).

t

Note. In this figure, W; and I follow definition 3. g=1,b=2, u=1, and t1 =4,T =5.

4.4. Principal and agent utilities

To conclude this section, we present results on agent and principal utilities under the aforemen-
tioned contract structures. First, we formally establish the agent’s utility under the three contract

structures.

PROPOSITION 1. (i) For any T >0, we have v € W(A°(T),c), and
u(’y%T),D;c) =c-T.
(it) For any T >0 and g <b, we have 1° € N(A9(T),b), v € N({*(T), g)
w(99(T),0%50) = g+ Tou(34(T),759) =b-T+ (B~ B,) (1 - e™T),

where V° := {v)}i>0 represents the always shirking process such that vy =0 for all t before

contract termination.

(iii) For any 0 <t, <T, we have v € N(¥(¢t,,T),g), v° € N(3(¢1,T),b), and
(36, T),739) =g T+ (B = B,) (1= e T=0) ju(5(0,7),0%50) =g-T. (9)

First, part (i) of Proposition 1 shows that an IC-binding contract with duration 7" just provides

the minimum incentive for the agent to always exert full effort, and the agent’s utility is exactly
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c-T. Second, part (ii) of Proposition 1 shows that the bad type is not willing to work in a good
type’s IC binding contract and will get g-T", which is equal to the operating cost collected from the
entire duration. On the other hand, not surprisingly, the good type is willing to exert full effort in
a bad type’s IC-binding contract, and his utility equals the bad type’s utility under the IC-binding
contract (b-T') plus the expected operation cost difference between b and g. Third, part (iii) of
Proposition 1 shows that the good type is willing to exert full effort in the screening contract,
which confirms that the screening contract can screen the good type from the bad.

In the following, we derive the principal utilities under the above contract forms. First, we
consider the IC-binding contract 4¢(T). Define a societal value function, S.(w), as a function of
the promised utility w,

R— C> (1—e /%), if uR—c>0,

Se(w) = < 1
0, if uR—c<0,

(10)

and the principal’s value function is F.(w) = S.(w) — w. The next proposition shows that the

function F,(w) is indeed the principal’s value under an IC-binding contract with duration T'=w/c.
PROPOSITION 2. If R> 3., F.(w)=U(¥“(w/c),v). Furthermore, Z({c}) =max,>o F.(w).

Therefore, contract 4°(w?) is an optimal solution to (4) when the set C of operating costs is reduced
to a singleton {c}, in which w} is the unique maximizer of the strictly concave function F.(w). If
R < ., it is optimal for the principal not to hire the agent from the beginning. One can think of
the scenario when C is a singleton as a benchmark setting of our contract design problem. This
benchmark setting is similar to, although slightly more general than, the model in Green and

Taylor (2016).®

PROPOSITION 3. (i) For any w >0 and v € N, we have U(§(w),v) = —w.
(ii) For any 0 <t; <T and g < uR, we have

UY(t,T),v) = S4(g-T) —u(y(ts, T), ).

Hence, part (i) of Proposition 3 shows that, under a pay-to-leave contract which pays the agent
w, the principal obtains —w. Part (ii) of Proposition 3 shows that under the screening contract,
the principal’s utility can be calculated by the societal value function S,. Both parts are somewhat

straightforward since the principal’s utility is just the societal value minus the agent’s utility.

5. Summary of main results

In this section, we present our main result in the next theorem, and leave its justification to the

next section of the paper.
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THEOREM 1. Given model parameters p and b > g, the optimal menu of contracts demonstrate the
following three possible pairs.

(1) If the revenue R < R(p), in which

2211217_—1)?9% p< %,

R(p) =1 bt (=P b (11)
7/3517 p> 7
P b

the optimal menu of contracts is L',y :=={¥(0), ¥(0)}. That is, it is optimal not to hire the
agent at all.

(i3) If the revenue R(p) < R < R(p), in which

24p)b—

~ Mﬁg, p< %7

Rp)=1 Bt b (12)
R p > 70
(1-p)u b

the optimal menu of contracts is Iiym = {'Ayg (T;) , g (g . T;)} with
1 R—yg)-
T; = —log <(,u 9)p (13)

H g

(i4i) If the revenue R > R(p), the optimal menu of contract is Iy gy = {7 (t5,1,), A (9-T)/b) }

where Tg1 solves
p(uR—g)e "5 +g/b-[(1 - p)(uR —b) — p(b— g)] e #9/*Ts = g, (14)

and t] = (17 %) Tgl.

Figure 2 demonstrates the optimal menu of contracts. First, if the revenue R is low, it is not worth
hiring the agent (Area I). Second, if the revenue R is above the threshold R(p) but below the
thresold R(p) (Area II), only the good type agent is worth hiring. Hence, the good type is provided
an IC-binding contract, while the bad type is provided a pay-to-leave contract. When R is above
the threshold R(p) (Area III), both types are worth hiring, which leads to the result where the

good type is provided a screening contract and the bad type is provided an IC-binding contract.

6. Analysis of Theorem 1

In this section, we present the main steps to prove Theorem 1. First, we construct an optimization
problem, which provides an upper bound for the original contract design problem (4), in subsection
6.1. Then, in Subsection 6.2-6.4, we construct a menu of contracts based on the optimal solution
to the upper bound optimization problem and show that this menu of contracts achieves the upper

bound, and therefore is indeed the optimal menu.
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Figure 2  Partition of the (p, R) Plane Based on Optimal Contract Menus

5

ITI : i

Note. In this figure, g=1,b=1.5,p=1.

6.1. Upper Bound Optimization

In this subsection, we present a new optimization problem, which provides an upper bound to the
original contract design problem (4). In the following result, we use functions S, and S, as defined

in (10) for c€{g,b}.

PROPOSITION 4. The following optimization problem yields the upper bound of the optimal value
of the contract design problem (4). That is, ¥ > Z({g,b}), where

. w, — W
max p[S, (9-T,) —wy|+ (1 —p)min {Fb(wb% —2 L (uR—b)" - wb} : (15)
wg,wp,Tg b—g
staw, >w, >g-Ty, (16)
T,>0. (17)

It is instructive to explain the terms in the optimization problem (15)-(17). First, the decision
variables w, and w, represent the utilities of type g and b agent under their respective contracts. The
decision variable T}, is the time duration for the type g agent. The value S, (¢-T,) —w, represents
the principal’s expected utility facing a type g agent. The value right after 1 — p represents the
principal’s expected utility facing a type b agent.

The constraint (16) states that the good agent’s utility, w,, needs to be as good as or better
than the bad agent’s wy,. Furthermore, the last inequality in (16) states that w;, needs to be no less
than the total discounted expected operating cost that the agent would receive by pretending to
be a good agent. This is because receiving the operating cost g without working yields a utility

g-Ty.
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Constraint (16) reveals why the optimal value ) is only an upper bound. This is because the
constraint itself (or any other constraint in this optimization) does not provide sufficient incentive
for the bad agent not to work facing the good agent’s contract. Restricting the bad agent’s response
(to zero effort) allows the principal to obtain a higher utility than reality, in which the agent may
be able to obtain a utility higher than the right-hand-side of (16) with some effort.

Clearly, S, (g-T,) —w, is the upper bound of the principal’s expected utility facing a type g
agent when the good agent’s utility is w,. Next, we focus on the value right after 1 —p. First, the
first part of the value states that the principal’s utility facing a type b agent is upper bounded by
F,(wy,) when offering the type b agent a promised utility wy, consistent with Proposition 2. Finally,
the second part of the value ensures a type g agent does not pretend to be of type b, which is

elaborated in the following remark.

REMARK 2. Should the type g agent receive the type b contract, the agent is able to exert effort
and receive the same trajectory of payments as a type b agent. In addition to receiving the wy
reward, the type g agent also collects the extra operating cost b— g for the duration of the contract.
This duration can be calculated as the societal utility, U (7, v°) +w,, divided by the societal utility
rate, pR — b, if R > b. This implies the following inequality,

U(»°,v° _
w, or, equivalently, U(°, 1) 4w, < Wo — W
uR—0b b—yg

If uR <b, on the other hand, the societal value of hiring the agent is negative, and, therefore,

wy > wy,+ (b—g) (nR—b). (18)

U(7*,v*) +wy, <0. The value right after 1 —p captures both cases of uR > b and puR <b. O

So far, we have provided intuitive interpretations of various components of the optimization problem
(15)-(17). This optimization plays a central role in our contract design problem since solving it
obtains a menu of contracts based on its optimal solution. We further show that the performance
of such a menu of contracts indeed achieves the upper bound Y of Z({g,b}). Therefore, this menu

of contracts is optimal. In our construction, each contract in the menu has a simple form.

6.1.1. Optimal Solution to the Upper Bound Optimization First, if the bad type is

inefficient, i.e., b > pR. Then, upper bound optimization problem (4) becomes

m%XTp{Sg (9-Ty) —wgt — (1 —p)ws, (19)
Wg,Wp,1Lg

stawy >w, > g-Ty, (20)

T,>0. (21)

Clearly, the objective (19) is decreasing in both w, and w,. Hence, the optimal choice of w, and
w, are w, = wy, = g - T,. After plugging in w,,w,, the objective function is concave in T}; it is
straightforward to use the first-order condition to find the optimal 7,. We summarize the optimal

solution in the following proposition.
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PROPOSITION 5. If 5, > R, the optimal solution to the optimization problem (15)-(17) is

o, ifr<ItPg
Tg = (22)
ﬁ,ﬁR>“;m@,

where T}, is defined in (13) and wy =w, =g-T,.

Next, we focus on the case when the bad type is also efficient, i.e., b < uR. We present the optimal

solution to the optimization problem (15).

PROPOSITION 6. (i) If b< uR and p-b > g, the optimal solution to the optimization problem
(15)-(17) s

1+p
07 RS 765]7
l+p, b—pg ]
T,=< T;, Re ( By, ; 23
! ’ p T (1=pu 34)
T', R> o~py
! (L—p)u
where Ty is defined in (13) and T, is defined in (iii) of Theorem 1.
1+p
07 RS Tﬁg:
l+p, b—pg }
w, = -T, Re Bys , 24
9=3 9" <bp T (1=p)u (24)
LTt _ 1 — e 19/bTg R — P9 _
g g+(6b Bg)( € g>7 >(1_p)u
and w,=g-T,.
1 <puR and p-b<g, the optimal solution to the optimization problem (15)-(17) is
Ifb<puR and p-b h [ sol h bl 7
24+p)b—p
0, Rgl() +(i_ 5,
T — p p)g (25)
’ T! R>W5
T p+(1-p)g
and
0 r<2tPb=pg
w=1 N (26
' T - 1_eno/bTy) R~ \ETPOTPY 5
9T+ (5= By) (1= )R> o,
and w,=g-T,.

Finally, we combine the optimal solutions in Propositions 5 and 6.
COROLLARY 1. (i) If R< R(p), then the optimal solution to the optimization problem (15)-(17)
18

wy=wp, =T, = (27)
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(i1) If R(p) < R < R(p), then the optimal solution to the optimization problem (15)-(17) is
wy=wy,=g-Ty,T,=T, (28)

where T follows (13).
(iii) If R > R(p), then the optimal solution to the optimization problem (15)-(17) is

wy=g-Tp + (B = B,) (1= €705 ) wy = - TL, T, =T}, (29)
where T, is defined in (iii) of Theorem 1.

6.2. Low Revenue R (Area | of Figure 2)

Following point (i) of Corollary 1, we have

0=Y=>Z({g,b})-

Clearly, not hiring the agent at all achieves the upper bound. Hence, if revenue R is low enough,
i.e., R < R(p), the principal cannot do better than just firing the agent. We formally summarize

the results in the following.

PROPOSITION 7. If R < R(p), then the menu of contracts L'y, defined in (i) of Theorem 1 satisfies
(LL), (BR), (IR), (ICg), and (ICb). Furthermore, we have U(Ly, ,,) =Y =0, in which Y is defined
in (15)-(17). Therefore, we have U(Ly, ) = Z({g,b}), or, the menu of contract L'y, ,, solves the
optimal contract design problem (4) if R < R(p).

6.3. Medium Revenue R (Area Il of Figure 2)

Following point (ii) of Corollary 1, in the optimal solution w, = wj, which implies that the principal
obtains —wy, from the bad type. Furthermore, w, = g - T, implies that the incentive constraints in
the good agent’s contract should always be binding. Hence, the bad type is always given a pay-to-
leave contract defined in Definition 1, where the lump-sum payment g -7 is as high as the benefit
from mimicking the good type. The good type is always given an IC-binding contract defined in
Definition 2, with the contract duration 7, which increases in revenue R, probability of the good
type p, and decreases in good type’s cost g. In the following, we formally prove that this menu of
contract satisfies all the constraints for the contract design problem (4) and it delivers the principal

a value that achieves the optimal value of the upper bound optimization (15)-(17).

PROPOSITION 8. If R(p) < R< R(p), then the menu of contracts I't, 5y defined in (ii) of Theorem
1 satisfies (LL), (BR), (IR), (ICg), and (ICb). Furthermore, we have U(L'}, ;) =Y, in which Y
is defined in (15)-(17). Therefore, we have U(I'}, 1) = Z({g,b}), or, the menu of contract I'f,
solves the optimal contract design problem (4) if R(p) < R < R(p).
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It is worth reflecting incentives around the optimal menu of contracts I'7 ;. In the case when
revenue R is in the medium level, the initial lump-sum payment w; to the bad agent equals the total
operating cost g that the agent can collect by pretending to be the good agent while shirking until
the end of the contract duration. This initial lump-sum payment mitigates the bad agent’s incentive
to lie about the high cost. It is also worth noting that the (ICg) (truth-telling constraint for the
good agent) is also binding. That is, the good agent’s promised utility w; under the IC-binding

contract is the same as the lump-sum payment to the bad agent w;.

6.4. High Revenue R (Area Ill of Figure 2)

The optimal solution presented in (iii) of Corollary 1 shows that w, > wy, = g - T}, which implies
that the good type’s utility is higher than the bad type’s utility and the utility of the good type
that can receive from an IC-binding contract with the same deadline 7},. Hence, the good type is

provided a screening contract y(t;,Ty), where ¢, is chosen such that
u(f_}/(thg), ﬂ,g) = ngl + (/Bb — /Bg) (1 _ e—M(T;—tl)) =w,=g- Tgl + (Bb _ ﬂg) (1 _ e—u-g/b-T&) ,

where the first equality follows from (9), and the last equality follows from (29). Furthermore, (29)
implies that

(B — B,) (17€,M.g/b.T3)
b—g
=(R—P) (1—6’“'9/”'T5) —9-T,=5(9-T;) —g-T, = Fy(9-T,),

Wy — Wy
b—g

(LR —b) —wy, = (LR—=b)—g-T,

where the third equality follows from (10). That is, under the optimal solution, the two terms in
the minimum of objective (15) are exactly equal. Hence, the principal’s value obtained from the
bad agent can be achieved by an IC-binding contract to type b with deadline g-T}/b. We are now

ready to present the main result of this section.

PROPOSITION 9. If R > R(p), then the menu of contracts I defined in (iii) of Theorem 1
satisfies (LL), (BR), (IR), (ICg), and (ICb). Furthermore, we have U(I'}; ,,) =Y, in which Y
is defined in (15)-(17). Therefore, we have U(I'(; 1) = Z({g,b}), or, the menu of contract '}
solves the optimal contract design problem (4) if R > R(p).

When revenue R is high enough, both types are worth hiring. To screen out the good type from
the bad, the good type is provided a screening contract, which delivers the good agent a higher
continuation utility than an IC-binding contract. It is worth noting that the truth-telling constraint

for the bad agent, (ICb), is always binding and that for the good agent, (ICg), is not binding. Izak
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7. Managerial Implications

In Subsection 7.1, we further summarize the main properties of the optimal menu of contracts.
Finally, in Subsection 7.2, we discuss the welfare implications of unknown cost by comparing the

optimal menu of contracts between the unknown cost and the known cost scenarios.

7.1. Main properties of the optimal contracts

In this subsection, we highlight the following properties of the optimal menu of contracts.
Property 1:

ve ‘ﬁ(’yg, g), and U € ‘ﬁ(’yb, b)
The optimal menu of contracts induces both types of agents to exert full effort in their own contract.

Property 2:
W e m(w, b)

The property states that a bad agent who pretends to be good prefers shirking until the end.
Property 3:

I'— WP =B,V > 0.

This property indicates that under the optimal menu, the incentive constraint is binding in the
bad agent’s contract the entire time. For the bad agent, arrivals do not resolve adverse selection
because the good agent is able to mimic bad agents and generate arrivals. Therefore, the principal
always offers a dynamically efficient contract, i.e., the IC binding contract to the bad agent, and
adjusts other parameters in the menu to achieve optimality. By contrast, the incentive constraint

may not always be binding in the good agent’s contract.

7.2. Welfare implications of unknown cost

In this section, we present how unknown cost affects the welfare of the principal and the agent,

compared to the situations with known cost. We show that unknown cost always hurts the principal,

but may hurt or benefit the agent, depending on whether or not the bad agent is efficient.
Denote ) to represent the principal’s expected payoff when cost is observable, and either takes

value g with probability p, or b with probability 1 — p. That is,

Y:=pZ({g})+(1-p) Z({b}), (30)

in which Z({g}) and Z({b}) are the principal’s optimal utility earned from the good agent and
the bad agent, respectively, following (4). Proposition 2 has shown that the IC-binding contract
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is optimal for the case the agent’s cost is known by the principal. It is clear that the principal is
always better off knowing the cost of the agent before issuing the contract, or, Y < Y. Intuitively,
this conclusion follows from the basic idea of value of information. In particular, with known cost,
the principal does not need to pay the information rent associated with unknown cost.

Now, we consider the agent’s utility in the following two different cases. Define w? and w’ to
be the maximizers of functions Fj(w) and Fy(w), respectively. Following Proposition 2, we know
that they are the good and bad agents’ utilities when the cost is observable under the respective
optimal contracts. First, consider the situation that the bad agent is not efficient, or 5, > R. In
this case, the good agent is worse off, and the bad agent is better off in the unknown cost situation,

compared with the known cost one, as stated in the following result.

ProposiTION 10. If B, > R, we have
wy <w?, and w; >w)=0, (31)
where w; and wy are from the optimal solution of (19).

Apparently, the bad agent can earn some information rent if the cost is unknown. Such informa-
tion rent does not exist if the cost is known. Therefore, the bad agent is better off with unknown
costs. The good agent is worse off because, with unknown costs, the bad agent could mimic the
good agent, triggering the principal to curtail the good agent’s payoff to prevent paying the bad
agent too much information rent.

If the bad agent is efficient, or 8, < R, then either agent can be better or worse off with unknown
cost. The following proposition shows that whether the agent is better or worse off is monotone in

revenue R.

PROPOSITION 11. Fizp € (0,1) and b> g, there exists two thresholds Ry, Ry > (3, such that wy > wy
if and only if R> Ry and w; <w® if and only if R> R,.

Proposition 11 shows that when revenue R is large enough, the bad agent is worse off, and the
good agent is better off with unknown cost. The agent’s information rent arises from his ability to
mimic the other type. Notice that once such information rent exists, the principal would tweak the
contract of whomever is mimicked to reduce the information rent. As a result, the imitator becomes
better off, and the imitatee becomes worse off. Since both types of agent may have the incentive to
mimic the other type, whether the agent becomes better off or worse off depends on which effect
dominates. Firstly, when R is small, only the bad agent wants to mimic the good agent, and thus
the good agent becomes worse off and the good agent is better off; however, as R increases, the
good agent can earn information rent by mimicking the bad agent, and thus he becomes better off
and the bad agent, as the imitatee, becomes worse off. Finally, Figure 3 shows how good and bad

agent’s utilities change as revenue R changes under known cost and unknown cost scenarios.
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Figure 3  Agent’s utilities under optimal contracts as R varies

0 28, R(p) 0 R(p)2p
R R

(a) Good agent’s utility under known cost, and unknown  (b) Bad agent’s utility under known cost, and unknown

cost scenarios cost scenarios
Notes. In this figure, p=1,9=1,b=2,p=0.3, R€[0,16.5].

8. Conclusion

Note to Feng himself:

1. Strengthen our contribution on providing a way to solve the dynamic moral hazard with
adverse selection problem (Upper bound optimization). Luckily, it leads to the optimal solution. In
a more complex setting, the upper bound optimization may not lead to an implementable optimal
results. However, the solution provides good idea of creating implementable contracts.

2. Mention future extension to infinite arrivals

Endnotes

1. https://www.chron.com/news/houston-texas/article/Prof-accused-of-spending-NASA-grants-
on-cars-1722521.php

2. https://www.newsweek.com/fund-meant-vaccine-research-misused-least-145m-unrelated-
expenses-almost-decade-1564954

3. See https://www.chooseenergy.com/news/article/failed-v-c-summer-nuclear-project-timeline/.

4. The charging of retainers by lobbyists is common, see for exam-
ple, https://lobbyit.com /pricing/, https://arnoldpublicaffairs.com /faq/ and
https://lobbying101.wordpress.com/about-lobbyists/how-much-do-they-charge/. Furthermore, it

is common that R&D projects are funded for long durations of time and may not bring any results
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in the end.

5. Shirking and misuse of research funds are surprisingly common in R&D settings, see, for
example, https://www.chron.com/news/houston-texas/article/Prof-accused-of-spending-NASA-
grants-on-cars-1722521.php, https://www.nbcnews.com /news /us-news/philadelphia-professor-
accused-spending-185-000-grant-funds-strip-clubs-n1118571,  https://www.newsweek.com /fund-
meant-vaccine-research-misused-least-145m-unrelated-expenses-almost-decade-1564954, and
https://www.theguardian.com/higher-education-network /2015 /mar /27 /research-grant-money-
spent.

6. In equation (1), if ¢ = ¢, then the agent truthfully reports his type. If ¢’ # ¢, then the agent
misreports his type and mimic the other type.

7. It is worth noting that the integral is from ¢+. Therefore, any instantaneous payment at time
t (for example, potential lump-sum payment at time 0) is not included in the promised utility. We
use notation W,_ :=limg, Wy, which includes the potential upwdard jump at time ¢.

8. In our paper, the agent can choose any effort level in [0, ], while in Green and Taylor (2016),

the agent can only choose between p or 0.
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Appendix

A. Summary of Notations
B. Proof in Section 4

B.1. Formal incentive compatibility constraints

The following result, which can be adapted from Proposition 1 in Biais et al. (2010), depicts the dynamic of
the process W,, and provides an equivalent condition to a best-response effort process.

LEMMA 1. For any contract ¢, effort process v, and operating cost c, we have
AW, (v¢,vse) = {w Wi (76, v5¢) — If + B.]dt — edt} Lo<iarar- (PK)

Furthermore, the following defined effort process is a best response to contract v, or, {V;}rejo,rar] € N(7,¢),
in which

H Zf It - Wt— (’YC’V;C) > Bca
vy = 1/6[07/14}7 ifIt_Wtf(’ycvy;C):/Bca (ICW)
0, 0.W..

Proof: Denote a right-continuous counting process N = {N,};>¢ to record the number of arrivals up to
time ¢, which generates a filtration F~ = {F}¥ },5¢. Therefore, the instantaneous arrival rate of the counting
process at time ¢ is v;, and the left-continuous effort process v = {v; }:>0 is FN-predictable. Hence, the arrival
time can be expressed as 7 = inf{t|dN, = 1}. Furthermore, W, (7%, v;¢) defined in (2) can also be expressed
as

TCAT
W (v, v;e) =FE {/ ILAN, 4+ (¢ — vy - Be)ds| Licrpr- (32)
t+
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To characterize how the agent’s continuation utility evolves over time, it is useful to consider his lifetime
expected utility, evaluated conditionally upon the information available at time ¢

TEAT
ut(,yc7y;c) =FE¥ |:/ (c— Vsﬂc)ds—i—ISCst
0

7]
tATCAT—

=/ (c— v.B.) ds + TdN, + Wy(y, ;) (33)
0

Since u,(y,v;¢) is the expectation of a given random variable conditional on F}N, the process u(y¢,v;c) =
{u:(v°,v;¢)},5, Is an martingale under the probability measure P”. Relying on this martingale property, we
now offer an alternative representation of u(y°,v;¢). Consider the process M = {M} },_¢ defined by

t
M} =N, — / vyds (34)
0

for all ¢ > 0. The martingale representation theorem for point processes implies that the martingale u(y,v;c)
satisfies

tAT
m@w@=m@%@+/ H, (3, v e)dM? (35)
0

for all ¢ > 0, P”-almost surely, for some F~-predictable process H(v,v;c) = {H:(7v,v;¢)}i>0. By (33) and
(35), we obtain that
du(v¢,v5¢) = (¢ — v Be)dt + IZAN, + dW, (74, v; ¢)
= H,(v%,v;c) (AN, — v, dt) ,

which further implies that
dW, (v, v;e) = v [—H(vy,v; ¢) + B.]dt — edt + H, AN, — I7dN;. (36)

Finally, Wy, =0 and dW, = H, — If at dN, =1 implies that H, = I — W, for any ¢, which verifies (PK).

In the following, we show that {1 }.c(o,-] defined in (ICw) is a best response to contract v°. Let @, denote
the agent’s lifetime expected payoff, given the information available at date ¢, when he acts according to
V' ={v,}>0 until date ¢ and then reverts to v = {1, };>0:

tAT AT
m:/ (c—v.fe)ds + IAN, + W, (7, v;c). (37)
0

In fact, we have tg_ = Wy_ = u(v%,v;¢). We finish the proof in three steps.
Step 1: We show that if @ = {1, },>0 is an FV-submartingale under P” that is not a martingale, then v is
suboptimal for the agent. Indeed, in that case there exists some t > 0 such that

u(y°,v;e) = uo_ (7, vi¢) = lig < EY [ul] (38)

where ug_(7¢,v;¢) and Gg_ correspond to unconditional expected payoffs at date 0. By (37), the agent is
then strictly better off acting according to v’ until date ¢ and then reverting to v. The first claim follows.

Step 2: We show that if u’ is a FN-supermartingale under P"/, then v is at least as good as v/ for the
agent. Following (33) and (37), we have

tATC AT
mzmwzmo+/ (v — 1) Buds (39)
0

for all ¢ > 0. Hence, since u;(y¢,v;c) is right-continuous with left-hand limits, so is u’. Moreover, since u’ is
non-negative, then the limit lim, ,7c., v} exists. Hence, by the optional sampling theorem (Dellacherie and
Meyer (2011), Chapter VI, Theorem 10)),

u(y",v5¢) = to- 2 B [ue ] = uo- (7,5 0) = u(y", /5 ¢), (40)

where again ug_(7¢,7';¢) is an unconditional expected payoff at date 0, and the first equality follows from
(37). Hence, the second claim follows.
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Step 3: We apply the above two claims to complete the proof. For each ¢ > 0,
tATCAT
f=ulvie)+ [ -r)Bds
0
tATCAT tATC AT
—ulnvid+ [ =Wt e+ [ - v)aas
0 0
tATC AT , tATC AT tAT AT
:uo('y,z/;c)—i—/ (I¢ —=W,(v¢,v;c))dMY +/ (ISC—WS('yC,V;c))(V;—Vs)ds—i—/ (v, —v.)B.ds
0 0 0

tAT AT , tAT AT
:uo(%l/;c)—i—/ (I¢ —=W,(v¢,v;c))dMY +/ (W, —v,) [I¢ =W, (7%, v;c) — B.] ds. (41)
0 0
Since M is an FN-martingale under P*, the drift of @& has the same sign as

(vi —v) [I; = Wi(v5,v5¢) = B

for all t € [0, 7° AT). If the effort process v satisfies (ICw), then this drift remains negative for all t € [0,T° A T)
and all choices of v € [0, u]. This implies that for any effort process v/, @ is an F"-supermartingale under
P¥" and, thus, that v is at least as good as v/ for the agent. This completes the proof.

If (ICw) does not hold for the effort process v, then choose v’ such that for each t € [0,7° A7), v] = p if
It —W,(v¢,v;e) > B. and v, =0 if I¢ — W, (~¢,v;¢) < B.. The drift of @ is then everywhere non-negative and
strictly positive over a set of P*'-strictly positive measure. As a result of this, @ is an FN-submartingale
under P¥" that is not a martingale and, thus, v is suboptimal for the agent.

B.2. Useful Definitions and Technical Lemma
Effective Cumulated Effort:

T(y,v):=E [ /O o ytdt] , (42)

which measures the agent’s expected effective cumulated effort under contract v when the agent chooses the
effort process v.
Societal Value:

TNAT
S(vy,v;c) =K [R]ngT - / vy 'ﬂcdt:| ) (43)
0

which measures the expected total value net of cost produced with effort v when the agent’s cost is c.

LEMMA 2. The societal value produced is proportional to the working duration, i.e., S(v,v;c) = (R —
BT (v,v).
Proof:

S(y,v;e) =FE" {RJITST — /TAT v, -Bcdt] =FE {/TAT R-vdt—v, -Bcdt] =(R—B)T(v,v). (44)
0 0

Hence, for each moment the agent exerts effort v, he produces an expected revenue of (R—f.)v,. Q.E.D.

Generalized incentive compatibility constraints: We generalize the incentive compatibility con-
straints presented in (BR) and subsection B.1 to the scenario when type ¢’ agent mimic type ¢ agent by taking
the contract v¢. First, we generalize the set 91 in (BR). Denote D(7¢, ¢') to represent the set of best-response
effort processes, when the type ¢’ agent chooses contract v¢. That is,

u(fyb, I/;g) >u(v’,v';9), Vv €N(1%,g) and v/ € N. (ICg)
u(’yg,u;b) >u(y?,v';b), Vv €N(77,b) and v € N, (ICb)

where N’ is defined in Remark 1. We can further generalize the definition of continuation utility in (2) to

TAT

Wi (y%,v;d)=FE" [Iﬁ 1y epe +/ (c—v, Bo)ds| Licrens, (45)
t+

for tyeo ¢ with effort process v under contract v¢. Similar to Lemma 1, we have the following results which

describe the dynamics of the process W,(v9,v;b) and W,(v%,v;g), respectively, and provides an equivalent

condition to a best-response effort process.
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LEMMA 3. For any contract v°, effort process v, and operating cost g, we have
AW, (7", v19) = {va[Wi- (7", v19) = I + Byldt — bdt} Lo<y<rnnr- (PKg)

Furthermore, the following defined effort process is a best response to contract °, or, {v }rep0,rrr) € NV, 9),
in which

/1‘7 ifIt_Wtf(Pybay;g>>ﬂg7
Vi = VE[O,,U/], iflt_Wtf('yb’V;g):ﬁga (ICgW)
0, 0.1..

For any contract v, effort process v, and operating cost b, we have
AW, (79, v;b) = {v [W,— (79, v;b) — IF + By|dt — gdt} Lo<i<rar- (PKb)

Furthermore, the following defined effort process is a best response to contract v, or, {v}rejo,rar] € N(Y?,0),
in which

/Jfg/ba ifIt_Wtf(’yg7V;b)>Bba
vy =1q vE[0,p-g/bl, if I = W, (v, ;D) = By, (ICbw)
0, 0.W..

The proof of Lemma 3 can be adapted from the proof of Lemma 1.

B.3. Proof of Proposition 1
Part (i): Since If = ¢(T —t) + B., we can verify that dW,(5°(T),7;¢) = —cdt, W,_(3%(T),7;¢) = (T —t), and
Ie — W,_(3(w),v;¢) = B. > f., Hence, following Lemma 1, we have 7 € M(v°,¢). Clearly, u(&C(T),D;c) =
Wo_ (3¢(w),v;¢) =c-T.

Part (ii): In the contract 49(7T"), we have I = g(T —t) + §,. Following definition (45) and Lemma 3, we
can verify that W,_(39(T),v%;b) = g(T —t), and I} — W,_(39(T),v°;b) = B, < SB,. Hence, following Lemma
3, we have 1° € M(79(T),b). Therefore, we have u(’yg(T),yO;b) =g-T.

In the contract 4°(T'), we have I? =b(T —t) + (,. Following definition (45) and Lemma 3, we can verify
that

W,_(3"(T),v;9) =b(T —t) + b—Tg (1 _ e—u(T—z)) :
IP =W, (3"(T),7:9) =By — (By — By) (L—e " T™1) > B, — (B, — B,) = B,, ¥t € [0,T].

Hence, we have v € M(7°,g). It is straightforward to verify that u(&b(T),ﬁ;g) =Wo_(A%(T),7;9)=b-T +

(By = By) (1 —e™T).
Part (iii): Following definition (45) and Lemma 3, we can verify that W,_(3(t1,T),v%;b) = g(T —t), and

_ _ — e~ n(T—t1)
O e V% el o e

Hence, following Lemma 3, we have v° € M((¢1,T),b). Clearly, we have u("y(tl,T), v b) =g-T.
Again, following Lemma 1, we can verify that
Wt*(’?(tlv T)a D;g) = th
where W, follows (7), and

_ —. _ B Zﬁba fOI‘tE[O,tl),
It_Wt(’Y(tl’T),V,g)_{ﬂi>6ga fOrtG[t1,T}~

Hence, following Lemma 1, we have 7 = 9(%(¢t1,7),9). And it is straightforward to verify that
U(W(hj)ﬂ;g) =Wo_=g-T+(By—By) (1—e+T1),



30 Author:

B.4. Proof of Proposition 2

ProprosITION 12. If uR — ¢ > 0, then the mazximium societal value function, which represents the expected
sum of principal and agent’s value subject to the “promise-keeping” constraint that w(v¢,v°c) = w with
v €N(y°,c), is S.(w).

Fixing any w > 0, we first show that the maximium societal value function is smaller or equal to S.(w). Since
u(y¢,v%¢) = w, incentive and promise keeping constraint requires that T'<w/c. If uR > ¢, then the total
surplus is maximized by setting T =w/c and v, = p for all ¢ € [0,w/c]. That is

TAT
S(v°,v%5¢) < R-1or— dt| = (R—B.) (1—eT) = S, (w).
. dmax (771/,0)_%?35/6[ <7 /O c ] (R=B:) (1—e™") =S.(w)

Next, following Proposition 1, we have 7 € M(§°(w/c), ¢), which implies that S.(w) is achieved by 4°(w/c).
Similarly, if uR — ¢ <0, then the total surplus is 0 and is achieved by setting 7=0. Q.E.D.
We are prepared to prove Proposition 2. Under contract 4¢(w/c), we have

Uy (w/e),v) = S(v*,v% ¢) —u(§(w/c), v;¢) = Se(w) —w = Fe(w), (46)
where the second equality follows from Proposition 1 and 12. Furthermore, Proposition 12 implies that

max U(y%v°)= max S(v°v°)— v%c)< S, —w.
o lmax (v, v9) o lmax (v, v%) —u(v*,v%e) < Se(w) —w

Hence, we have Z({c}) = max,>o F.(w).
B.5. Proof of Proposition 3

Part 1: Under pay-to-leave contract, clearly, the principal’s utility is —w.
Part 2:

UF(ty,T),7) =S(Y(t1,T),75.9) —u(¥(t1,T),7;9) = Se(g-T) —u(F(t1,T),7; g).

where the second equality follows from Part 3 of Proposition 1 and the contract duration is 7.

B.6. Proof of Proposition 4

For any pair of contracts (7?,~%) that satisfy (LL), (BR), (IR), (ICg) and (ICb), we create a vector (w,, wy,T,)
such that, they satisfy the constraints (16) - (17), and

) Wy — w
P8, (0 T) = b+ (1= p)omin { 3000) — w0, 2= (uR=0)" — 2 p- U ) 4+ (1= DU )
(47)
Then, we have Y > Z({g,b}). We let w, :=u(y?,v7;g), w, :=u(y*,v°;b), T, be the time duration of v9.
Step 1: We check the constraints (16) - (17). First, (ICg) implies that
wy > maxu(y’,v;9) > u(y’, v’ 9) =w, + (b— 9)T(7*, ") > ws, (48)
where T is defined in (42). Second, (ICh) implies that
w, > maxu(y?,v;b) > u(v?,v%b) =g T, (49)
Hence, constraints (16)-(17) are satisfied.
Step 2: The inequality (47) clearly follows from
Uy, v7) =80, v%9) —wy < Sy(g-Ty) — wy,
where the inequality follows from the Proposition 2 and,
0#4) <min { L0 e .0~ 1) w0}
which will be shown in the following. If R > ,, then following (48), we have
_ b—g)S b7 b;b b— U ba §
ngwb+(b—g)T(’yb,Vb):wb+( g) (’7 v ):wb+( g)( (’Y v )+wb) (50)

uR—0b uR—b
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where the first equality follows from Lemma 2 and the last equality follows from S(v°,v°;0) = U(7*,v°) +
u(7?,v%;b). Rearrange (50), we have

(wy —wy)(RR —b)

U(y*,vb) < - —wy, if B> By. (51)
Further, following Proposition 2, we have
U(*, 1) < Sp(wy) — wy. (52)
On the other hand, if R < ,, then
U(Y?, ") <0 —wy, = —w,, if R<B,. (53)
Hence, following (51) - (53), we have
U(y*,v*) <min {(wz—wb) max{pR —b,0} — wy, Sp(wy) — wb} : (54)
-9

C. Proof in Section 5

C.1. Proof of Theorem 1

Theorem 1 directly follows from Proposition 7-9.

D. Proof in Section 6

D.1. Proof of Proposition 5

Clearly, the objective (19) is decreasing in both w, and wj,. Hence, the optimal choice of w, and w, are
w, =wy, = g-T,. After plugging in w,, w,, the objective becomes

pSy(g-T,)—g-Ty=p(R—g/p) (1—e*")—g-T,

Since the objective function is concave in T, it is straightforward to use the first-order condition to find the
optimal T,, and the optimal choice of T, follows (22).

D.2. Proof of Proposition 6
Since the objective (15) is strictly decreasing in T,, the optimal solution should satisfy w, =g-T,.

. w,—g-T,
maiz(p [Sg (g : Tg) - wg] + (1 _p) min {Sb(g : Tg) -9 Tgv gbigg (/J'R - b) -9 Tg} (55)
Wgstg _
stawy >g-T, (56)
T,>0 (57)
uR—b L . b—pg T,
If —p+(1-p) < 0 (which is equivalent to R < ), for any fixed T, > 0, the objective is linear

b—yg (1—p)p
decreasing in w,. Hence, the optimal solution should satisfy w, = g-T,. Furthermore, the optimal choice of
T, should follow (22).

R—-b
it —p+ (1=

> 0, for any fixed T, > 0, the objective increases in w, for w, €
b—9 _.gnr : b—9 _gnr :

g-Ty,9-Ty+ Te #9/%%9 ] and then decreases in w, for w, > g-T, + —=e #9779, Hence, the opti-

bh—

mal solution should satisfy w, =g - T, + —ge’”'g/b'Tg. Plugging in w, to the obejective, the optimization

problem becomes

b—
B R A R IR AR

=p |:<R Z) (1,6*HTg) 7g.Tgf buge,wg/ng] +(17p) |:(R Z) (176*%9/17'7“9) *g'Tg
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g —uT, b p(b—g) —p-g/b-T,
=p R) 1—e™ M +{1p <R> 1—e 9/ %a) 58
< p ( )+ {(1—-p) . ; ( ) (58)
which is a concave function of 7T}, and the optimal choice of T}, is
2 b—
0, R<2FPb=Py,
T — bp+(1-p)g (59)
g (2+p)b—
T R>Mﬁ.
T bp+(1-p)g

where T} solves

p(uR —g)e™" s +g/b-[(1—p)(uR —b) —p(b—g)]e™"/*Ts = g. (60)
Therefore, if p-b> g, then

b—pg (2+p)b—pgﬁ S 14p
(L=pp = bp+(1=p)g" "~ p
and the optimal choice of T, follows (23) and the optimal choice of w, follows (24). If p-b < g, then
b—pg _ (2 +p)b—pgﬂ e
(I=pp “bp+(1=p)g"”  p
and the optimal choice of Ty follows (25) and the optimal choice of w, follows (26).

B (61)

B (62)

D.3. Proof of Corollary 1
For any g < b, we have

b—pg

63
T o)
If p < g/b, then we have
1 +p (2+p)b—pg
By < ——Bqy, B < mﬂg (64)

1
Part (i): If p < g/b, then following Propositions 5 and 6, we have if R < mln{,@b, +p6g} or
p

(2+p)b—pg
me (s

By, then optimal T, = 0. Furthermore, following (62) and (64), we have if R <

2 b
(—F}?)ipgﬁg’ we have optimal T, = 0. Furthermore, w, =w, =0.
bp+(1—p)g
1+p 1+p
If p > g/b, then following Propositions 5 and 6, we have if R <min{ 8,, ——/8, ¢ or R€ | By, —— 5, |,
p

1+4+p

then optimal 7, = 0. Hence, if R < ——f,, then we have optimal T, = 0. Furthermore, w, = w;, =0.

1
Part (ii): If p < g/b, then following Propositions 5 and 6, we have if R € ( +pﬁg,ﬁb], then optimal
p
T, =T;. Following (64), the above set is empty.
1
If p > g/b, then following Propositions 5 and 6, we have if R € ( +p6q,ﬁb} or R €
p

max < S, 1+pﬁ b=pg , then optimal T, = T*. Hence, following (61) and (63), we have if R €
g 9

. +p - "(L-p)u |
Ba> ( sk then we have optimal T, =T, Furthermore, w, =w, =g-T,.
Part (iii): If p < ¢/b, then following Proposition 6, we have if R > max {ﬁ,” Wﬁg }7 then optimal
(2-+p)b—pg non o

T,=T,. By (64), we have if R >
By) (1 —ef’”g/b‘Tgl) , Wy =g-Tgl_

bt (L p)g By, then optimal T, = T, . Furthermore, w, = g- T, + (5, —
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b—pg
(1-p)u

then optimal T}, = Tgl. Furthermore, wy, = g - Tg1 + (B —

1
If p > g/b, then following Proposition 6, we have if R > max{ +pﬂg, }, then optimal T, = Tgl.

—Dbg

(I—=p)u’

Hence, following (61), we have if R >

8 (1-e#97) =g T

D.4. Proof of Proposition 7
Following Corollary 1 and Proposition 4, we have if R < R(p), then

0=Y=>Z({g,b}).

Clearly, Iy, ,, defined in (i) of Theorem 1 satisfies (LL), (BR), (IR), (ICg), and (ICb). Furthermore,
ULy, 3) =0, which completes the proof.

D.5. Proof of Proposition 8
First, by definition, contract I'j, ,, satisfies (LL), (BR), (IR). Second, we verify (ICg) and (ICb).

maxu( (9-T7),v;b)=g-Tr =u(¥(g-T;),v°;b) = maxu( 9g-Ty),v;b),
where the last equality follows from Part (ii) of Proposition 1. Furthermore,
maxu(§*(g-T;),vig) =u(¥*(9-T,), v 9) = g- T =u(Y(g-T;),v"; 9) = maxu(y(g- T7),v;9).
Finally, if R(p) < R< R(p)

UG, ) =pUR(T;),7) + (1 =p)U((9-T;),v)
=p(Selg-T))—g-T;)—(1—p)g-T; =D,

where the second equality follows from Proposition 2, and the last equality follows from part (ii) of Corollary
1, which completes the proof.

D.6. Proof of Proposition 9
First, by definition, contract I'}; ,, satisfies (LL), (BR), and (IR). Second, we verify (ICg), and (ICb).
maxu( *(g- Tl/b) vib) =u(y (g'Tgl/b),ﬁ;b):g~Tg1 =u(y (tI,Tgl) 1Y) = maxu(y(t;, T ) v;b),

where the last equality follows from Part (iii) of Proposition 1. Furthermore,

maxu(3(t5, T}),vig) = u(i(t5, ), 75g) = g Tp + (B = B,) (1— e713=D)
—g- T+ (B, — 5,) (1 _ e—wg/wgl)
=w; + (By— By) (1—6’“'9/”'%1)ZU(ﬁb(g-T;/b),ﬂ;g) maxu(y"(g- T, /b),v;9),

1

where the third equality follows from t} = (1 — g/b) - T/, and the sixth equality follows from Part (ii) of

Proposition 1. Finally, if R > R(p), then
U(TF, ) =pU (1, T,), 2) + (L =p)U (3 (g - T, /b), )
:p(Sg(ngl) - (9'T3+(Brﬂg) (176""9/’7”))) +(1=p) (Silg-T)) —g-T,) =D,

where the second equality follows from Proposition 2 and 3, the last equality follows from part (iii) of
Corollary 1, which completes the proof.
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D.7. Proof of Proposition 10

LEMMA 4.
0, R <28,
< pr— 1 R_
We=19 Zlog (“ C),R>26c.
I c

Following Proposition 2, it is straightforward to verify that w® maximizes F.(w). Q.E.D.

We are prepared to prove the statement. First, if R < ,, following Lemma 4, we have w? = 0. Hence, we
have w; > 0=w?.

Second, following Corollary 1, we have

wt = 0, RSE(p), _
9 Ty, Re(B(p), R(p)]-
If p < g/b, following (64), we have 3, < R(p), hence, w; =0 < w?.

If p>g/band R <28, < R(p), then w; =w? =0. If p>g/b and R € (253,, R(p)], then 0 = w} < w?. If
p>g/band R € (R(p), By], then

wi=g-T: = log (p(uRC)) <910g(ﬂR6> i,
Iz c %

(65)

c

which completes the proof.

D.8. Proof of Proposition 11
For any g < b, we have

(2+p)b—pg
bp+(1—p)g

In the following, we first show that there exists Ry > 3, such that w; <w? if and only if R > R, in two
cases.
1. If p < g/b, following (66), Corollary 1 and Lemma 4, we have if R < R(p), w® =w; =0.If R € (R(p),20:),

b —-b
wp >wb =0. IfR>26,J,w§:g~Tg1,andwf::;10g nE

By < 2By (66)

> 0. Hence, we only need to focus on the

last case. We claim that there exists Ry > 20, such that w; <w? if and only if R > Rs. Since Tg1 solves
equation (14), and the left-hand side of equation (14) strictly decreases in T}, we have f; (w?/g) > 0 if
and only if w; > w?, where

A(TY) :=p(uR — g)e s + g/b-[(1 - p)(uR —b) —p(b—g)] e #4/*Ts —g (67)

Next, we define

b/g B
fi(w?/g)=p(pR - g) (uRb_b> +(1—p)g— pz(]g_i) —g

uR—g( b )"/g b—g

=pyg =pg- f2(R) (68)

- —1
g uR—0 uR—0

and, the claim is true if we can show that there exists Ry such that fo(R) <0 if and only if R > Rs.
Since b > g, we have limp_, ., f2(R) <O0.
To facilitate our analysis, we further denote k:=b/g > 1, := (uR —b)/b— 1, hence, we have

1 k—1
fg(R):E [(m—i—l)k—l—kxkl —xk} = f3(x) /2", (69)
and the claim is true if we can show that f}(z) <0 for > 1 and k> 1. We can verify that

—1)2
fé(x):k:—i(k A ) 22— k.2t <0,

forz>1 and k> 1.
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2. If p> g/b, then we have R(p) < 2f3,, which implies that w; > w? =0 if R <28,. If further p > b/(2b— g)

_ b _
(which is equivalent to 23, > R(p)), then for R > 2, w; =g -T,, and w? = —log nE > 0.

Following the above case 1, we can show that there exists Ry > 28, such that w; < w? if and only if

R > Ry. In the following, we consider the case p € (g/b,b/(2b— g)).
_ R— b R—b
If R €26, R(p)], wZ:g~T;:%10g PR —g) and w’ = — log a 7

Y
decreases in R. Either w; —w® >0 at R= R(p) or w; —

. Clearly w; —w? strictly

<0at R= R(p). In the former case, we have

uR— .
>0. It is

b
*
*

_ _ b
wy >w’ for R € (26, R(p)]. When R > R(p), we have w; =g-T,, and w’ = m log

straightforward to show that w; is continuous in R at &= R(p). Hence, following the above case 1, we
can show that there exists Ry > R(p) such that w; <w? if and only if R > R,.

In the latter case, there exists Ry € (23,, R(p)] such that wj <w? if and only if R € [R,, R(p)]. Again,
since wjy is continuous in R at R = R(p), following the proof of case 1, we can show that for any
R > R(p), we have w; < w?, which completes the proof.
In the following, we first show that there exists R; > 3, such that wy > w? if and only if R > R; in two
cases.
1. If p < g/b, then R(p) > 28,. Hence, if R <243,, then w? = w; =0.1f Re (28,4, R(p)], then w? > wy = 0.

_ . R—
If R> R(p), we have w) =g-T, 4 (8, — B,) - (1 - e’“'g/b'rq> and wd = g log HEZ9
I

9 . We claim that
there exists Ry > R(p) > f3, such that w} > w? if and only if R > R;. Since T} solves equation (14), and
the left-hand side of equation (14) strictly decreases in T}, we have fi(T') >0 if and only if w} > w?,
where T solves

9T+ (=B (1=e2"T) = L1og (“Rg""> ~0 (70)

and f; follows (67). Clearly, T is a function of R and we have
oT 1 1

—_— = » 71
OR 14+ (By—pBy) - 1—e#9/¥T) uR—g (71)
Therefore, the claim follows from
f1(T) _ —uT or —ur | 9 —pg/br | 9 —pg OT —u-g/bT
op —Ppe (R —g)- (-p)gpe™ 3 (1-pue +3A=p)(pR-b)—=ome
_ 1 g . uR/b—1 1
= T — J(1— wg/bT (1 _ )
pue ( 1+(b_g)/b,e—uAg/bAT> + b( p)ue ( WRjg—11+(b—g)/b-c raltT >0

where the second inequality follows from (71) and if R — oo, then T'— oo and

Rhm fr (T) :pge(ﬁb—ﬂg)/ﬂg —|—g/b~ (1 —p) ,geu(l—g/b)T+(ﬂb—ﬂg)/ﬁg —g>0.
— 00

2. If p > g/b, then 23, < R(p) < R(p). Hence, if R < 28,, then w? = w; =0. If R € (28,,R(p)], then

= R— R—g)p . _
w? >w; =0.If Re (R(p), R(p)], then w? = %log (,ugg) > %bg ((,ugg)) =w,. If R> R(p),

uR— . . .
. Since w; is continuous at

then wj =g T o (8 = ;) (1= 72" ) and w? = % log

R = R(p), following the above case 1, we can show that there exists R; > R(p) such that wy > w? if
and only if R> R;.
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