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This paper studies a dynamic principal-agent setting in which the principal needs to dynamically schedule
an agent to work or to be suspended. When the agent is directed to work and exert effort, the arrival rate of a
Poisson process is increased, which increases the principal’s payoff. Suspension, on the other hand, serves as
a threat to the agent by delaying future payments. A key feature of our setting is a switching cost whenever
the suspension stops and the work starts again. We formulate the problem as an optimal control model with
switching, and fully characterize the optimal control policies/contract structures under different parameter
settings. Our analysis shows that when the switching cost is not too high, the optimal contract demonstrates
a generalized control-band structure. The length of each suspension episode, on the other hand, is fixed.

Overall, the optimal contract is easy to describe, compute, and implement.
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1. Introduction

Designing dynamic contracts to manage incentives is an important and challenging problem. It
often involves carefully scheduling “carrots and sticks” over time. In an environment where out-
come is stochastically determined by an agent’s unobservable effort, it is intuitive that rewards
(“carrots”), often in the form of monetary payments, follow good performance. If the agent is cash
constrained or has limited liability, however, the principal cannot charge the agent money for bad
performance. Therefore, it may not be obvious how to design penalties ( “sticks”) when performance
is bad and leverage them to achieve better contracts. Due to analytical challenges, many dynamic
contract design models restrict the focus on contracts that induce agents to always exert effort (see,
for example, Demarzo and Sannikov 2006, Sannikov 2008, Biais et al. 2010, Myerson 2015, Sun and

Tian 2018). In these situations, the principal with commitment power can use potential contract
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termination as a form of penalty. That is, the principal can terminate the agent, which stops all
future payment opportunities, if the outcome has been bad for a long enough period of time. The
threat of termination helps the principal to induce effort while saving costly rewards. However,
termination itself may also be quite costly to the principal, especially in situations where a replace-
ment agent is hard to find. In this paper, we focus on an alternative approach to penalize for bad
outcomes: temporarily suspending work and pay to the agent. Note that contract termination can
be perceived as a special case of suspension, one that never ends.

Temporarily suspending an agent for a period of time in response to poor performance is common
practice in certain industries. Real estate agencies in Hong Kong, for example, often temporarily
suspend a sales representative’s work and pay when the performance has not been up to standard for
a period of time. The suspension stops when the situation changes, for example, when new business
arises, and the representative is still available to come back. Although this form of temporary
suspension is rarely written formally into employment contracts, it is a very common practice,
according to our conversations with an agent who worked at the Centaline Property, one of the
largest property agencies in Hong Kong.!

More broadly, businesses and government agencies sometimes use furloughs to temporarily relieve
an employee of job responsibilities and pay for a fixed period of time, with the promise of continuing
the employment after the furlough period ends. The recent and ongoing pandemic has witnessed
more entities using suspensions with no pay or pay reduction, or unpaid leaves, in response to
economic difficulties, for example in Hong Kong (Hong Kong Business Times 2020, Hong Kong
Economic Times 2020) and Europe (Eurofound 2020, 2021). It is fair to say that furloughs have been
used mostly to ease an employer’s financial challenges (DerStandard 2009), rather than in response
to employees’ job performance. However, with these temporary suspension control mechanisms
already in existence, one may naturally ask why we do not use them for incentive management as
well.

In case it is unclear why the principal can use suspension as a punishment, here is the intuition.
In order to motivate a rational agent to exert effort, which is a private action, the principal needs
to pay rent, either in the form of an immediate payment or as a promise to be delivered later.
During the suspension period, the agent loses this rent income. More precisely, future payments
are delayed by the suspension. Payment delay is particularly painful to an agent who is less patient
than the principal, and therefore serves as a threat. Such a threat can be used to ensure that the
agent is willing to exert effort whenever asked to. It is worth noting that during suspension, the
principal also cannot enjoy good outcomes brought by the agent’s effort. However, compared with
losing the agent forever due to termination, it is often less costly for the principal to endure a short

period of time without the agent’s effort.
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Even though the intuition may be clear at this point as to why we may use suspension to
punish underperformance, deciding how to schedule suspension episodes in a dynamic environment
remains a challenge. For example, when should suspension start? How long should suspension last?
Should the lengths of suspension periods be the same, or should they vary depending on what
triggers the suspension? In this paper, we study the optimal scheduling of payment and suspension
in a basic dynamic contract design model.

Specifically, we consider a continuous-time optimal contract design problem, in which a principal
tries to incentivize an agent to increase the arrival rate of a Poisson process. We may think of
the principal as a firm, say the aforementioned real estate agency in Hong Kong, the agent as a
sales representative, and each arrival as a successful sale. Whenever the agent exerts effort, the
instantaneous arrival rate increases. However, the effort /arrival rate is unobservable to the principal
and costly to the agent. Therefore, frequent arrivals are associated with good performance, and no
arrival for a long period of time is bad. In this dynamic setting, when the two players’ discount
rates are the same, it is optimal for the principal, who has commitment power, to never temporarily
suspend the agent (see Sun and Tian 2018, for the corresponding optimal contract). In practice,
their time discount rates are often different. In particular, the principal (employer) often possesses
more financial resources, and therefore is more patient than the agent (employee). In this case,

suspending the agent once in a while may be beneficial.

1.1. Optimal Contract Structure

Generally speaking, our analysis reveals that optimal contract structures demonstrate three pos-
sibilities depending on model parameters, as illustrated in the three regions of Figure 2 later in
the paper. First, if the switching cost is rather high, it is not worth paying for the switching cost
to start working. In this case, intuitively, it is optimal for the principal not to hire the agent. The
second possibility is when the switching cost is not that high but the revenue from each arrival is
high enough. In this case, it is optimal to motivate the agent to always work and never to suspend
or terminate the agent. This is also intuitive, because high revenue per arrival means that the prin-
cipal does not want to suspend the agent and forfeit the higher arrival rate. The third possibility
is when neither the switching cost nor the revenue is too high. In this case, the optimal contract
demonstrates intricate and rich structures.

Specifically, the optimal contract demonstrates a “control-band” policy structure, characterized
by a lower threshold 6 and an upper threshold 8 of the agent’s total future utility, also called the
promised utility (Spear and Srivastava 1987, Abreu et al. 1990). As illustrated in Figure 1 later in
the paper, when directed to work, the agent should continue exerting effort as long as the promised

utility is above the lower threshold §. While working, the promised utility takes a fixed upward
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jump upon each arrival, and continuously decreases between arrivals. If an arrival does not occur
for too long a period of time (bad performance) despite the agent’s effort, the promised utility
decreases to the lower threshold §. At this point, the principal suspends the agent for a fixed period
of time. At the end of the suspension period, the agent’s promised utility is reset to the upper
threshold #, when work is switched on again. Overall, Figure 1 illustrates the general promised
utility dynamics, which also involve an upper bound w and a lower bound w for the promised
utility, related to payments and potential random switching. In Section 4.3, we provide a complete
characterization of the contract parameters 6, 0, @, and w. Furthermore, Section EC.1.2 explains

how to easily compute these four contract parameters.

1.2. Contribution

Our paper makes the following contributions. First, we propose that temporary suspension, often
used in practice for various purposes, can be used in dynamic contracts for incentive management.
In particular, the principal can use suspension as a threat when performance has been undesirable,
which motivates the agent to work hard. Allowing temporary suspension helps the principal to
reduce contract costs, compared with always incentivizing the agent to work, or using contract
termination as a threat. A numerical example reported in Section 5.1 shows that this benefit can
be non-trivial.

Second, our results show that the optimal dynamic contract takes a simple form, which makes
it easy to implement in practice. The four parameters that characterize the contract sturcture
are easy to compute. Using these four parameters, the principal can easily manage the contract
over time. As explained in Remark 2 later in the paper, implementation of this dynamic contract
is quite simple. Following each arrival as well as after each suspension period ends, the principal
only needs to announce a deadline before which the agent needs to bring in an arrival to prevent
suspension. If suspension happens, it always lasts for a fixed period of time.

Designing optimal contracts that can endogenously decide temporary suspensions is a technically
hard problem, which explains why many dynamic contract design models generally search for
contracts that always induce effort from the agent (see, for example, Demarzo and Sannikov 2006,
Biais et al. 2010).? Zhu (2013) and Grochulski and Zhang (2023) are exceptions, and study contract
design allowing shirking. They focus on settings where uncertain outcomes follow a Brownian
motion, instead of a jump process as in our paper. Their optimal contract structures involve
controls that constantly switch between working and shirking (a “sticky process”). Although these
are nice mathematical results, from a managerial point of view, such a control/contract is not
practical, because constantly switching between working and shirking must be quite costly in real

life. Therefore, we include a fixed cost whenever the principal switches the agent back to work from
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suspension. The switching cost poses significant analytical challenges. Specifically, in addition to the
promised utility, we have to introduce another binary system state that indicates whether the agent
has been working or under suspension. This further implies that different from the aforementioned
papers, we need to work with two value functions connected through the optimality condition.
Compared with other papers that study dynamic contracts under Poisson arrivals, such as Sun
and Tian (2018), Cao et al. (2022), and Tian et al. (2021), our analysis relies on a set of quasi-
variational inequalities to represent the optimality conditions. The other papers, on the other hand,
directly verify optimality based on proposed optimal contract structures and the corresponding
value functions, without the intricate approach based on quasi-variational inequalities. All these
papers follow the “guess-and-verify approach”, which is logically clean and clear. However, the
“verify” step in our proof is much more intricate compared with that in the aforementioned papers,
even with the correct “guess” of how to construct the value functions. Overall, our analytical
approach could be applicable to other complex dynamic contracting problems that involve state

transitions.

1.3. Literature Review

The dynamic moral hazard problem has been a subject of recent management science studies.
In particular, Zorc et al. (2019) study a delegated search problem in a discrete-time dynamic
environment. A key distinction of that paper is that the agent is risk averse and can borrow
from a bank to pay the principal. In comparison, we assume that the risk-neutral agent is cash
constrained and therefore, payment only goes from the principal to the agent. Gupta et al. (2022)
study “limited-term” non-monetary reward contracts in order to induce agents’ effort in the long
run. Their model focuses on designing near-optimal “limited-term” stationary policies.

Recent decision analysis literature also includes studies of continuous-time games. The stream
of papers Kwon et al. (2016), Kwon (2022), and Georgiadis et al. (2022) study continuous-time
stochastic games of stopping-time decisions that are based on Brownian motion uncertainties.
Continuous-time games studied in Zorc and Tsetlin (2020) and Hu and Tang (2021) do not include
Brownian motion uncertainties, but rather consider richer decision spaces for the players. Unlike
our paper, these game-theoretic papers do not focus on dynamic moral hazard issues.

Methodological breakthroughs for continuous-time moral hazard problems started from Demarzo
and Sannikov (2006) in the finance/economics literature. Earlier studies often used Brownian
motion processes to model the underlying dynamics (see, for example, Demarzo and Sannikov
2006, Sannikov 2008, Cvitanié et al. 2016). To our knowledge, the work of Biais et al. (2010) is the
first to model underlying uncertainties as a jump process to capture “large risks.” Myerson (2015)

studies a similar model in a political-economy setting with agent replacement. Contracts in both
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these papers try to reduce the arrival rate, instead of increasing the arrival rate as in our paper,
and do not consider temporary suspension.

Compared with models based on Brownian motion, the optimal contract structure for jump
processes is much easier to describe and implement. This is because the promised utility often takes
discrete jumps at arrivals, and otherwise changes deterministically. (In contrast, under Brownian
motion uncertainties, the promised utility evolves stochastically all the time.) This simplicity in the
optimal contract structure makes the model based on jump processes appealing from the practical
and managerial perspectives. Sun and Tian (2018) and Cao et al. (2022) study optimal contracts
that induce effort from an agent to increase the unobservable arrival rate of a point process. In
particular, Cao et al. (2022) correctly identify the optimal contract within the restrictive class of
contracts that motivate continued effort before termination when the two players’ discount rates
are different. Tian et al. (2021) further extend the model to a two-state setting, where the agent
exerts effort to either maintain or repair a machine, depending on which state the machine is in.
All these papers consider contracts that always induce effort before contract termination, without
temporary suspension.

Also focusing on a point process, but to decrease the arrival rate, Chen et al. (2020) study opti-
mal schedules to monitor (as well as pay) the agent. The end of that paper points out a connection
between monitoring and shirking. That is, with a proper transformation, monitoring episodes in
their optimal schedule correspond to shirking episodes in a corresponding model (without mon-
itoring) that allows shirking. We believe that our results also speak to optimal contracts with
monitoring for the case of increasing the arrival rate. In comparison, the optimal contracts in our
paper demonstrate very different structures compared with those in Chen et al. (2020). We also
need to model a fixed cost to be practical, as mentioned earlier. Tackling our problem requires dif-
ferent analysis, for example, using quasi-variational-inequality-based optimality condition, which
does not arise in Chen et al. (2020). Also trying to decrease the arrival rate of a Poisson process
in a bank-monitoring setting, Hernandez Santibanez et al. (2020) extend Pages (2013) and Pages
and Possamai (2014), and study a model that involves both adverse selection and moral hazard
while allowing shirking.

Another relevant literature is stochastic optimal control in the presence of switching cost, but not
about contract design (see, for example, Brekke and Oksendal 1994, Duckworth and Zervos 2001,
Vath and Pham 2007, Vath et al. 2008). Our work has two main differences from this literature.
First, we consider a jump process, while the aforementioned papers are all based on diffusion
processes. Second, the strategic interactions between the two players make our design and analysis

more challenging than standard single-decision-maker control problems.
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The remainder of the paper is organized as follows. We first introduce the model in Section 2.
We then describe the optimal contract structure and the overall results of the paper in Section
3. Section 4 contains detailed analysis of the optimal contract structures under different model
parameters and how to prove their optimality. Next, in Section 5, we consider several extensions of
the model. In particular, in Section 5.1, we let the switching cost approach zero, which allows us
to quantify the potential benefit of considering the suspension option. We conclude the paper in

Section 6. Further discussions, as well as proofs for all the results, are presented in the e-companion.

2. Model

Consider a continuous-time principal-agent model. The principal faces a Poisson process of arrivals,
each of which brings a revenue R to the principal. Without the agent’s effort, the base arrival rate
is 1. The agent is able to bring the arrival rate up to p > p if exerting effort, which costs the agent b
per unit of time. (For simplicity, we consider binary effort levels, consistent with Biais et al. 2010).
In order to enjoy the high arrival rate, the principal needs to direct the agent to work and provide
the working environment, such as offering office spaces, research labs, production equipment, or
supporting personnel. There is a fixed cost K > 0 for the principal to set up the environment for
the agent to start working, either at the very beginning, or after a suspension period ends. Think
about this as the fixed cost related to restarting the lease for office spaces, reopening the lab,
resetting production equipment, or recruiting personnel. (We will briefly discuss the case when
stopping working also incurs a cost in Section 5.2.) Following standard assumptions, the agent has
limited liability and is cash constrained. Therefore, the principal needs to pay the agent a cost b
whenever directing the agent to work. While directed to work, the agent can either exert effort,
or shirk. Effort is not observable to the principal, who needs to design a contract to motivate the
agent’s effort. If the agent is directed to work but shirks, the agent effectively receives a shirking
benefit b. Directing the agent to work may also involve additional costs to the principal, such as
rents, maintenance fees, or personnel salaries. We denote ¢ to represent the principal’s total cost
rate whenever directing the agent to work, including the payment for the agent’s effort cost, that
is, ¢ =D.

Let & € {I,0} denote the working/suspension state at time ¢ > 0. In particular, state | (“on”)
represents that the agent is directed to work, while state () (“off”) means that the agent is being
suspended. We assume that the principal needs to pay the fixed cost K in the very beginning in
order to hire the agent to start working. If the agent is directed to work at time ¢ (£, =1), further
denote v; to represent the agent’s effort level, such that v, = p and v, = p represent that the agent
exerts effort or not, respectively, at time t.

We define Ay = p — p and make the following assumption.
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ASSUMPTION 1. RAu > c.

This is a standard assumption (see, for example, Equation (2) in Sun and Tian 2018), which ensures
that exerting effort is socially optimal when the state is I.

Both the principal and the agent are risk neutral and discount future cash flows. Discount rates
are r and p for the principal and the agent, respectively, such that 0 < r < p. That is, the principal
is at least as patient as the agent. This paper is mostly focused on the case of r < p. (In Section
EC.1.3, we provide a rigorous proof for the claim in Sun and Tian (2018) that when r = p, it is
optimal to motivate continued effort.)

Denote right-continuous point processes N := {N;};>0 and S := {S;};>0 to record the total number
of arrivals and switchings, respectively, from time 0 to ¢. Define a filtration F = {F;};>¢ to capture
all relevant public information up to any time ¢, such that F;, = o(N,, S5:0 < s <t). We need to
include state-switching information in the filtration because some of this is random, as we explain
next.

The principal has the commitment power to issue a long-term dynamic contract I' = (L, D, q).
Specifically, the contract needs to specify a payment schedule, which is captured by the cumulative
payment process L. It also needs to specify when to start and stop suspension. We use a counting
process D to capture “deterministic” switchings between the working and suspension states. Finally,
we also need to include a random switching intensity process g. These notations are formally defined
as the following.

1. L ={L;}s>0 is an F-adapted process that tracks the principal’s total payment to the agent
from time 0 to time t. In particular, at any time ¢, the payment can be an instantaneous
payment AL,, or a flow with rate ¢,, such that dL, = AL, + ¢,dt.> Note that it is assumed
that the agent is cash constrained and has limited liability, that is, AL; =0 and ¢, = 0 for all
t=0.

2. D ={D;}i>o is an F-adapted counting process that records the total number of switchings
between “working” and “suspension” up to time t. That is, these switchings are “determin-
istic” with respect to F;. In order to have a rich enough class of control policies such that
optimal contract value is attainable, we also need to allow random switchings as well, which
come next.

3. ¢ ={q:}+>0 is an F-predictable switching intensity process, such that the probability of switch-
ing during a short time interval [¢,t + J] is g0 + o(J). In order to establish our optimality
results, we need the following technical condition on the switching intensity:

E [ f . qte”dt] <. (1)

0
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Let @ = {Q:}:>0 be the corresponding counting process that records the cumulative number of
all the random switchings up to time t. Therefore, the total number of switchings by time t is
S; = D, + @Q,. Knowing that the system starts with state (), the total number of switchings S,
identifies the state at any time ¢t > 0. These notations allows us to more rigorously define the
F-adapted state process £ := {&;};>0, such that & # &;_ if and only if dS; = 1. Furthermore,
state switchings may also include the possible termination of contract, which is the last time
that the principal changes the state from working () to (permanent) suspension ({}), either
deterministically or randomly.

Note that only relying on history-dependent (i.e., F-adapted) switching control D is not suffi-
cient. Generally speaking, a restrictive class of control policies without random switching may not
contain the optimal one that achieves the optimal contract value. Random switching according to
the intensity process ¢ does occur in the optimal policy that we present later in the paper.

Due to limited liability, we need the following constraint for our contract I', which states that

effort cost b needs to be reimbursed in real time:
by 2 blg,—y, VE=0. (LL)

Further denote a right-continuous process v = {1, },>¢ to represent the agent’s effort level over time.
Under a general contract, the agent may not follow the effort process directed by the principal. In
fact, it is easy to make sure that the agent follows the direction to stop working under suspension,
by setting ¢, =0 when v; = pi. In this case, the agent cannot afford to work when directed not to.

Therefore, any effort process v that is admissible to contract I must satisfy v, = p whenever & = ().

2.1. The Agent’s Utility and Incentive-Compatible Contracts
Given a dynamic contract I' = (L, D, q) and an effort process v, the expected discounted utility of

the agent is B
u(l,v) =E"1 {f e (AL, — b]l,,tzudt)] , (2)

0
in which E*? represents expectation taken with respect to the switching intensity process ¢ in T,

and arrival rates induced by the effort process v. For simplicity of notations, when there is no
ambiguity, we omit this superscript.

A designed contract needs to induce the agent to follow directions on when to work. Formally,
define a “complying effort process” v(I') = {I4}450 for contract I', such that v, = p if & =1, and

vy =pif & =10, at any time ¢. A contract I is said to be incentive compatible (IC) if
u(l, o(I")) = u(T",v) for any effort process v admissible to I'. (3)

That is, under IC contracts, the agent has the incentive to exert effort whenever directed to do so.



Cao, Sun, and Tian: Punish Underperformance with Suspension
10 Management Science 00(0), pp. 000-000, (© 0000 INFORMS

Further define the agent’s continuation utility at any time ¢ € [0,00) conditional on F; as*

Wy (T,v) =E { f P (dL, — b, —,ds)
t

+

ft} | (1)

Therefore, W, (I‘, D(F)) is the agent’s continuation utility at time ¢ following the principal’s direc-
tions, which is often referred to as the promised utility (see, for example, Biais et al. 2010). It is
convenient to introduce the notation W, (I',v) = limgy, W (I',v). That is, W;(I',v) is the agent’s
continuation utility after observing either an arrival or a random switching that occurs at time ¢,
while W;_(T',v) is the continuation utility evaluated before obtaining this knowledge. In a similar
vein, we define Wy (I',v) :=u(T,v).

Following standard contract theory assumptions, the agent is not required to stay in the contract.
Hence, assuming the agent’s outside option is normalized to value 0, we impose the following

participation (also called the individual rationality, IR) constraint:
W(T,v) =0, Vt=0. (IR)

Furthermore, we assume that for any contract I' under our consideration, the agent’s promised

utility W, is upper bounded. That is, there exists a large enough W such that
W,(T,v) W < oo, Vt=0. (WU)

This constraint essentially captures the reality that the principal cannot keep delaying payments
while pushing the agent’s promised utility to infinity.®

The following proposition provides the evolution of the agent’s continuation utility process
W,(T',v), which is often called the promise keeping (PK) condition in the dynamic contract liter-
ature (see, for example, Equation (B.8) of Sun and Tian 2018). The proposition also contains an

equivalent recursive representation of incentive compatibility, following Biais et al. (2010).

PROPOSITION 1. (i) For any contract ' and agent’s effort process v, there exist F-predictable
processes H(T',v) and HY(T',v) such that®

dWi(T,v) =[pW,_(I',v) + b1 —H(T,v)vy + ¢ H/(T',v)|dt

vt=p

—dL, + H,(T,v)dN, — HI(T,»)dQ,, t>0. (PK)
Furthermore, (IR) implies that
H,(T,v)=-W, (I',v) and H}(T',v) < W, (I',v), Vt > 0. (5)
(ii) Define B:=b/Apn. Contract T' being incentive compatible is equivalent to

H,(T,o(l)) =B if & =1. (IC)
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For notational convenience, we omit (I, v) from processes W, H;, and H{ when v is the complying
effort process v(I"). Part (i) of Proposition 1 specifies the dynamics of the agent’s promised utility
over time. In particular, H, if positive, is the magnitude of an upward jump at time ¢ if there is an
arrival at that time. If it is negative, then the jump is downward. In contrast, H/, if positive, is the
magnitude of a downward jump at time t if there is a random switching. Condition (5) ensures that
W, remains nonnegative after all these jumps. The reason why we set H; to capture upward jumps
is that increasing the promised utility with an upward jump after an arrival serves as a reward to
induce effort. Although we allow H; to be negative, later we show that it is always nonnegative
under the optimal contract. In comparison, a random switching to suspension (or termination) is
a punishment, which is associated with a downward jump of promised utility with magnitude H}.
Finally, the (IC) condition is only required for state |, because in state () the principal can induce
compliance by simply setting payment to zero.

Denote € to represent the set of contracts that satisfy (LL) and yield a promised utility process
{W,}:>0 that satisfies (PK), (IC), (IR), and (WU). Our contract design problem maximizes the

principal’s utility over the set € of contracts. Therefore, we introduce the principal’s utility next.

2.2. Principal’s Utility

The principal’s utility under any contract I' e € is

o0
U()=E"" [ f e " [RAN, — dL, — (¢ = b)Le,—idt] = Y e "r(Em, &) |, (6)

0 0st<wo

where we introduce notation «(&;_,&;) to represent the switching cost when the principal changes
the working/suspension state from &,_ to &, such that x(0,1) = K, and (l,0) = x(0,0) = (1,1) = 0.
Within the integral, the term RdN; represents the revenue from arrivals; dL; is the payment cost,
which satisfies (LL); and (¢ — b)1g,- captures the cost rate of directing the agent to work, in
addition to reimbursing the effort cost b already included in the payment term d[;.

Our optimal contract design problem can be succinctly formulated as the following optimization
problem:

Z :=max U(D). (7)

I'e¢

If the agent is ever terminated, the principal’s total expected utility after the termination is

£ ®

r

]

which is also the baseline total expected revenue that the principal collects without hiring the
agent.
We first consider a special contract I' as an example of feasible contracts in €, which directs the

agent to always work and pays the agent 3 for each arrival. It is clear that contract I' satisfies all
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the aforementioned constraints for €. Under such a contract, the agent’s promised utility W, stays

as a constant
. Bu
W= —.
P
Furthermore, it is easy to verify that the principal’s utility under contract I is

U(f‘) Z(R—i),u—c_K.

(9)

We define the corresponding societal wtility, which is the total utilities of the principal and the
agent, after paying for the fixed cost K, as

V:zU(f)+K+w=R”_C_(p_r)w.

" (10)

Later in the paper, we show that contract ' is optimal when the revenue per arrival R is high

enough.

3. Main Results

In this section, we summarize the main results of this paper and leave the analysis to the next
section. First, we introduce a general contract structure in Section 3.1. Later in the paper, we
show that the optimal contracts demonstrate this structure. Then, in Section 3.2, we present the
optimality condition, and the main theorem of this paper, which summarizes the optimal contract

for different model parameter settings.

3.1. An Overview of General Optimal Contract Structures
We now define a general class of dynamic contracts, which involves a control-band structure.
Specifically, we have the following definition.

DEFINITION 1. For any four parameters 6,,6,%, such that 0 <0 < <0 <% < w, and an
initial promised utility w, € {0} U [W,@],” define contract I'* (wq; 8,1, 0, ®) = (L*, D*, ¢*) as follows.

(i) The dynamics of the agent’s promised utility W, follow Wy = w, and
th = {—p (U_] — Wt_) dt]]-Wt_E(ﬁ)/,ﬁ/] — (’IE — Q) th + [(’lﬁ — Wt_) AN 5] dNt} ]]‘57:—:'
+ pW,_dtle, _y, (11)
in which we use notation a A b to represent min{a, b} for any a,be€ R, and the point process

{Q:}+=0 represents the total number of random switchings up to time ¢, following intensity

= wnwt__m, if 0 > 6. (12)

(ii) The payment to the agent follows dL# =0 and

ALF = [(W,_ + 8 — @) "dN, + bdt] 1¢,__. (13)
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(iii) The “deterministic” switching D* follows dD¢ =1 (start working) if and only if w, > 0, and
for t >0,
dD} =1w, e, —o+ 1w, 0., -1 (14)

Figure 1 A Sample Trajectory for the Agent’s Promised Utility Following a General Contract of Definition 1

tl t2 t3 t4 t5 tﬁ t?
Notes. In this figure, p=0.5, r=0.2, R=2, p =2, Ap=1.2, and ¢ =b = 0.3, where we set wo=0.5, 8 =0.1, w =0.2,

#=0.32, and @ = 0.65. The dotted vertical line at time ¢, depicts the payment.

Figure 1 depicts the dynamics of the promised utility following a general contract of Definition 1.
As we can see, the agent is working at time 0, and the promised utility starts at wy and gradually
decreases until the first arrival at time ¢;. At this point in time, an upward jump of S would take
the promised utility above @w. Therefore, the promised utility instead jumps to w, and the principal
pays the agent W, _ + 5 —w (depicted by the dotted line at ¢;). No further arrival occurs until
time t,, when the promised utility reaches w. From this point on, the promised utility stays the
same at w, while a random switching occurs with rate ¢* = p(w — w)/w. At time t3, there is an
arrival before a random switching occurs, which causes the promised utility to jump up by 8. The
promised utility decreases to w again at t4, and the random switching occurs at time t5, which
brings the promised utility to 8. At this point the agent is suspended, until the promised utility
increases to # at tg. There may be arrivals between t5 and tg if >0, but these arrivals do not
affect the dynamics of the contract. At time t4, the principal (deterministically) switches the agent
to working again. Time epoch t; sees another arrival, which triggers the promised utility to jump
up by S.

More generally, according to Definition 1, all the components L*, D*, and ¢* of the contract I'*,
as well as the promised utility process {W,}s0, are completely determined by parameters (8,0, 0, 0)
starting from wy. In particular, (11) indicates that the promised utility generally decreases with

a slope p(w — W;_) when W,_ € (w0, W] and the agent is directed to work, except when there is
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an arrival (dN; = 1), which triggers an upward jump of magnitude (W — W;_) A 8. This implies
that the promised utility is never above w. When the promised utility decreases to w, it stays
at that level until either an arrival (d/V; = 1) or a random switching of state (d@Q; = 1) occurs.
According to (12), the random switching only occurs if @ > 6 and when the promised utility is
at w. When random switching happens, (11) further indicates that the promised utility takes a
downward jump from w to §. Furthermore, the last term of (11) indicates that when the agent is
under suspension, the promised utility keeps increasing at rate pW,_ regardless of whether there
are arrivals. The increasing rate corresponds to accrued interests if we consider the promised utility
as a bank account balance.

According to (13), payment only occurs when the agent is directed to work. Besides reimbursing
the effort cost (bdt), the principal only pays the agent when an arrival occurs and the current
promised utility is within 8 below w. The instantaneous payment, W;_ + 3 — @, plus the corre-
sponding upward jump in (11), @w — W,;_, is exactly 3.

Finally, (14) implies that the principal directs the agent to stop working when the promised
utility decreases to @ and to start working again when the promised utility increases to 8. Therefore,
if § = w, there is no random switching, and the switching policy is similar to the traditional
“control-band” policy between the two thresholds § and 6.

REMARK 1. Note that suspending the agent serves as a type of punishment. Before the promised
utility decreases to the threshold @, any arrival brings an upward jump in the promised utility,
which makes the agent closer to getting paid, if not already being paid. However, as soon as the
agent is suspended, it takes a fived period of time with length (Inf —In@)/p for work to resume.
Because the effort cost is reimbursed, from the agent’s point of view, the only difference between
working and suspension is that working brings potential rent payment, while suspension delays
future rent payments for a period of time. Therefore, suspension serves as a threat to the agent,
who is less patient than the principal (p > r). If the lower threshold € is 0, the length of the
suspension period becomes infinity, that is, the suspension is permanent, which is equivalent to
contract termination. =

Following Definition 1, if @ = w, upon reaching w, the promised utility does not decrease any
more, and the agent is paid 8 for each future arrival. (Figure 1, on the other hand, depicts the
case that @ < w, and W > @ > 0.) Therefore, after reaching w the contract becomes the contract
I’ defined in the end of the last section. In fact, contract I' can be expressed as a special case of
I'*(wo; 0,w,0,®), such that

[ =D*(w;0,0, o, @). (15)

If # = w > 0, there is no random switching, and contract I'*(wy;#,w,0,%) demonstrates a

“control-band” structure, where the promised utility is moving between 6 and 6, unless an arrival
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triggers an upward jump to carry the promised utility to (6,]. In this case, the agent is never
terminated, as long as wg > 0.

If = 0, then following contract I'* (wy; 0,10, 0, @), whenever the state switches to (), the promised
utility must have hit § = 0. At this point, the contract is terminated.

Another special case is not to hire the agent from the beginning, or,
L:=T%(0;0,w,0,0). (16)

In this case, the agent’s promised utility starts at wy = 0, and never climbs to be positive according
to (11). Therefore, the specific values of 8, W, , and @ do not matter.
Later in this section, we see that contracts I' and I, and other special cases of the general
contract structure I'* (wy; 6,0, 0, @) could be optimal under different model parameter settings.
Before we close this section, we have the following result, which implies that if the contract I'*

starts the continuation utility at wg, then it delivers the agent the total utility wy.

LEMMA 1. For any 6,0,0,% such that 0 <0 <w <0 <O <w, we have
U (F*(wo;Q,iﬂ,é,@), v(T*(wo; 0,0, 0, @))) = wy, Ywy € {0} v [w,D]. (17)

In order to specify a particular contract, including the optimal one, we need to identify not only

the four parameters @, w, 6, @, but also the initial promised utility wp.

3.2. Optimal Contracts
In this section, we summarize the main result of the paper. In particular, we present optimal
contract structures under different model parameter settings. We leave the detailed optimality
analysis to the next section.

We first provide an optimality condition, in the form of quasi-variational inequalities, and show
that any function that satisfies these conditions must yield an upper bound of the optimal value
Z defined in (7). In order to prove that the dynamic contracts that we will specify later in this
section are indeed optimal, we show that our dynamic contracts achieve the upper bound.

We claim that the optimal value function is concave, although it may not be differentiable on
its entire domain. Therefore, denote C to be the set of all continuous concave functions defined on
R, . It is worth noting that any continuous concave function is differentiable except on a countable
set of points. If a function f e C is not differentiable at point w > 0, we abuse notation and use
f'(w) to represent its left derivative at w. Define operators A, and 4y that map a function feC

to functions A, f and Ajpf, respectively, such that for all w >0,

(Af)(w) := (p+7)f(w) = pf(w+ B) + p(0 —w) f'(w) = (WR = ¢) + (p—r)w, and  (18)
(Ao f)(w) :=7f(w) — pwf'(w) + (p—r)w— Rpy. (19)

Equipped with these notations, we are ready to present the following Verification Theorem.®
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THEOREM 1. Suppose there exists a pair of nondecreasing functions Vi and Vy in C, such that

(AV)(w) =20, (ApVp)(w) 20, (20)
0 < Vi(w) — Vp(w) < K, and (21)
Vi(0) = v, Vp(0) =2 v, (22)

for any we R,. Then, for any contract T € € and value w € [0,0) such that w(T',7(T")) = w, we

have

Ul < Vp(w) —w.

Therefore, we have

max {Vp(w) —w} = Z.

wel0,00)

Theorem 1 indicates that Vj(w) — w is an upper bound for the principal’s utility under any
contract in € that yields an agent’s utility w. Therefore, we can interpret the function Vj(w) as
an upper bound for the societal value function that contains both the principal and the agent’s
utilities. In fact, function Vi(w) can also be perceived as an upper bound for the societal value
function if the system starts from state | instead of (), as if the agent has been working when
the contract starts. The quasi-variational-inequality-based optimality condition (20)—(22) may not
appear intuitive. Therefore, in Section EC.1.1, we provide a heuristic derivation, which reveals
how we obtain these conditions. In a nutshell, the condition (20) describes the shape of the value
functions; the condition (21) reflects that switching from suspension to working costs K; and the
condition (22) captures the intuition that without the agent (the agent’s promised utility w = 0),
the societal value is v as defined in (8).

If both functions V| and Vj are differentiable on R, , then this result is a classic verification
theorem, which is extensively used in the optimal control literature. In fact, a typical method of
obtaining an optimal control policy, which is called the “guess-and-verify” approach, consists of
two main steps. In the first step, we guess a candidate control (contract) structure and its related
value function. In the second step, we use the Verification Theorem to establish that this function
indeed provides an upper bound of the optimal value function, and is achievable under the guessed
contract. It is worth mentioning that the control space in our dynamic contract problem includes
potentially randomized control, which is rich enough to achieve the corresponding upper bound.
We now present our main result in the next theorem, and leave its justification to the next section

of the paper.

THEOREM 2. Given model parameters r, p, b, ¢, p, and p, the optimal contract demonstrates

the following three possible structures.
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(i) If the fived cost K > K(R), in which K(R) is an increasing function of R to be defined in
Section 4.1, the optimal contract is U'. That is, it is optimal not to hire the agent at all.

(i) If p—r > p, there exists a value R and a non-increasing function K(R) for R= R, to be
specified in Equations (28), (33), and (34) later in the paper, such that for R > R and K €
[K(R), K(R)], contract T is optimal. That is, it is optimal to hire the agent and offer payment
B to each arrival from the beginning.

(iii) If K, R, p, v, and p do not satisfy either condition above, then there exist four parameters
(0,,0,0) such that 0 < < <0 <@ <w, and an initial promised utility wy, such that the

contract T'* (wO;Q,lﬁ,é,@) is optimal.

Figure 2 Partition of the (R, K) Plane Based on Optimal Contract Structures

— K
K
11
< I S
II1
0 -
R
R

Note. In this figure, r=0.2, p=1.5, c=b=0.2, Ap=0.7, and p=1.

Figure 2 demonstrates the optimal contract structures summarized in Theorem 2. First, if the
switching cost is above K(R) (Region 1), it is optimal for the principal not to hire the agent at all.
This is intuitive because if the fixed cost is too high to set up the operation, it is not worth hiring
the agent. Second, if the switching cost K is lower than the threshold K(R) but above K(R),
then it is optimal for the principal to hire the agent and start paying 5 for each arrival. Note
that this case can be equivalently expressed as that the revenue R is higher than a K-dependent
threshold (Region II). This is also intuitive, because if the revenue R is high enough, it is not worth
suspending or terminating the agent, which would forfeit the higher arrival rate to receive the
revenue. Finally, the third case in Theorem 2 corresponds to the following possibilities: (i) p—7r < p
and K < K(R); (i) p—7>pu, R<R, and K < K(R); and (iii) p — 7 >y and K < K(R). That is,
both K and R are lower than their respective thresholds (Region III). In this case, the optimal
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contract takes the general form of I'* (wo; 0,w,0, 13) following Definition 1. Figure 2 depicts model
parameters such that p —r > u. If p —r < p, on the other hand, K(R) is not well defined, and
Region II no longer exists in the figure.

REMARK 2. It is worth discussing how to implement the richest structured contract
I* (wo;Q,lﬁ,é, @) in practice. Although the dynamic of the promised utility may look intricate,
the contract implementation can be quite simple. At any point in time, the principal just needs to
show when the agent needs to bring in another arrival in order to prevent suspension from kicking
in. For example, let us first consider the situation that w = @, that is, there is no random starting
of suspension. Following the dynamics (11), in particular, dW, = —p(w — W,_)dt, the promised
utility evolves according to W, = w — (w — W,)e”*= for s >t without an arrival. Consequently, if

the promised utility is W; at time ¢, it takes a period of time with length

d(W,) := ;m <;“__I;”V/t) , (23)

for the promised utility to decrease to  without an arrival.

Therefore, in the very beginning and right after each arrival at time ¢ while the agent has been
working, the principal just announces a “deadline” at d(W,) + ¢, before which the agent needs to
bring in an arrival to prevent suspension. This deadline does not change over time unless an arrival
occurs. If an arrival does occur at time t before the deadline when the promised utility takes value
W,_ right before the arrival, the suspension deadline is postponed to a new epoch following (23),
in which W; takes value (W,_ + 3) A w. (As mentioned before, if W;_ + > @, the agent is paid
W,_ + f —w for this arrival.) In case there is no arrival before the deadline, the agent is suspended
for a fixed period of time, as mentioned in Remark 1. Therefore, the contract can be implemented
as a sequence of changing suspension deadlines announced after each arrival and at the end of each
suspension episode.

If w > 0, on the other hand, the principal also needs to randomize suspension. In this case, if
there is no arrival after the deadline d(W;) +t, then the principal and agent can use some commonly
observable randomization device (for example, the last two digits of a stock index) to implement
the random start of suspension. o

Before we close this section, it is worth looking at an example that numerically demonstrates
the optimal contract described in Theorem 2.

ExaMPLE 1. Consider the real estate agency example mentioned in the introduction. On aver-
age, each rental sales representative brings in between 1 and 2 new tenants per month. Therefore
we set u =1 per month. Assume that without the representative’s effort, no tenant arrives, or

=0 per month. Following our conversations with Hong Kong real estate agencies, it is reasonable
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to set R = 20000 Hong Kong dollars (HKDs), which is about one month’s rent that the agency
charges for an average apartment. Following a representative’s base salary and sales bonus levels,
we set ¢ = b=4000HKDs/month, implying 5 = 4000HKDs. We also set the time discount rates to
be r =0.0088 and p = 0.0297 per month, corresponding to annual discounts of 10% and 30% for
the principal and the agent, respectively (Dohmen et al. 2012). Consider a very modest switch-
ing cost K = 100HKDs. Following Theorem 2, the optimal contract is I'*(wy; 6,0, 0, @), in which
wo = 39502.07, 6 = 10990, w = 10990, = 15506.26, and @ = 51557.05, all in terms of HKDs. That
is, if the promised utility reaches w, the sales representative has 12.95 months to bring in a new
customer to avoid suspension. Each suspension episode lasts 4.56 months.

In the next section, we provide the proof analysis for Theorem 2, relying on Theorem 1 and

construction of value functions for different model parameter settings.

4. Analysis for Theorem 2
In this section, we present the main steps to prove Theorem 2 based on the “guess-and-verify”
approach described in the last section. First, we follow Theorem 1 to study potential forms of the
value functions. Many details of the proofs are presented in the e-companion.

In order to identify optimal value functions, it is worth considering functions that satisfy con-
ditions (20) and (22) with equality. First, consider the suspension state (). A function V(w) that
satisfies V(0) = v and the ordinary differential equation (AyV')(w) =0 must have the form

Ve(w) =v+w+cw™”, (24)

for some constant c. Later in the paper, we show that the suspension state’s value function indeed
takes this form under certain model parameter settings and for certain w values.

Next, we consider the working state |. In particular, consider a generic function Vg that is
differentiable on [0, w] for some w < w, takes a constant value for w > W, and satisfies (20) with

(A V)(w) =0. That is, Vj satisfies the differential equation
(1 + 1) Va(w) = Vi (w0 + B) A ) + p(i0 — w)Vi(w) — (uR— ) + (p—r)w =0,  (25)
with boundary condition
Va(w) = V (), Yw = 0, (26)

in which V() is defined as
7 (w) = =€ _T(p —rw. (27)

such that V(w) =V. Lemma EC.2 in Section EC.3.1 establishes the existence and uniqueness of

function V3 (w), and summarizes its key properties.
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We also desire the boundary condition V3(0) = v. Figure 4(a) demonstrates an example in which

we can find a w value such that this boundary condition holds. As we can see, if we increase W to
take three different values, w;, W,, and w3, the entire function decreases as W increases, consistent
with Lemma EC.2. This implies that at w =0, we have Vg, (0) > V;,(0) > V4,(0). In particular,
we can identify a particular @ = W, such that Vg, (0) = v. Following Lemma EC.2, this situation
(28)

(p—r)p
p

corresponds to model parameters that satisfy the following condition.
p—p
A ' ]ﬂ
p(p =7 — 1)

CONDITION 1.
W= p—r7or R<R:= {b—i-
Condition 1 means that either the time discount (patience) levels between the principal and the

agent are not too different (their difference is not more than the arrival rate under the agent’s

effort) or the revenue per arrival is low enough.
Solutions to Differential Equation (25) as @ Varies

1

Figure 3
Vi, (0)
Vi, (0) = v /
I/I
!
!
!
g
!
! P
/ —Va|
H == Ve,
/ —Va|
/I Va (0) v 2
1 L L y L ;
Wy W3 w 0 w1 W W
(b) Value Functions under Condition 2

(a) Value Functions under Condition 1

VU:‘5(O)O
Notes. (i) For the left panel, r =0.2, p=0.5, c=0.2, R=2, Au=0.7, and p = 2. In this case, w = 1.14, and we let
w1 = 0.6, w2 = 0.9, and w3 = 1. (ii) For the right panel, r=0.2, p=1.2, ¢c=b=1, R=5, Au=0.8, and 4 =0.9. In

this case, w =0.94, and we let W, = 0.6, w2 = 0.85, and w3 = .
However, in general, we may not be able to find a value @ < w to satisfy the boundary condition

Vz(0) = v. Figure 4(b), for example, depicts another model parameter setting such that as we

increase w to approach w, the corresponding limiting value V;(0) is always higher than v. In this
case, we cannot use (25)—(26) to determine the optimal value function. This situation corresponds

to model parameters that follow the next condition, opposite to Condition 1.°
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CONDITION 2.

w<p—rand R>R.

Condition 2 states that the principal is much more patient than the agent (their discount rates
different by more than the arrival rate under the agent’s effort) and that the revenue for each
arrival is high enough.

Generally speaking, the solution Vy; that satisfies (25) with boundary condition (26) may not be
concave; see Cao et al. (2022) for such an example. Therefore, we may need to construct a concave

value function according to the following result.

LEMMA 2. For any we (0,w), consider the function Vg that uniquely solves (25)—(26).
(i) There exists a W-dependent threshold w(w) € [0, W), such that VZ(w) <0 over w € (w(w),w)
and VZ(w) >0 over we [0,w(w)). Moreover, we have w(w) < (1—1/p)p.
(ii) Define function
Vet { FEETD VD) - o= 0. we ) 0
w(w A W), w € [w(w), ).
Function Vg(w) is increasing and concave in w on [0,).

(iii) Fizing any W, and Wy with 0 < W; < Wy < W, we have
Vi, (0) > Vg, (w), and Vi, (w) < Vg, (w),Yw € [0,@,).

Therefore, if function V3 is not concave, we construct a concave function Vg by attaching a linear

piece on [0,W(@)) to the concave part of function Vi(w) for w = w(@). This function is closely

related to the optimal value function when the state is |, as we show in the next two subsections.

4.1. High Switching Cost K (Area I of Figure 2)
In order to properly define the threshold K(R) in Theorem 2, we need to consider Conditions 1
and 2 seperately. For notational brevity, we drop the dependency on R for K (R) and K(R) defined

in Theorem 2 in this section.

4.1.1. Condition 1. Under Condition 1, the optimal value function for state | relies on the

following result.

LEMMA 3. Under Condition 1, there exists a unique W in [0,w) such that V¢ (0) = v, in which
the concave function Vg is defined in Lemma 2 with W replacing w. Furthermore, if w(W) > 0, then
V1 (0) = Vi (@()) > 1.

Lemma 3 allows us to uniquely identify an upper bound w and a function Vg, which is independent
of the switching cost K, along with a lower bound w(Ww), as defined in Lemma 2. If w(W) > 0, the
value function Vg is linear on the interval [0,w(w)), which is associated with randomized control.

We first consider a very high switching cost.
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PROPOSITION 2. Under Condition 1 and K =V (W) — v, in which the upper bound W is defined

according to Lemma 3 and function V(w) is defined in (27), functions
Vi(w) = Vs (w) and Vop(w) =

satisfy the optimality condition (20)—(22). Furthermore, U(L) = v, in which contract T is defined
in (16).

Following Theorem 1, we know that for any contract I such that the agent’s utility u(I") = w, we
have

Ul)<v—w<v=U(L),

in which the last equality follows from Proposition 2. Therefore, contract [’ is optimal under

Condition 1 and K > V(VAV) — .

LEMMA 4. Under Condition 1 and K <V (W) —u, there exist K -dependent values 0% € [W(W), W]

and m* €]0,V%(0)] such that
Ve (05) =m0 + K +v, and V5, (6%) =mX. (29)

Furthermore, we have that 0% is increasing in K, m* is decreasing in K, and limg o 0% =0 (W).

With the help of m®, we can define the following bound for the switching cost K, which corresponds

to the bound K in Theorem 2 when model parameters satisfy Condition 1:
K;:=inf{Ke (0, V(W) —v] | m" <1}. (K1)

Geometrically, Lemma 4 implies that the line m®w + v is tangent to the curve Vg(w) — K at

w = 0%, Therefore, we define the following societal value function for state 0,

K JK
m*w + v, wE[O,G ]], (30)

Vo(w) = {V@(w) C K, we 65,7,
which is clearly concave, and linear on [0,6%| with slope m”. For any K > K, the slope mX is
less than or equal to 1 according to (K1) and Lemma 4. Therefore, the corresponding principal’s
utility function, Vj(w) — w, is monotonically non-increasing and taking its maximum value at
Vo(0) =v=U(D).

Similar to Proposition 2, we have the following result.

PROPOSITION 3. Under Condition 1 and K € [K,, V(W) —v], functions Vi(w) = Vg(w) and
Vo(w) as defined in (30) satisfy the optimality condition (20)—(22).
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Therefore, the only difference between Propositions 2 and 3 is the value function for state (). The
optimal contract is the same [', which is not to hire the agent. Figure 4 shows an example of
the societal value functions. It is clear that Vj(w) is linear over the interval [0, oK ] Furthermore,
functions Vi(w) and Vj(w) are “parallel” with a difference of K for w > 6%. At time ¢, if the state
&, = () and the promised utility W, > #% (which would never happen under the optimal contract), it

is optimal to switch the agent to work, which explains the difference K between the value functions.

Figure 4 lllustration of Optimal Societal Value Functions for Area | of Figure 2
- Y : é
-~ %
K K
vb==""" L -
0 0% w

Notes. In this figure, 7 =0.2, p=0.5,c=b=0.2, R=2, Ap=0.7, K =4, and p=2. Hence, w =1.14, V(W) = 17.67,
and v =13.

4.1.2. Condition 2. Define a threshold for the switching cost
Ky:=V —v—w. (K2)

Under Condition 2, function V; from Lemma 3 no longer exists, because the boundary condition
Vi(0) = v does not hold for any @ € [0,w]. In this case, the principal needs to set the agent’s
promised utility at w or 0, but never in between. The corresponding value function is linear over

the interval [0,w], connecting v at w =0 and V at w = w, where V is defined in (10).

PROPOSITION 4. Suppose model parameters satisfy Condition 2. If K >V — v, functions

V—u 0.
Ww):= ¢ 2+ g weltel (31)
V, w = w,
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and Vy(w) = v satisfy the optimality condition (20)—(22); if Ky < K <V —uv, on the other hand,
functions Vi(w) defined in (31) and

L Yu-K 0,
Vo(w) i= 4 L+ = rw, we 0., (2)
V—K, w =W
satisfy (20)—(22).
V—v—K

Note that if K > K, the slope < 1, which implies that the function Vj(w) —w is

monotonically decreasing. Therefore, for any contract I" such that u(I') = w, we have
U(L) == Vh(0) > Vo(w) —w> U(D),

which implies the optimality of contract L.
To summarize, define K to be K; under Condition 1 and K, under Condition 2. The following

result corresponds to part (i) of Theorem 2.
THEOREM 3. If K > K, it is optimal for the principal not to hire the agent.

4.2. Medium Switching Cost K or High Revenue R (Area II of Figure 2)
We first provide the following expression for the threshold K(R), which is well defined under
Condition 2:

1 o 1—r/p
K=JQR%:r{RAu—c—ﬁu—pJf_uBRAM—@imiﬂﬁ ;5] 'W“}ﬂmmﬁ1@$
in which R := [Z + M} B. (34)

The following result helps us identify the value function Vj.

LEMMA 5. Under Condition 2 and K € [K, K,), there exists a set of K-dependent parameters

(cre,mi, 05 ) with

cg >0 and mKe{p_p;iM,V;v>, (35)
such that
Ve (0r) =V +my (w — o), (36)
V;K (0y) =mg, and (37)
Ve (0)=V - K, (38)

in which V., is defined in (24) with cx replacing c. Furthermore, we have that cx is decreasing in

K, mg is increasing in K, and 0 is decreasing in K.
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We first define function Vj(w) by extending function V., to include w > w:

b= { S &

Futher define the following function for state |, which is obtained by smooth-pasting between the

function V., and a linear piece for the interval [0, w]:

YCK(w)7 w€[07QK]7
Vilw) := § V +mg(w —w), we[d,w], (40)
Vv, w > w.

Figure 5 gives an example of the societal value functions Vj(w) and Vj(w), as defined in (40)
and (39), respectively. As we can see, the two functions are the same for w < 8, and have the
same derivative at w = 0. The two functions then diverge for w > 6., with function Vj(w) being

piece-wise linear in this interval. For w = w, both functions become constant, and differ by exactly
K.

Figure 5 lllustration of Optimal Societal Value Functions for Area Il of Figure 2

VI

v i i
0 QI( w

Notes. In this figure, r =0.2, p=0.5, c=b=0.3, R=10, Ap=0.2, K =1.6, and = 0.6. Hence, w=0.9, §, =0.1,

V =24.9, and v = 20.

PROPOSITION 5. Under Condition 2 and K € [K, K,), functions Vy(w) and Vi(w) as defined in
(39) and (40), respectively, satisfy the optimality condition (20)—(22).

Furthermore, for any w =0, we have
U(f)zV—zD—Ksz(w)—w, (41)

in which T is defined in (15).
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The fact that V., (w) > 1 for any ¢ and w implies that the derivative of Vj(w) is higher than 1 for
any w € [0,w). Therefore, function Vj(w) —w is maximized at w. Hence, for any contract I' that

yields the agent’s utility «(T") = w, we must have
V(D) < Vo(w) —w < Vo) —w < U(T),

implying the optimality of contract I'. To summarize, we have the following result, which corre-

sponds to part (ii) of Theorem 2.

THEOREM 4. Under Condition 2 and K € [K, K,), it is optimal to hire the agent and pay (3 for

each arrival.

4.3. Low K and R (Area III of Figure 2)
More interesting and richer structure occurs under the following condition.

CONDITION 3. The model parameters satisfy either Condition 1 and K < K or Condition 2 and
K< K.
In this case, the value function for state | is no longer Vg (w). Recall the function Vg defined in
Lemma 2 for any w € (0,w). When the switching cost K is low, the additional boundary condition
that allows us to identify a particular @ to obtain a value function is no longer at w = 0. Instead, we
need to identify the threshold @, at which point the value functions for states () and | are connected.
In particular, when the promised utility is below @, the principal should suspend the agent, which
allows the promised utility to increase, according to (11). For state (), we use function V.(w) defined
in (24) as the value function. The next result allows us to identify all the parameters, including

the constant ¢ in (24).

PROPOSITION 6. Under Condition 3, there exists a set of parameters (c,w,9,9) with ¢>0 and

¥ <9 <W<W, in which % is defined in Lemma 3, such that

Vi (9) = Vc(9), (42)
V5 (9) = Vi(9), (43)
Ve (9) =V (9) + K, and (44)
Vi (9) = VA(D) > 1, (45)

in which Vg, is defined in Lemma 2 with W replacing w, and V. is defined in (24) with c replacing

c. Moreover, we have ¥ > w(W), in which (W) is defined in Lemma 2(i), with W replacing @.

Equations (42) and (43) are called value-matching and smooth-pasting conditions, respectively,

in the optimal control literature, and these occur at the promised utility threshold ¢ when the state
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is switched from | to (. Similarly, (44) and (45) specify the value-matching and smooth-pasting
conditions when the state is switched from () to | at promised utility ¥, except that the values
between the two states differ by K. The proof of Proposition 6 is rather intricate and takes four
key steps, as shown in Section EC.3.9. Relying on these key steps, we illustrate how to compute ¥
and ¢ in Section EC.1.2.

Equipped with Proposition 6, we define the following optimal value functions:

V(w), we[0,9),

V(w), wel0,9),
M(w)::{Vw(w),wZ& (w) €[0,7)

Va(w) — K, w=9. (46)

and Vi)~ {

Figure 6 depicts functions V| and Vj defined in (46). In particular, functions Vj(w) and Vj(w)
are identical for w < 9. Furthermore, function Vj(w) is linear in the interval [¢,w(w)], while Vj(w)
remains to be V.(w) for w < 1J. For higher w such that w > 1, however, function Vj(w) is a parallel

shift of Vi(w), where the two functions differ by K.

Figure 6 lllustration of Optimal Societal Value Functions for Area Il of Figure 2

S
I

0 w(w) 9w

Notes. In this figure, r =0.05, p=1,c=b=0.3, R=112, Au=0.1, K =40, and = 1.95. Hence, w =5.85, 9 = 0.18,

W(W) =0.45, ¥ = 5.22, and W = 5.62.

Note that by expression (45) of Proposition 6, the slope of Vj(w) at w = 9 is larger than 1.
(Figure 6 does not appear this way because of different scales of the z and y-axes. — The value
of W is around 5, while the difference V(W) — V;(0) is around a few thousand.) This implies that

the principal’s utility function Vj(w) —w for state () is maximized at a point higher than .
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Now, we specify the optimal contract structure as follows. For any w € [ v w(W),w], define

contract

f‘(w) =TI (w; Qv (QV w(W)), ’57 VAV) s (47)
where we use notation a v b to denote max{a, b} for any a, b€ R. The term ¢ v w(w) as the threshold
w of Definition 1 implies that random switching from | to () occurs under this contract if and only
if ¥ < w(W). If ¥ = (W), on the other hand, contract I'(w) demonstrates the typical control-band
structure.

The following result implies that these contracts are indeed related to the optimal ones.

PROPOSITION 7. Under Condition 3, functions Vi and Vy defined in (46) satisfy the optimality

condition (20)—(22). Furthermore, for any w € [0 v W(W), W], we have
U(f(w)) = Vp(w) — w. (48)

Note that it is quite involved to verify that Vi(w) satisfies A;V; > 0 in condition (20) for w e
[0,9]. As one can imagine, we need to show that the function 4,V is always monotone in this
interval. However, this function is not convex. In the proof presented in Section EC.3.12, we have
to establish that either A,V/’s first-order derivative is negative, or its second-order derivative is
positive, throughout this interval. Together with the fact that the function A,V takes a non-negative
value and negative derivative at ¢, this guarantees A;V] = 0. Corresponding proofs in the existing
literature, such as Duckworth and Zervos (2001) and Vath and Pham (2007), are much simpler in
comparison. In particular, Vath and Pham (2007) rely on showing convexity/concavity to verify
quasi-variational inequalities.

The following theorem corresponds to part (iii) of Theorem 2.

THEOREM 5. Under Condition 3, the contract I'(w?) is optimal, in which w € [9, W] is a maz-

imizer of the function Vy(w) —w, where function Vy is defined in (46).

5. Discussions

In this section, we discuss three extensions to the basic model. First, we let the switching cost K
approach 0 in Section 5.1. Then, we study the cases in which there is also a fixed cost to switch
from state | to () in Section 5.2. Finally, we allow an extra cost per unit of time during suspension

in Section 5.3.



Cao, Sun, and Tian: Punish Underperformance with Suspension
Management Science 00(0), pp. 000-000, (© 0000 INFORMS 29

5.1. Switching Cost K Approaching Zero
In this subsection, we discuss impacts of the switching cost K on the optimal contract, especially
when K approaches zero. Note that when K = 0, if Condition 3 does not hold, the principal should

either not hire the agent or always motivate the agent to work.

PROPOSITION 8. Under Condition 3, thresholds 9 and ¥ defined in Proposition 6 are decreasing
and increasing in K, respectively. Furthermore, these two values converge to the same value as K
approaches 0, or equivalently,

Oy := %ﬂ%ﬁ =lim4d. (49)

K]0

The monotonicity of ¥ and ¥ implies that the limit 6, is an upper or lower bound for these
thresholds. In Section EC.1.2, we demonstrate an algorithm to compute the optimal contract for
general K values, in which computing 6, is the first step.

Proposition 8 also implies that, as K approaches 0, the control band between ¥ and ¥ diminishes.
Consequently, switching occurs more and more frequently. In the limit as K becomes zero, whenever
the promised utility reaches the threshold 6y, with a positive probability, the number of switchings
will approach infinity in a finite time period, and thus, the promised utility will oscillate around
fo. A similar, although not identical, phenomenon in the optimal contract structures arises in the
Brownian motion uncertainty case, as demonstrated in Zhu (2013), where the promised utility
becomes “sticky” when the promised utility reaches a threshold.

Intuitively, a high-switching-frequency control policy appears impractical. Therefore, it is instruc-
tive to reflect on basic modeling choices. If the switching cost is fairly low, it is often a good
practice to ignore it when building the first model. However, if the corresponding optimal switching
frequency is extremely high, any cost associated with switching cannot be ignored any more.

Although the optimal control is not practical if K =0, we can still study the corresponding
optimal value function, which sheds lights on the value of the suspension option, compared with
always inducing the agent to work until potential termination. By Proposition 8, we have the

following result, which allows us to construct the optimal value function for K =0.

THEOREM 6. Under Condition 3, the following quantities are well defined:

Wo:=limw, and ¢,:=limc, (50)
K0 K|lO

in which W and ¢ are defined according to Proposition 6. Further define function

Ve, (w), wel0,68],
Voo (w) := { Ve ((w)), w€>[00. !

Functions Vi = Vy =By, satisfy (20)—(22) in which we set K =0.
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Table 1 Parameters of the Cases with Relative Difference that is Greater than 10%

r wo | Ap/p|c/(RApR) | Relative Difference
00119 09 0.5 68.74%
0.011.45| 0.9 0.5 58.05%
0.01| 1 0.9 0.5 42.14%
011]19 ] 09 0.5 30.06%

0.1 [145] 0.9 0.5 28.36%
0.1 1 0.9 0.5 24.47%
0.01{0.55| 0.9 0.5 20.40%
0.1 10.55] 0.9 0.5 14.61%

Theorem 6 implies that as K approaches zero, the optimal value functions for positive K values
converge to a value function Uy, which is an upper bound of the optimal value function for
K = 0. Therefore, function Uy, serves as a benchmark for potential benefits of the switching option.
Proposition EC.1 in Section EC.1.2 describes how to compute the function Uy, directly, rather
than treating it as the limit of a sequence of functions.

Following Theorem 6, we define the optimal principal’s utility under K =0 as
U:= I;Iulg(})({mgo (w) —w}.

It is worth comparing this value with the principal’s utility without the suspension option, which

is obtained in Cao et al. (2022), defined as

U= {T{laxwzo {Vw(w) — w} , under Condition 1, (51)

V —w, under Condition 2.
Therefore, it is clear that if model parameters do not satisfy Condition 3, the switching option does
not bring any value to the principal. Under Condition 3, we conduct a numerical test to compute
the relative difference, (U —U)/U.

In particular, we consider the following model parameters. Fix p=1, R =10 and ¢ =b. Take r
from the set {0.01,0.1,0.5,0.9,0.99}, x from {0.1,0.55,1.1,1.45,1.9}, Ap/p from {0.1,0.5,0.9}, and
¢/(RAp) from {0.1,0.5,0.9}, so that model parameters satisfy Assumption 1 and r < p. Among
these 225 cases, 85 of them satisfy Condition 3. The mean of the relative differences among these
85 cases is 3.71%. However, in 8 cases, the relative difference exceeds 10%. We list the parameters
of these 8 cases in Table 1. As we can see, these cases correspond to r being very low (taking
values 0.01 and 0.1), u being not too low (no lower than 0.55), Ay close to p (ratio being 0.9), and
¢/(RAp) neither close to 0 nor close to 1. The maximum improvement of considering the switching

option can be as high as 68.74%.
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5.2. Positive Switching Cost From On to Off
Now, we briefly discuss a generalization of our basic model, which involves a fixed cost, call it IC,
for the principal to direct the agent to stop working, including terminating the contract. Instead of
providing a comprehensive summary of all results, we provide the key ideas and leave some details
for the reader to fill in.

The general contract structure, I'* of Definition 1, remains optimal. In order to identify the
specific parameters of the policy structure, we describe the optimal value functions.

First of all, in the verification theorem, condition (21) is revised to —K < V; — Vj < K, and
the second inequality in (22) changes to Vj(0) = v — K. The key idea for constructing the value
functions is that when w < €, function V| is a downward parallel shift of Vj by K. Accordingly, the

value-matching and smooth-pasting conditions of Proposition 6 become

Vi(®) =Vo(0) - K, V(€)= V;(0),

Vi(0) =Va(0) + K, and V/(0) = V;(0).

Figure 7 depicts the value functions. Similar to Figure 6, function Vi(w) is linear in the interval
w € [#,w]. Furthermore, for w < @, function Vi(w) is a downward parallel shift from Vj(w) by K,

while for w > 6, function Vj(w) is a downward parallel shift from Vj(w) by K.

Figure 7 lllustration of Optimal Societal Value Functions with Positive Switching Cost from On to Off
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\
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Notes. In this figure, r =0.05, p=1, ¢c=b=0.3, R=112, Ap=0.1, K=10, K =30, and p = 1.95. Hence, w = 5.85,

0=0.2, w=0.46, § =5.21, and © = 5.62.
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5.3. Extra Cost Per Unit of Time During Suspension

In practice, the principal may suffer an exogenous opportunity cost per unit of time whenever the
agent is under suspension. For example, when the firm is under competitive pressure, not having
access to the agent’s work may cost the firm more than the lost revenue. Hence, it would be
reasonable to incorporate a cost rate ¢, to the principal over the duration of suspension, in addition
to the fixed cost of restarting the agent that has been considered previously. Consequently, the
principal’s total expected utility after the termination, v, becomes (uR — c)/r, and the operator

Ay is changed to:

(Ao f)(w) :=rf(w) — pwf(w) + (p—r)w— Ru+c,.

Therefore, the solution to (AyV)(w) =0 with boundary condition V(0) = v still has the form
v +w + cw'/?. That is, the introduction of the suspension cost rate ¢, may change the value of v,
but not the form of the optimality condition. Going through the proofs, we find that the value
of v does not change our main results, although some derived quantities, such as R, need to be

modified accordingly.

6. Concluding Remarks

We have fully solved the optimal contract design problem that dynamically schedules an agent
to work and temporarily suspend work over time, depending on past arrival times. Our main
result shows that when the fixed cost to start working is high enough, the principal should not
hire the agent. Otherwise, if the revenue per arrival is high enough, the principal should never
suspend the agent and pays a fixed amount for each arrival from the beginning. If neither the
fixed cost nor the revenue per arrial is too high, the contract demonstrates a rich but also easy-to-
implement structure. In particular, the principal only needs to announce a deadline before which
the agent needs to bring in an arrival to prevent suspension after each arrival and at the end of
each suspension episode. If suspension happens, it lasts for a fixed period of time. It is interesting
to see that such an easy-to-implement contract structure turns out to be optimal.

The fundamental uncertainty in our model is the arrival process. Keeping the per-unit-time
revenue the same, if we scale the system such that the arrival rate becomes very large, uncertainty
essentially diminishes, and the system achieves its first best. In contrast, if the arrival rate is very
small, each arrival becomes so valuable such that the simple I' contract should be optimal. In
Section EC.1.4, we formally investigate these insights.

It is worth noting that there may be good reasons why in practice we rarely observe firms
using suspension as an incentive tool. For example, our model does not capture all the hidden

cost of maintaining an employee under suspension, who may become disgruntled, or leave the firm
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voluntarily. Otherwise, if the cost of replacing an agent is low, the firm may prefer to terminate
the contract and replace the agent immediately, instead of keeping the focal one under suspension.
As for any models, factors that are not captured deserve caution.

There are natural extensions to this model. For example, our model assumes that the principal
undertakes the fixed switching cost. There could be settings where this cost is incurred to the agent
and not observable to the principal. In such a setting, even if the principal reimburses this cost, the
contract needs to mitigate the incentive for the agent to divert this fund for other purposes instead

of switching on effort. Such a model poses additional challenges, and is left to future investigation.
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Endnotes

1. For its website, see https://hk.centanet.com/info/en/index.

2. A standard approach in this literature is to first focus on the class of contracts that only
motivate the agent to always work. After obtaining the optimal contract in this restrictive class,
the authors provide a sufficient condition on model parameters under which the optimal contract
indeed falls into this restricted class (see, for example, Demarzo and Sannikov 2006, Biais et al.
2010).

3. Here, we implicitly assume that the continuous part of L, L is absolutely continuous with
respect to the Lebesgue measure on R, .

4. Notation W,(I',v) represents the agent’s continuation utility after observing either an arrival
or a random switching that occurs at time ¢, which may trigger an instantaneous payment at time
t. Hence, in its definition (4), we use the Lebesgue-Stieltjes integral Stfjr to exclude the possible
instantaneous payment at time t.

5. The specific choice of the upper bound W is not important, as long as it is high enough such
that constraint (WU) is not binding at optimality. Technically, we need this constraint to establish
that a process related to W, (I',v) is a martingale in the proof of Theorem 1 that comes later in

the paper.
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6. Technically speaking, all time indices in the d¢ term in (PK) should be t—. However, it does
not make any difference as there is no jump in the d¢ term. This kind of confusion also appears in
other places, causing no harm to the results.

7. If the initial promised utility wy lies in (0, ), a public randomization is required in the optimal
contract, and if wy > W, there will be an initial instantaneous payment. It cannot be optimal for
the principal to set the value of wy in these two intervals. Hence, to reduce technical complexity,
we impose that wg € {0} U [W, W] without loss of optimality for the proposed contract.

8. In this paper, we use terminologies such as “increasing” and “decreasing” in the strict sense,
and specify “nondecreasing” and “nonincreasing” accordingly.

9. Condition 2 corresponds, but is not identical, to Equation (13) of Cao et al. (2022). The
difference is due to model assumptions. The model in Cao et al. (2022) assumes that the effort cost

is not immediately reimbursed, while it is in our model.
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E-Companion for “Punish Underperformance with
Suspension — Optimal Dynamic Contracts in the Presence of
Switching Cost”

In this e-companion, we present some further discussions in Section EC.1, and provide all the

proofs that are omitted from the main paper in Sections EC.2-EC 4.

EC.1. Further Discussions

This section contains four parts. Section EC.1.1 gives a heuristic derivation of the optimality
condition (20)—(22) for the optimal value functions V; and Vj, which appears in Section 3.2. Sec-
tion EC.1.2 demonstrates how to compute the optimal contract parameters. Furthermore, we con-
sider a special case of equal time discount in Section EC.1.3 and investigate the effect of arrival

rate under fixed revenue rate in Section EC.1.4.

EC.1.1. A Heuristic Derivation of the Optimality Condition (20)—(22)
In this section, we provide a heuristic derivation of the optimality condition for the principal’s
utility functions and of the main features of the optimal contract, whose main idea follows from
Section 4.1 in Biais et al. (2010). However, our arguments are not exactly the same, due to the
presence of switching and randomization. Let Fj(w) and Fy(w) be the principal’s optimal utility
function that yields an agent’s utility w when the initial state is | and 0, respectively.

For any t > 0, let us first characterize the evolution of the principal’s utility function Fg, (W;_).
Since the principal discounts the future utility flow at rate r, his expected flow rate of utility at
time ¢ is rFg, (W;—). This must be equal to the sum of expected cash flow, the (possible) switching

cost, and the expected rate of change in his continuation utility over (¢ —d¢,¢]. Hence, we have
Tth_ (Wt_)dt = [D{»R — (C — b)]]_gt=|]dt — st + Et— [—Fé(gt_, gt) + ngt (Wf)], (ECI)

where E, [-]:=E[-|F_].
Following the discussions in Section 3.2, we assume that for any ¢ € {I,0}, F.(-) is concave and
differentiable on R,. The actual value function might not be differentiable on the entire domain
R, , which is an issue frequently arising in the optimal control literature, and often addressed by the
viscosity solution approach. Since this section is devoted to a heuristic derivation of the optimality
equation for the optimal utility function F,, we assume that F. is smooth enough temporarily.
Recall that dL; = ¢;,dt + AL,. Note that under any admissible IC contract, 1

ve=p = ﬂ.gt:@ and

1 = 1¢,—;. Using (PK) and regarding F.(w) as a function of (w,e), we apply calculus of point

vi=p

processes to the process (W, ) to obtain

AFe, (W) = (pWie + ble, o — Hipy + q HY — 6) Y, (W,_)dt
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+ |Fe,. (Wy_ — AL,) — Fe, (W) + | Fe,_ (Wi + H,) — Fe, (W,_)|dN,
+ [Fe, (Wio — HY) — Fe, (W,)]dQ¢ + [Fe,(W,) — Fe, (W,)].

Plugging the above formula into (EC.1) and using E,_dN; = 7,dt as well as E,_dQ; = ¢;d¢t, we

have

rFe, (W,_)dt = [Rﬂt —(c=b)Lg,o — Lo+ (pWi— + b,y — Hyiy + q H — 0,) Fy, (W)
+ (Fe,_(Wi_ + H,) — Fe, (W,_))7, + (Fe,_(W,_ — Hf) — Fe,_ (Wt_))qt]dt
— ALf + th_ (Wt— — ALt) — th_ (Wt—) + Et— [ — K/(gt_, gt) + th (Wt) — th_ (Wt)] (ECZ)

Here, ¢;, AL;, H;, H{, q;, and & are all control variables. Besides, the contract might be ter-
minated at time ¢ by paying off the promised utility to the agent instantaneously. Hence, we have
Fe, (W) 2 v —W,. That is, F.(w) > v —w for any we R, and e € {l,0}.

We first optimize the constant-order terms on the right-hand side in (EC.2). Considering that

the optimized constant-order terms should be zero, we have

max, {—AL +Fe, (W —AL,)—Fe, (W,_)} =0, and (EC.3)
Jmax, {— k(& &)+ Fe,(Wy) — Fe, (W)} =0. (EC.4)
t i

Equation (EC.3) yields that F/(w) = —1 for any w e R, and e € {I,0}. Let . = inf{w > 0|
F!(w) = —1}. The concavity of F.(-) implies that at any time instant ¢, it is optimal for the principal
to pay AL, = max{W,_ —wg,_,0} instantaneously to the agent.

Equation (EC.4) yields that Fi(w) > Fy(w) and Fy(w) > F(w) — K for any w € R.. Besides,
E# & only if —k(& & )+ Fee (Wy) — Fe,_(W,) =0, where ¢ is lif e =0 and is ) if e = I.

Next, we consider the controls such that AL, =0 and & = &; . If we plug these values into
(EC.2), the symbol “=” should be replaced by “<” due to the suboptimality of these controls.
Comparing the dt-order terms on both sides of the resulting inequality yields

rFe, (W,_) > max {Rﬁt —(c=b)Leymi — by + (pWi +blle,o — Hy, + Hig,— 6) FL, (W)

+ (Fe,. (Wie + Hy) — Fe,, (W) + (Fe,_(W,— — Hf) — thf(Wt*))qt}7 (EC.5)
where the maximization is taken over the set of controls (¢;, H;, H},q;) that satisfies ¢, > blg,,
the IR constraint (5), and the IC constraint (IC).

Inequality (EC.5) can be written as two inequalities, for working and suspension states. If & =1,
by omitting the time index, (EC.5) becomes
rE(w) =2 Rp— (¢ = b) + (pw + b) F (w)
+ max{ 0 (£ + ph— qh?) E/(w) + p(Fy(w + h) — F(w)) + (F(w — h?) - F.(w))q}, (EC.6)
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where the maximization is taken over the set of (¢, h,h?,q) that satisfies
0>b, h=8, hi<w, ¢=0. (EC.7)
If &_ =0, then (EC.5) becomes

rEFy(w) = Ry + pwFj(w) + max{ — 0 — (L4 ph — gh®) Fj(w) + p(Fy(w + h) — Fy(w))

+ (Fo(w = h7) = Fo(w))a}, (EC.8)
where the maximization is taken over the set of (¢, h,h?,q) that satisfies
=20, hz—w, hf<w, ¢=0. (EC.9)

Recall that Vi(w) = Fi(w) +w and Vj(w) = Fy(w) +w. Then, based on the above discussions, we
have the following basic properties of V| and Vj:

1. Vi(w) = v and Vy(w) = v for any weR,.

2. V(w) 20 and Vj(w) >0 for any we R, (this follows from the fact that F{(w)> —1 and

Fi(w) > -1).

3. Both V| and V} are concave on R,.

4. Vi (resp. Vp) will take constant value on [0, 00) (resp. [Wy,0)).

5. Vi(w) = Vy(w) and Vy(w) = Vi(w) — K for any weR,.

We proceed to analyze (EC.6), which can be rewritten as follows in terms of V;:

rVi(w) = Ru—c— (p—r)w + (pw +b) V) (w) + max{ — 0V (w) + (Vi(w + h) = Vi(w) — hV}' (w)) p
+ (Vi(w = 1%) = Vi(w) +th|’(w))Q}, (EC.10)

where the maximization is taken over the constraints (EC.7).

Optimizing the right-hand side of (EC.10) with respect to £, we have ¢* = argmax,>,{—(V]'(w)} =
b if w e [0,w,), where we use the fact that V/'(w) > 0 for w € [0, @)).

Optimizing the right-hand side of (EC.10) with respect to h, we have h* = argmax;,_ 5{Vi(w +
h) —V/(w)h} = B, by noting that Vi(w + h) —V]'(w)h is decreasing in h on [0, 0), since V/'(w +h) —
W/ (w) <0 for any h =0 due to the concavity of V.

Note that maxjec, {Vi(w — h?) — Vi(w) + h?V/(w)} = 0. Hence, (EC.10) reduces to

mVi(w) 2 Rp—c— (p— r)w — p(w — w)V'(w) + p(Vi(w + B) — Vi(w)), (EC.11)

for we R,, which can be rewritten as (A V;)(w) = 0 by using the operator A, defined in (18).
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We next analyze (EC.8), which can be rewritten as follows in terms of Vj:

rVp(w) = Rz = (p = r)w + puVi (w) +max { = Vi (w) + (Vo (w + h) = Vo(w) — AV (w))
+ (Volw = h1) = Vo (w) + A1V (w))g}, (EC.12)

where the maximization is taken over the constraint set (EC.9).

Optimizing the right-hand side of (EC.12) with respect to £, we have £* = arg max>o{—¢Vj(w)} =
0 if w € [0,%y). Optimizing the right-hand side of (EC.12) with respect to h, we have h* =
argmax,,._,{—Vj(w)h + Vy(w + h)} = 0, by noting that —Vj(w)h + Vy(w + h) is increasing in
h for h < 0 and decreasing in h for h > 0 due to the concavity of Vj. Additionally, we have
maxpa<w{Vo(w —h?) — Vy(w) + h9Vj(w)} = 0. Consequently, (EC.12) can further reduce to

rVo(w) = Ry — (p —r)w + pwVj (w), (EC.13)

which can be rewritten as (AyVy)(w) = 0.

Summarizing the above discussions yields the optimality condition (20)—(22).

EC.1.2. Computing Contract Parameters
For K =0, we have the following results. Since these results have been established in the second

part of the proof of Proposition 8, we omit its proof.

ProprosITION EC.1. (i) Under Condition 1 and K, >0, we have 6, =0", where 0, and 6° are
defined in Proposition 8 and Lemma EC.5, respectively. Correspondingly, we have wqo = w(6,)
and co = C(0y), in which functions w(-) and C(-) are defined in Lemma EC.J.

(ii) Under Condition 2 and K >0, define a lower bound
(V-v)(p—r—p)—(p—r)@

pu(p/r—1)
Similar to Lemmas EC.4 and EC.5, for any 0 € (é,w), there exist unique values wW(0) € (6, w)
and C(0), such that if we set w =w(0), c=C(8), and ¥ =0, the value-matching and smooth-
pasting conditions (42) and (43) are satisfied. Furthermore, value §° := inf{f € (é,ﬁ)) |w'(6) =
0} is well defined, and we have 0y = 6°, Wo = @(6y), and co = C(6y).

514

For any 6 € (0,w), function h(w, ), as defined in (EC.71), is decreasing in w with h(@W(0),0) = 0.
Hence, w(f#) can be efficiently found by a binary search procedure, starting from lower bound 6
and upper bound w. Consequently, C'(#) can also be immediately computed as C1(w(8),8), with
Cy(w,0) defined in (EC.70). Therefore, following Proposition EC.1, in order to determine the
optimal contract parameters for K = 0 under Condition 3, we only need to find °. Based on the

definition of §° (see part (ii) of Proposition EC.1), this value can be determined by a line search to
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check at which point @W(#) is no longer increasing, starting from 0 under Condition 1 and K; >0,
or from é under Condition 2 and K > 0.

Computation of the optimal contract parameters for K > 0 is more complex. We only demon-
strate how to compute the control-band parameters (c,w,,9) under Condition 1 and K < K,
or under Condition 2 and K < K, as the optimal contract in other cases takes a simpler form.
Take the case under Condition 1 and K < K, for illustration. Note that for any 8 € (0,6°), the
value 6(0) can be determined by (EC.74) using a line search procedure. Hence, function (0), as
defined in (EC.75), can be readily computed for each 8 € (0,8"). Since, by Lemma EC.7, function
() is decreasing in § with ¥ (¢) = K, the quantity ¥ can be efficiently found by a binary search
procedure, starting from lower bound 0 and upper bound #°. The three other parameters, c, W,
and 9, are thus immediately computed as C(¥9), @W(¥9), and (2. For the case under Condition 2
and K < K, the only difference is that the initial lower bound for the binary search is é

The above procedure can be summarized by the following four subroutines.

Subroutine 1. Given §¢€ (0,w), compute w(#): Binary search on [¢, W] to determine w(#) accord-
ing to h(w(#),0) =0 where function h(w, ) is defined in (EC.71).

Subroutine 2. Given € (0,w), compute C(6): Following Subroutine 1, we obtain w(#). Then,
C(8) =Ci(w(0),0) with C1(w,0) defined in (EC.70).

Subroutine 3. Given f € (0,6°), compute §(6): Following Subroutines 1 and 2, we obtain 1 (6)
and C(0). Then, we calculate §() by (EC.74) using a line search procedure.

Subroutine 4. Given 6 € (0,6°), compute 1(#): Following Subroutines 1-3, we obtain @ (6),
C(9), and 0(0). Then, we compute (), as defined in (EC.75).

With the above four steps, the optimal control-band parameters can be computed by Algorithm 1

below.

Algorithm 1 Compute (c,Ww,d, ).

1: Line search to determine §° according to @'(f) = 0, in which function @w(#) is computed accord-

ing to Subroutine 1.
2: Binary search to determine ¥ according to () = K, where ¢ (d) can be computed using
Subroutine 4.

3: Following Subroutines 1-3, we obtain W =w("), c = C(9), and ¥ = 0(¥9), respectively.

EC.1.3. Equal Discount Rate
In the study of dynamic contracts without the switching option, Sun and Tian (2018) claimed,

without a formal proof, that under equal discount rates, it is optimal for the principal to always



ech e-companion to Cao, Sun, and Tian: Punish Underperformance with Suspension

induce the agent to work before contract termination. In our context with switching, this claim
corresponds to never switching the agent to suspension and then working again. Here, we provide
a formal proof that validates this claim for any K > 0.

When the two players’ discount rates are the same, that is, r = p, various expressions in the main

body of the paper become simpler. For example, the value V defined in (10) becomes

A (EC.14)
T

and the differential equation (25), which plays an essential role in deciding the optimal value

functions, becomes
(b +r)Ve(w) — pVe((w + B) A ) +r(w — w)V/(w) — (nR —c) = 0. (EC.15)

According to Lemma 3 of Sun and Tian (2018), differential equation (EC.15) with boundary
condition V,(0) = v has a unique solution V, on [0, @], which is increasing and strictly concave, with

V.(w) =V, for all w > w. Theorem 1 still holds, in which the operators A, and Ay are simplified to

(Af)(w) = (u+7) f(w) = pf(w+ B) +r(w—w) f'(w) — (pR—c), and
(Ao f)(w) =rf(w) — rwf'(w) - Ry,

respectively, for differentiable function f.

Furthermore, when r = p, effectively Condition 1 holds. In particular, we will show that the value
function for state | is V, defined above. Furthermore, the upper threshold V(W) — v in Proposition
2 becomes

K.,:=V,—v. (EC.16)

In order to define the lower threshold for the switching cost, we need to define the value function for
state (). Note that when r = p, function Vg becomes V., with W being @ and w(w) being 0. Hence,
following Lemma 4, if K < K., there exist K-dependent values 8% € [0,w] and m* € [0, V/(0)] such
that

V(05) =mm 0% + K + v, and V/(0%) =m*X.

Then, similar to (30), we define the following societal value function for the suspension state:

[ mBw+v, wel0,0%],
Vo(w) = { Vo(w)— K, we [HK,w]]. (EC.17)

Figure EC.1 depicts the value functions. It is clear that Vj is linear over the interval [0,6_71(].
Furthermore, Vj(w) and Vy(w) are “parallel” with a difference of K for w > 6¥.

The following theorem summarizes the optimality results.
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Figure EC.1 lllustration of Optimal Societal Value Functions with Equal Discount Rates
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Notes. In this figure, r=0.5, p=0.5, c=b=0.2, R=2, Au=0.7, K =1.5, and p = 2. Hence, 0% =0.51, @ = 1.14,

V. =76, and v=5.2.

THEOREM EC.1. Consider r=p. For any w =0, we have

U(T,0) =wv.

If K> K., functions Vi =V, and Vy = v satisfy (20)-(22).
If K < K,, on the other hand, functions Vi =V, and Vy as defined in (EC.17) satisfy (20)—(22).

Furthermore, if V! (%) > 1, for any w = 6%, we have
U0 (w:0,0, 18, 0)) = Vi) —w.

Proof. Using a similar argument as that in the proof of Proposition 2, we can show that (i)
U(L,0) = v, and (ii) under the condition that K < K, and m* > 1, U (I'*(w;0,0,w,w)) = Vp(w) —w
for any w > 0% with Vj as defined in (EC.17).

Next, we show that under condition K > K., functions V; =V, and Vj; = v satisfy (20)-(22). By
the definition of V., it is clear that A,V = 0. Moreover, (AyVp)(w) =rv — pR = 0 for any w > 0.
Hence, (20) holds.

Note that V, is increasing on [0,w] (see Lemma 3 of Sun and Tian 2018). Hence, for any w >0,
we have Vi(w) — Vy(w) = V,(0) —v =0 and Vi(w) — Vy(w) <V, —v = K, < K. Therefore, (21) holds.
Finally, it is evident that (22) holds.
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It remains to show that under condition K < K., functions V; =V, and Vj as defined in (EC.17)
satisfy (20)—(22). Obviously, AV} = 0. Moreover, we have

Vo(w) = Vo(0)

(AaTa) () = V() = Vi) = uft = (2

—%mﬂza

where the equality follows from Vj(0) = v, and the inequality follows from the concavity of Vj.
Hence, (20) holds.

If w > 0%, then Vi(w) — Vp(w) = K. If we[0,6%], then V' (w) — Vj(w) = V! (w) — V/(6%) > 0 due
to the concavity of V,, which implies that Vi(w) — Vy(w) = Vi(0) — V4(0) = 0 and Vi(w) — Vp(w) <
Vi(6%) — Vy(#%) = K. Hence, (21) holds. It is straightforward to see that (22) holds. o

Therefore, in the equal discount case, contract I'*(w?*; 0,0, w, w) is optimal if K < K, and m* > 1,
in which w* € [0,w] is the unique maximizer of function V, such that w* > #%. Otherwise, it is
optimal for the principal not to hire the agent at all. Note that because the threshold @ in contract
I'*(w;0,0,w,w) is zero, the principal does not direct the agent to stop working until the promised
utility has reached 0. At this point, the promised utility cannot become positive again, and the
contract is terminated. Therefore, in all these cases, it is never optimal for the principal to direct

the agent to stop working and restart later.

EC.1.4. Effect of Arrival Rate Under Fixed Revenue Rate

In this section, we investigate the effect of arrival uncertainty on the optimal contract. In particular,
we fix the revenue rates per unit of time (Ru and Rp), the cost rates (c and b), and the switching
cost (K), and see how the optimal contract changes with the revenue R. In particular, when R
approaches zero, the arrival rate effectively approaches infinity, and the system behaves more like
a deterministic one. In this case, mitigating uncertainty effectively removes the rent that the agent
is able to obtain. The system should become efficient. On the flip side, if R approaches infinity, the
system is extremely uncertain.

For this purpose, we fix A:= RAp and B := Ru and let them be fixed input parameters. In
this setup, we can write all results as well as relevant quantities appeared in the paper in terms
of A and B, with u and Ay replaced as = B/R and Ap = A/R, respectively. It is easy to check
that quantities v, w, V (), and V are all independent of R. Hence, the results in Theorem 2 still
hold. Moreover, we have the following result, which explores two extreme cases, the case of extreme
uncertainty (i.e., R 1 o) and that of no uncertainty (i.e., R | 0). Note that the first-best societal
utility, by considering whether or not to hire the agent, is

A _ +
RAp=c C—K} .

VFB::v—i—[
.
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ProposiTiON EC.2. Fixz model parameters A, B, ¢, b, and K.

(i) As R? oo, it is optimal for the principal to not hire the agent if K >V —v —w, and to hire
the agent and offer contract T' (paying B =bR/A to each arrival) otherwise.

(i) As R |0, it is optimal for the principal not to hire the agent if K = (A —c¢)/r. If K <
(A —c¢)/r, on the other hand, the principal will hire the agent and implement the contract
8 (wilts 9 (9% v w(wh)), 97, W) as defined in (47) and Theorem 5, in which the super-

script R highlights the parameters’ dependence on R. Furthermore, we have

limwi® =1im 9" = limw(WF) = lim 97 = limw” = 0, (EC.18)
RO RO RO RO 10
and
_ A+ B—
lim U (T (wg™; 0%, (" v w(wh), 9", ")) = AFXPTC goym (EC.19)
T

In either case, the optimal contract yields the first-best societal utility asymptotically.

Proof. First, we show part (i). Note that R > R if and only if

(A+B)(A=)Ap—blp—r)(A+B)] _

R>
p(p—r)(A2—cA—bA—bB)

Hence, Condition 2 holds as R 1 oo. Consequently, we have limpzy,, K =limpy,, Ky =V —v — % and
limpy, K =0 by (34). The result stated in part (i) follows immediately from Theorem 2.
Next, we prove part (ii). Fix any contract I € €. Define o :=inf{t > 0| &, = I}, which will take

value oo if the principal does not hire the agent under contract I'. We have

U[r) <E"™ fve_""t(RdNt leidt) — Y er(E - ,St)]
0

ot

=E"® J e_rt(R(/.L]].gt=|+H]].gt:(]))—c:ﬂ.gt=|>dt— 2 e_”/i(&_,é’t)]
0

ost<oo

<E"M) J e " Rudt + J e "(Rpu—c)dt — _”’K]

| /O

B e o) (RA“ K)

;
R . +

:M+<RMC_K> ,
r r

where the first inequality follows by plugging (LL) into (6), and the second inequality follows from
Assumption 1. Therefore, if K > (RAu —c)/r = (A —c)/r, then we have U(T') < Ru/r = U(L),
which demonstrates that it is optimal for the principal not to hire the agent. (We point out this

result does not depend on the value of R.)
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If K<(A—-c)/r, then we have
UT)<V(0)—K=(Ru—c)/r—K=(A+B-c¢)/r— K. (EC.20)

Denote the set of positive R’s that satisfy Condition 1 as R. Clearly, R € R when it is sufficiently
small. For any R€ R, Lemma 3 holds, which demonstrates that W’ is well defined.
To show the second assertion in part (ii), we need the following limiting result:

%%v@’? =0, (EC.21)

which will be proved later using a contradictory argument. This result further implies that
limpo KF =V (0) —v=(A—c)/r. In fact, note that the line w + v + K (as a function of w) is
above the curve VE, (w) for any Re R. Hence, we have KI* = VI, (W) - %" —v = V(W) - %" —v.
In addition, we have K < V(%) — v. Sending R to zero and using (EC.21), we obtain that
limpo KF = (A — ¢)/r. Consequently, Condition 3 holds as R | 0 if K < (A — ¢)/r, which demon-
strates that the contract IT*% (wxf; 9%, (9% v w(WT)), 9%, W) as defined in (47) and Theorem
5 is well defined, establishing the second assertion in part (ii).

The limiting result (EC.18) follows immediately by noting that w? < W from Proposition 6 and

using (EC.21). Applying Proposition 7 and Theorem 5, we obtain that

Ur (fR(WS‘R)) =VE (W) —wi — K = max {(Vi(w) —w} - K

> V(W) —wl - K =V(w)—-w-K,
which further implies that

limyinf U (fR(ng)) > lim {V(W") - W'} - K =V(0) - K

by (EC.21). This, combining with (EC.20), establishes (EC.19).

It remains to show (EC.21). Note that w € [0,w) for any Re R. Hence, {W} e is a bounded
sequence. If limgowf = 0 fails to hold, according to the Bolzano—Weierstrass theorem, there
exists a sequence {R,}neny with R, € R and lim,_,,, R, =0, and a number w* € (0,w], such that

Rn _

lim,,_,, W w*. Then, we show that

lim V72 (w) = —o0 (EC.22)

n—xL

for any w € [0,w*). Suppose, to the contradictory, that (EC.22) fails to hold for some w' € [0,w?).

Then, we have a subsequence {R,},sey with lim,, ,, R, = 0 such that lim,/ . VAR}Q' (w') exists and

n/

is finite. Recall from Lemma 2 that vaR(-) is continuous and increasing. Using a diagonalization
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argument, we can show that there exists a further subsequence {R,»} < { R, },ven and a finite-valued

continuous function v(-) defined on [w',w*] such that

lim V2" (w) = v(w) (EC.23)

n*)f

for any w € [w’,w#]. (First, we establish the weakly convergence of these functions at all ratio-
nal numbers on [w’,w#]; then we use these functions’ continuity and monotonicity to show the
weakly convergence on the entire interval [w',w*].) Moreover, v(-) is nondecreasing on [w',w?],
with v(w?) =V (w?).

Rewriting (25) in terms of A, B with p and j replaced, we obtain

p (0 — w) (VEY (w) + 1V (w) = (A+ B —¢) + (p—r)w = ;B {VVAVRR ((w+ bRy ) VFR(w)] ,

or equivalently,

=% {VVAVRR ((w + Z) A VAVR> — VVAVRR(w)] —(p+r)\VE(w)+(A+B—c)— (p—r)w.

Integrating the above equation from w to W# yields

p| (@ = FWVE ) — (@ = w) Vi (w)

:JjR{A;B [ng((uﬂf) A@R)—ng(u)] —(p+r)VE () + (A+ B —c)— (p—r)ut du.

Note that

~R wh

@ bR w (Ve (WF) = Vi S
[ [ (e By asm) vt au= | B CRROVD TGl e (R
. VR (#1) — Sw TVVAVR( )du we [0, wh 7]

Now consider Equation (EC.24) for the subsequence {R,~} and for any w € [wf,w*). As we
[0, wF — %] for sufficiently small R, by L’Hopital’s rule and (EC.23), we have

SZRHH I:V&R}?:" ((u + bR) A WRn") Vngﬂn( )] du b
n!l - Rn” A

—V(w*) — <v(w).

Therefore, letting n” — oo in (EC.24) and applying (EC.23), we obtain
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Therefore, v is differentiable, and thus the above equality can be written as
pwv'(w) =rv(w) —(A+B—c)+ (p—r)w,

by noting that w = b(A + B)/(pA).

Using the boundary condition v(w#) = V(w*), we have

o(w) = V() +w—wt + Lot [1— (o

T/p ¢ -
w*> or we [w',w],

which is decreasing on [w',w#], reaching a contradiction with the fact that v(-) is nondecreasing
on [w', w*]. Hence, (EC.22) holds.
Furthermore, we have lim,_,, VI (0) = —o0 by noting that Vi < V3 for any @ € (0,w). This

contradicts V1% (0) = v. The proof of (EC.21) is complete. o

As R approaches infinity, the arrival stream is extremely uncertain, and thus it is hard for
the principal to distinguish whether the agent exerts effort or not. Hence, it is expected that the
promised utility plays little role in the incentive and thus payment should be made completely
based on whether an arrival occurs or not. Part (i) of Proposition EC.2 validates this intuition.

Part (ii) of Proposition EC.2 states the result for another extreme case. As R approaches zero,
there is essentially no arrival uncertainty. In the absence of information asymmetry (in term of the
agent’s effort rate), the system’s first best can be achieved. In fact, the first-best societal utility is

V8 which indeed is asymptotically achieved under the proposed contract.

EC.2. Proofs of the Results in Sections 2 and 3
EC.2.1. Proof of Proposition 1

The proof of part (i) is exactly the same as that of Proposition 1 in Cao et al. (2022), in which
random termination instead of random switching may take place. The proof of part (ii) is similar to
that of Lemma 6 in Sun and Tian (2018). To keep this paper self-contained, we provide a complete
proof here.

(i) Define the agent’s total expected discounted utility conditional on F; as

g

t
= f e ”(dLs —bl,,—,ds) +e "Wy (T,v). (EC.25)

Hs=H
0

(T, v) := BV [ J e (dL, —b1,,—,ds)

0

In what follows, we omit (T',v) from all relevant quantities for the sake of easing notation. Given
an effect process v, we use Z[Ifl 1] 1O denote the set of arrival time epochs during [¢;,¢2]. Moreover,

we denote Z := I 1 and ZV :=Z . Similarly, we use I[Cflm] to denote the set of randomized
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switching time epochs during [t;,¢2] under the switching intensity process {g;};>0. Moreover, we
denote 7 := I[Qo,t] and Z9 := I[Qo,x)-

At any time instant (—, W,_ can jump to WCN triggered by an arrival at time (, or jump to
Wé‘? triggered by a randomized switching, or jump to WCL triggered by an instantaneous payment.
(Here, the agent’s promised utility will not jump caused by a deterministic switching.) Therefore,

we can decompose W, (for ( > t) into its discrete part

Z [(Wév - Wﬁ*)]]feIﬁc] + (WEQ - Wﬁ*)]]‘gel[Qt a + (WEL - Wé*)ﬂgezﬁ (]]
t<e<C : ,

and its absolutely continuous part

WCC = WC — Z [(WfN — WE_)]lseI[]XC] + (WEQ — Wf—)]lgelgq + (WgL _ Wg_)ﬂﬁezﬁ,g]] ,

t<€<(C
where we use I[Lt,g] to denote the set of time epochs in [t,(] such that a positive instantaneous
payment occurs. Hence, we have §EI[Lt’C] if AL >0 and £ € [t,(].
According to the definition of admissible contract, we know that both W} and WtQ is Fy-
predictable. However, W} can also depend on dN; and dQ;,, that is, W}F is F;-adaptive.

Fix any t’ > t. By calculus of point process, we have

7

t
e Wy — e P'W, = ft e P (= pWed( +dW)

+ Z e”’c [(WéV_WC—)]lgeIgV +(WCQ—WC_)1

t,t']
Ce(t,t']

+ (WCL — WC—)]lgeIL :| .

¢cez? ]

(t,¢']

(EC.26)

Note that the process {u;};>¢ is an F-martingale. Hence, for any time points ¢’ > ¢, we have

uy = E[uyr], where we recall that E,[-] = E[-|F;]. Consequently, we have

0 :Et[ut/] — Uy
t/

:Et[e—pt’Wt, — "W, + E, U PS¢ (ch — b]l,,C,LdC)]
t

+

_E, [ J e (= pWed( + dwg)]

+E, D) e {(ng — WC,)]lgezg,t/] +(WE-We

cez® +(WE =W )Lt ]
Ce(t,t']

(] (t,t]

7

¢
1, [J e—PC (dLs - b]ly<=MdC)]
t+

:Et{ f efpc{[— pWe + (W =W ve + (WE =W )ge]d¢ +dW§}
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/

t
+ e [(WcL - WC—)]]'CeI(I;s,z/]] } +E, [ﬁ e " (dL¢ = bLye=dC) |

Ce(t,t'] +
where the second equality follows from (EC.25), and the third from (EC.26). The fourth equality
follows from the facts that {Q;};>0 is a counting process with intensity ¢;, and that NV, is a counting

process with intensity 14, as well as Lemma L3 in Chapter IT of Brémaud (1981), noting that

t/ t/
]Etf e WY =W Yreld¢ < V_V,uf e™**d¢ < oo, and (EC.27)
t t

AL

t/ -
]Etf e_”<|(W<Q —We)geld¢ < WEtJ e " qd(¢ < WEtJ e " q.d( < oo, (EC.28)
t t t

in view of (WU), p>r, and (1).
Recall that dL, = ¢;dt + AL,. For any t <t' <7, the above equality can be stated as
t/
Et {J e-ﬂ([_ pWC + (WCN - WC*)VC + (WCQ - WC_)‘]C - b]]'VC:“ + ZC]dC + de}
t

+E, > e [(WE =W )lar 0+ AL =0. (EC.29)
Ce(t,t']

Consider any time t. Letting ¢’ | ¢ in (EC.29) yields
EJ(WF =W, )lar,-0+AL] =0, (EC.30)
which further implies
AW = [pW,- — (WY =W )v, — (WP = W, )gq, + b, — 4] dt, ¢ =>0. (EC.31)

Let H, :=W» —W,_ and H} := —W{ +W,_. Then, both H, and H{ are F,-predictable. Besides,
since W}l is Fi-adaptive, (EC.30) in fact is equivalent to

(WE =W, Yap,-0+ AL, =0. (EC.32)
We also have
dW, =dW; + (WtN — W,_)dN; + (WtQ - W,_)dQ, + (WtL —Wi_)lar,>o0- (EC.33)

Combining (EC.31)—(EC.33), we obtain (PK).

Relationship (5) follows immediately by noting W,¥ =0 and W2 >0 for all ¢ > 0.

(ii) Let u,(T",v/,v) denote the agent’s total expected discounted utility conditional on F; under
contract I', when he follows effort process ' = {v}},>0 before time ¢ and then effort process v after

time t:

t
u (T, v) = J e ?*(dL; — b1, -, ds) + e P W, (T, v). (EC.34)

0
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Here, @_(T',',v) can be interpreted in a similar vein as that for Wy_(T',v). In fact, we have
o (I, v, v) =Wy (I',v) = u(l',v). In what follows, we write 7 instead of 7(I') to ease notation. By

the above definition, we have
t

(0w, 5) = uy (T, 7) + J e Pb(L,_y —1,,-,)ds. (EC.35)

0
Besides, by (PK) and (EC.25), we obtain that
du, (T, v) = e P (dL; — b1, =, dt) + e * (AW, (T, v) — pWi(T', p)dt)
=e "[Hy(T,v)(dN; — v, dt) — H{(T,v)(dQ; — q.dt)]. (EC.36)
Therefore, for any time points ¢t < ¢/, we have (below, we add superscript v in some expectation

operators, to indicate that the related random variables are induced by the effort process v)

t/
Ei [ty (T, v, 0)] — (T, v, ) = EJup (T, 0)] — u (T, 0) + EY [J e b1y, — ]l,,su)ds]
t

—EY Ut e " (Hy(T, 7)(dN, — ds) — H{(T, 0)(dQ, — gsdt) + b(1p, -, — ]l,,su)ds)]

+

—E [ J " o (HS(F, D) (Vs — 7s) + b(Lp, . — LM))ds] , (EC.37)

where the first equality follows from (EC.35) and the second equality follows from (EC.36). The last
equalities uses the fact that conditional on F; and under effort process v, {N}.e(t.v] and {Qs}ee(r.e
are counting processes with intensities v, and ¢, respectively, which follows by applying Lemma
L3 in Chapter II of Brémaud (1981) with the aid of (EC.27) and (EC.28).

Since both v and ¥ are admissible, we have v, =, = u whenever &, = (). Hence, we have
H,(I,0)(vs —vs) +b(Lp,=p — L,,=) = —(H (T, 7) — B)A,u]lgszwszﬁ (EC.38)

for any s > 0. Therefore, if (IC) holds, then we have E;[uy(T,v,7)] < u,(T,v,v) by (EC.37) and
(EC.38), which implies that {u,(I',v,7)};>0 is an F-supermatingale. By (IR) and (WU), we can

add @, (T,v,0) := Sof e re (dLS — b]l,,szuds) as the last element of this supermartingale. Therefore,
(T, 7) = o (T, 1,7) > B[, (T, v, 7)] = u(T', v),

implying the incentive compatibility of # under contract I'.

If (IC) fails to hold, then we consider an effort process v such that v, = p if and only if H,(I',v) >
B and & = 1. Clearly, v is admissible, and the expression in (EC.38) becomes —(H (I',v) —
B)Aple, -1 m,(r,»<p, Which is always non-negative and positive on a set of positive measure. Thus,
by (EC.37), there exists a time ¢ > 0 such that Eq_[u,(T,v,7)] > @ (I',v,7) = w(I", 7). Define
another effort process v’ which follows v until time ¢ and then switches to 7, which is also admissi-
ble. Moreover, we have u(I',v') = Eo_[u;(T",v,7)], which indicates u(I', ') > u(I",7), contradicting

(3). The proof is complete.
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EC.2.2. Proof of Lemma 1

If we can show that (PK) holds under contract I'* (wq; 8, W, 6, %), then (17) follows immediately from
(2) and (4) with t =0. In fact, (PK) holds by setting H; = fl¢, - and H/ = (0 — ) 1w, _oe, -

EC.2.3. Proof of Theorem 1
Fix any contract I' € €. The agent’s promised utility follows a process W with its dynamics described
by (PK) with v, = for & =1 and v, = p for & = 0.

Recall that dL; = ¢,dt + AL,. Write ¢(w,e) = V.(w) —w for any we R, and €€ {l,0}. Applying
the change-of-variable formula (see, for example, Theorem 70 of Chapter IV in Protter 2003, pp.
214) for processes of locally bounded variation to the process (W, ) and using (PK), we have

T

efTTqﬁ(WT, Er) =Wy, &) + f

0+

e | (pWe + bymy = Hovy + g HY — £) - D
—rVgF(Wt,)]dt—i— S e AG(WLE)
0SI<T
for any T > 0, where D, is the left derivative of ¢(w,&, ) with respect to w at W,_, that is,
D, =V¢,_(W,) =1, by recalling that we use f'(w) to represent the left derivative of f at w for

any absolutely continuous function defined on R, . Besides, we have

A¢(Wt7gt) = ¢(Wtagt) - ¢(Wt7€t—)
+ o(W,_ + H/dN; — H{dQ; — ALy, &) — ¢(Wy_ + HidN;, — H}dQy, &)
+ ¢(W,— + HdN, — H{dQ,, &) — p(W,_,&,_) for t > 0,

and

Ap(Wo, &) = oWy, &) — d(Wo,E0—) + d(Wo, Eo—) — d(Wo—,E0-)

by noting that dNg = dQy = 0 with probability 1.
Define MY = {M}N},50 and M = {MZ},5, by

t

MthNt—J

0

t
v,ds and MtQ = Q) —f qsds.

0
Note that

> [¢(Wie + HidN, — HidQ,, &) — $(W,—, &, )]

o<tgT

_ L e [SWe + Hy E) = o(Wer, E VAN, +[$(W,_ — HYLE) = S(Wi, £,)]AQ.}

T

T
= J 67” [(b(Wt— + Ht7 gt_) - ¢(Wt—7 gt_)]thN + J €7rt [(b(Wt— + Ht7 St—) — (b(Wt_, gt_)]l/tdt
0+

0+
T

T f e [d(Wer = HILE ) — (Wi, £ )]AME + f oW —HL ) = p(Wie ) Jardl,
0+

0+
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where the first equality uses the fact that {t € [0,T] | dN;, = dQ; = 1} has a Lebesgue measure 0
with probability 1. Summarizing the above formulas, we obtain

T

e o(Wr,Er) = d(Wo-,E-) +f e (Wi + Hy, E2) — p(Wio, £ )M +

0+
T
+ J e (Wi — HE &) — p(Wie £ )|AMEP + Ay + Ay + As + Ay + A,
0
+ (EC.39)

where

T
Al = J efrt{(th_ + bjll/t=,u - Htl/t - ﬁt_) . (Vét— (Wt_) - 1) - T¢(Wt_7gt_)
0+

F[6(Wi + Hi &) — (Wi, 5t,)]ut}dt,
A= Y e [qﬁ(Wt_ + H,dN, — H{dQ, — AL, &_) — ¢(Wi_ + H,dN, — HAQ,, st_)],

0<t<T

Ay = 2 e " [o(We, &) — (Wi, E2)],

otLT
T
Ayi= J e*”qt{Hg (Vi (Wio)—1) + ¢(W, — HL, &) — (Wi, Et_)}dt,
0+
As = ¢(Wo,50—) - ¢(W0—750—)-

Below we treat each term separately.
Consider first A;. If &_ =1, then v,_ = p and ¢(W,_, &) = Vi(W,_) — W,_. Since the contract

I is incentive compatible, we have H; > 8 by Proposition 1(ii). Consequently, we have

(Wi + b1, — Hiy — ) - (Vi (Wio) = 1) —r¢p(Wie &) + [p(Wie + Hy, E) — ¢(Wi . &)1
= (Wi +b— Hypr— ) - (V(Wio) = 1) =7 - (Vi(Wis) = Wio) + [Vi(Wie + Hy) = V(W) — Hi] -
= pWie - (W (Wie) = 1) =7+ (V(Wim) = W2) = (= b) - (W (W) — 1)
+ V(Wi + Hy) = Vi(Woo) = V' (Wio ) He] -
<PWi - (W(Wio) = 1) =7+ (V(Wis) = Wis) + £ — b+ [Vi(Wie + 8) = Vi(Wis) = Vi (W,2)B] -
=~ (e + VW) = W(We 4 B) + plio = Wi YW (W) = (iR =) + (o= )Wy | + 6, = [Ru— ()]
= ~(AV)(W,) + 6 — [Rp— (c—b)]
<t~ [Ru—(c-b)l.

Here, the first inequality follows from (i) Vi(W,;_) = 0 (this follows from the fact that V] is nonde-
creasing) and (ii) H; > 3, and 3 = argmax,,. z{Vi(w + h) — Vi(w) — V/'(w) - h} due to the concavity
of V, and the last inequality follows from (20).
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If &_ =0, then v,_ = p. It follows from (5) that H, > —W,_. Therefore, we have

(Wi 4 0ym— Hoy = ) - (VE, (W) =1) —r¢(Wis &) + [$(Wi + Hy E2) — d(Wi_, &),
=(pWi = Hyp =) - (ViWo) =1) =7 - (Ve(W, ) = W) + [Vo(Wy— + Hy) = Vo(W, ) — Hy] -
=pW,_ - (V@’(Wt,) - 1) —r-(Vo(Wen) = W) — - (V@’(Wt,) - 1)

+[Vo(Wie + Hy) = Vo(Wio) = Vi(Wi ) Hy| -
<pWie - (VW) = 1) —r - (Vy(Win) = Wil) + £,

__ [rV@(Wt,) oW VW) + (p— 1) Wi — Rg] +0,— Ry

=—(AgVo)(W:-) + 4 — Ry

<l — Ry,

where the first inequality follows from (i) Vj(W,_) > 0 (this follows from the fact that Vj is non-
decreasing) and (ii) H, > —W,_, and 0 = argmax,,._,,{Vo(w + h) — Vy(w) — V;(w) - h} due to the

concavity of Vp, and the last inequality follows from (20).

Combining the above two cases yields
(th7 + b]]‘l’t:,u — Htljt — ét) . (Vét— (Wtf) — 1) — 'I"QS(Wt,, 5t7) + [¢(Wt7 + Ht, gt,) — qb(Wt,, gtf)]l/t
<l —[Rv; — (c—b)1,,—,] (EC.40)

for any t > 0.

Consider next A,. We have
o(W,_ + HdN, — H!dQ; — AL, &) — ¢(Wy_ + HidN, — H}AQy, &)
= V5t7 (Wtf + thNt - thth - ALt) - Vgt7 (Wt, - Hngt + thNt) + ALt
<AL, Vi>0, (EC.41)
where the inequality follows from the facts that AL; = 0 and that V. is nondecreasing for any
ee{l,0}.

Consider now Ajz. By considering four possible value combinations of (&, ,&;) and using (21),

we have
d(Wi, &) — p(Wi, &) = Ve, (Wi) = Ve, (W) < (&€, &) (EC.42)
Consider next A,. We have

HI(VE_ (W) = 1) + ¢(Woe — HE E,2) — p(W,_ , Ei)
=HVE, (W) + Ve, (Wie — HY) = Ve, (W) <0,
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where the inequality follows from the concavity of V. for any e € {l,(}. This, together with ¢; >0,
yields

T
Ay = f e_"'tqt{Hf (V& (W) =1) + (W, — HI, & ) — ¢(Wt,,5t,)}dt <0. (EC.43)
0+

Consider finally As. It follows from (2) and (4) with ¢t =0 that E[W, + ALg] = Wy_. Therefore,

we have

E[p(Wo, E0-)] — d(Wo—, Eo=) = E[Vey_ (Wo)] — Ve, (Wo_) — (E[Wo_] — Wo_)
< Veo_ (E[WS]) = Veo_ (Wo-) + E[ALo] < E[AL], (EC.44)

where the first inequality follows from the concavity of V. for any e € {l,} and the Jensen’s
inequality, and the second inequality follows from the facts that V. is nondecreasing and that
Wy =E[Wy + Lo| = E[W,].

Combining (EC.39)—(EC.43), we have

T

e T p(Wr, Er) <p(Wo_,E-) + J e "p(Wie + Hy, &) — p(Wio, £ 2)]d MY

0+

+j (W, — HILE, ) — (W, & )M
0+

T
+ J e "l — (Rvy — (c—b)1,,=,)]dt + 2 e AL,
0+

0<t<T

+ 3 e R(E L E) + S(Wo, Eon) — (W, Eo-)

0st<T

for any T > 0, which can be displayed as
T
d(Wo—,E-) >€7TT¢(WT7&) _J 7”[¢(Wt +H, &) — gb(Wt*)gt*)]thjv
0

T
- f e G(W,. — HI.E ) — (W, &, )]dMC

0+

T
+ f e " (RAN, —dL, — (c = b)Le,dt) = D e "k(E,,E)
0+

o<t<T

+o(Wo—, E-) — ¢(Wo, &-).
Taking expectation in the above inequality yields

¢>(WO,50)>E[e—"T¢(WT,5T)]—}E{ f e (W, + Hy, &) — d)(Wt,Et))thN}

0+

" {L e (¢(Wt_ —H, &) — ¢(Wt—,5t—))thQ]

T
+E [J 67” (RdNt — st — ( ]].gt |dt Z 67” gf ,gt ]

o+ o<t<T
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+d(Wo, E-) —Ep(Wo, &)

ZE[@‘TTgb(WT,gT)]—E{ JT e (G(Wi + Hy &) — ¢<Wt_,8t->)thN}

0+

~—E U(: e (¢p(W,e —H{ &) — ¢(Wt»5t))de?]

T
+E [\f 67” (RdNt - st - ( ]lgt |dt Z eirt gt ,gt)] (EC45)
0

ost<T
for any 7' > 0, where the last inequality follows from (EC.44).
We claim that it suffices to consider the case that

E |:f ert|Ht|tht:| < Q0. (EC46>
(

)+

Otherwise, we have E [Soer e""t|Ht|tht] = oo. It follows from (PK) and (WU) that dL; > (H; —
W)*dN, for t > 0. Hence, we have

E U ‘ e”st] >E U e TU(H, — W)*dNt} —E U e T (H, — W)*utdt]
0 0+ 0+
e o0 T
= E |:f 7Tt(|H | - )I/tdt:| = E |:J‘ 6rt|Ht|tht:| — @ = 0,
( T

)+ 0+
where the first equality follows from Equation (2.3) in Chapter II of Brémaud (1981), the second
inequality follows from H; > —W,_ > —Rpu/r in view of (5) and (WU), and the third inequality

follows from v; < . Then, we have
() . —rt Rp 7(I) - —rt
UI)<E e (RdNt — st) <—-FE e "dL, | = —o0,
0 0

and thus the desired result follows immediately.

Given (EC.46), we have

E U (W + Hy & ) — (W, L&) |1/t] dt

0+

< max {|V/(w )—1|}-EU46”|Ht|ytdt]<oo,
0

w>0 €€{| (D} +

where max,,-o ef,03{|V.(w) — 1|} < o follows from the concavity of V. and the fact that V! > 0. It
follows from Lemma L3, Chapter II in Brémaud (1981) that M = {Mt}@o, defined by

t
Wi [ e oW + 16— 60V, £ )10
0+
is an F-martingale. Hence, IE[MT] = E[MO] =0, that is,
T
E |:J e_Tt[¢(Wt_ + Ht, gt—) - ¢(Wt_, gt_)]thN] =0.

0+
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Similarly, using (1), we can show that
T
E[Lﬁf”@ﬂ%—Hﬁ&)—¢@%,8thM§}=Q

It follows from (22) and the fact that both V| and V) are nondecreasing that ¢(w,e) > v —w
for any € € {I,0}. Letting T'— oo in (EC.45) and using (WU), we have ¢(W,_,0) > U(T") with
Wyo_ =u(T',(T)). Hence, the desired result is obtained.

A byproduct of the proof of Theorem 1 is the following result. In the remaining of this e-
companion, whenever we need to prove that certain contract achieves the upper bound, we will

use this result together with Lemma 1.

ProprosiTION EC.3. Suppose that the conditions stated in Theorem 1 hold. Furthermore, sup-
pose that there exists a contract I'° € € such that the corresponding agent’s promised utility W;

satisfies

(pWio +01,,—, — Hivy — £y) (Vg’ti (W) = 1) —=rdp(Wi—, &) + [0(Wie + Hy, &) — (Wi, &) |1
=l —|Rv,— (c—b)1,,_,], EC.47
¢(W,_ + HdN, — H{dQ, — AL, &) — (W, + H,dN, — H!dQ,, &) = AL, EC.48
oW, &) — oWy, &) = k(E-, &),

a{ HE (Ve (W) = 1) +6(We — H.E) — (Wi &)} =0,

( )
( )
(EC.49)
( )

EC.50
for any t>0 and
Elp(Wo, &) — p(Wo_, &) = E[AL]. (EC.51)
Then, for any value w € [0,0) such that uw(I'*,0(I'*)) = w, we have
U(F) = Vi(w) — w.

Proof. Equalities (EC.47)-(EC.51) demonstrate that all the inequalities in the proof of
Theorem 1, (EC.40)—(EC.44), hold with equalities under contract I'*. The desired result can be
shown by going through the proof of Theorem 1, with all inequalities replaced by equalities. =

EC.2.4. Proof of Theorem 2
In view of Theorems 3-5, it remains to show that K(R) is increasing in R and K(R) is decreasing

in R on (c¢/Au, R). Ay R 5
_ p-R—c—p

First, under Condition 2, we have K = Ko, =V —v —w =

, which is clearly

increasing in R.
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Second, under Condition 1, we have K = K;. By the definition of K;, we only need to show
that m® is decreasing in R, since m® is decreasing in K by Lemma 4. Observe that m® has the

following characterization:

mK = max
x>0

Va(z)—v—K
— [
Hence, it suffices to show that V() — v is decreasing in R for any x > 0. Note that for any = > 0,
we have Vg (z) —v = {; V% (y)dy. Hence, the desired result is obtained if we can show that V (y) is

decreasing in R for any y > 0, which is exactly Lemma EC.1(iii) below.

LEMMA EC.1. Let R vary and other model parameters u, u, ¢, b, and K be fized.
(i) Both Vi(w) and V5(w) do not depend on R for any w = 0.
(ii) w is decreasing in R.

(iii) V4 (w) is decreasing in R for any w = 0.

Proof. (i) Note that V} satisfies (EC.54) on [0, w], with the boundary condition that VZ(w) =0
for all w > w. As (EC.54) does not involve parameter R, its unique solution VY is also independent
of R, which also implies the independence of V”(w) on R. Therefore, w(w) is also independent of
R, by Lemma 2(i), which in turn concludes the independence of V; on R by Lemma 2(ii).

(ii) This part can be shown using a similar line as that in the proof of Proposition 1 in Cao et al.
(2022). Specifically, we define ¢(R, W) := Vg(0; R) — v, where we write Vg (+; R) instead of Vg(+) to
highlight the dependence on R. (Note that we adopt a different notation from those in Section

EC.1.4 as the parameter settings are different.) Then, we have

(R, W) =v@(m;R)_r%(y)dy_U: Au(R—B)—(p—r)w _f

0 T

Vi (y)dy,

0
which is linear and increasing in R for any @ € [0,w], where have we used part (i) in this lemma.
Hence, the desired result is obtained by noting that (R, w) = 0.

(iii) This result follows immediately from parts (i) and (ii), combining with the monotonicity of

Vi(y) in w (see Lemma 2(iii)). o

It remains to show that K is non-increasing in R. This can be obtained by taking the first-order
derivative of K with respect to R in (33), investigating its sign and noting from Assumption 1 that
R>c/Ap.

EC.3. Proofs of the Results in Section 4
EC.3.1. Proof of Lemma 2

This result follows almost the same logic as that for the proof of Lemmas 2 and 3 in Cao et al.

(2022) and uses Lemma EC.2 below. However, there are minor differences as both § and w in Cao
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et al. (2022) take different values from ours. Hence, to make this paper self-contained, we provide
a complete proof here.

We first present Lemma EC.2 below because it will be frequently used in the subsequent analysis.

LEMMA EC.2. For any we |[0,w), there exists a unique function Vg in C*(|0,w]) that solves the
differential equation (25) on [0,W] with boundary condition (26). We further extend the domain
of Vi to Ry by letting Vg(w) = V(W) for all w > w. Then, function Viz(w) has the following
properties.

() Va() e C'(R,) n C2(R\[@}) n PR\, & — B)).

(ii) For any given w =0, define function v(@) := Vgz(w). We have v(-) € C*(|0,w)).
(iii) Function Vg(w) is increasing in w on [0,0].
(iv) For any w, and Wy such that 0 < W, < Wy < w, we have Vg, (w) > Vi, (w) and Vg (w) < Vg, (w)
for we [0,w).
(v) If p<r+ pu, then for any we [0,w), Vg(w) approaches negative infinity as W approaches w
from below.
(vi) If p>r+ p, then for any we [0,w], we have
. . -r
lim Vi () =V = £ —w)
where V is defined in (10). Furthermore, V — %u’)
Proof. Step 1 in the proof of Proposition 4 in Sun and Tian (2018) has already shown the

v s equivalent to R > R.

\%

existence and uniqueness of a function satisfying (25) with boundary condition (26). Here, we
adopt their idea with argument slightly modified. First, we observe that (25) reduces to an ordinal
differential equation (ODE) on the interval [(@ — 8)*, @], as Vg(w + 8) = V(@) for all we [(@ —
B)*,w]. Therefore, this problem can be “backwardly” treated as an initial value problem, which
satisfies the conditions stated in Cauchy—Lipschitz theorem and thus admits a unique continuously

~

differential solution on [(w — B)*,@]. In fact, we have

V<w>+%<w—w>+b@(<w—w>rﬁ“—<w—w>”7“),p¢r+u
V@(w): _ _ a _ - - _ (EC52)
V(@)—i—p r(ﬁ—w)—(p r)(w w)ln<lf 13), p=r+pu
p W—w
for we [(w—p)*t,w], where
U (EC.53)

w':r—ku—p.r—i—u

In general, for any k€ N, given that the values of V;; on w e [(@W — kB)*,w] all determined,

(25) is an ODE on the interval [(W — (k+1)8)", (W — kB)™], whose unique solution can be shown
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by verifying the conditions in Cauchy—Lipschitz Theorem. By induction on k, we can extend the
solution to (25) to the entire interval [0,w], as desired.

Next, we show that such a function V possesses properties (i)—(vi).

(i) It follows from (25) and the boundary condition at @ that Vi(-) € C*(R, ). Taking derivative

in (25) with respect to w and noting that Vg (w) = V(@) for all w > @, we have

(4 +r)Vi(w) = pVa(w + B) + p(0 — w)VE(w) — pVi(w) + p—r =0 (EC.54)
for w € [0, @), which implies that V;(-) € C?([0, @)). Moreover, VZ(@—) = —(p—1)/(p(w — @)) < 0.
Also, by the definition of V5 on (@, ), we have VZ(w) =0 for w > @ and thus VZ(w+) = 0.
Therefore, Vy(-) € C2(R \{w}).
Similarly, taking derivative in (EC.54) with respect to w yields
p(@ —w)Vg (w) = p(Vg (w+ B) = Vi (w)) + (2p — 1) Vi (w), (EC.55)

for w e [0,@). Note that V2 does not exist only at @, which demonstrates that V2 does not exist
at W and W — B (if it is nonnegative). That is, Vy(-) € C*(R \{w,w — 5}).

(ii) Fix any w > 0. If @ < w, then v(@W) = Vg (w) = V (@), which implies that v(-) € C1([0,w A w)).
Hence, the desired property is obtained if w = w.

Now suppose that w <@ and @ € (w,w). By the above discussion, we have v(-) € C*([0,w]). For

any w' € [w,w], it follows from (25) that

(p+r)Va(w) +MVw((’w'+5)A@) N (WR—c) — (p—r)uw’
w—w w—w' w—w' '

PV (') =

Integrating the above equation with respect to w’ from w to @ yields

/
w W—W

+F (HR—c)—(p—r)v'

w

w —w'
First, using the above equality, we can obtain that v(w) = V(w) is continuous in @ on [w,w).
Then, again using this equality, we conclude that Vg(w) is continuously differentiable in @ on
[w, @), which, combining with v(-) € C*([0,w]), yields that v(-) € C*([0,w)).

(iii) We show this result by a contradictory argument. Suppose that w? :=sup{w e R, | Vi(w) <
0} exists. Recall from the proof for part (ii) of this lemma that VZ(w—) < 0. Hence, we have

wP e [0,W), Vi(wP) =0, and V>0 on (w?,w). Evaluating (25) at w? gives

PVa(w’) = R = e = (p=)ur + | Va (0" + B) A &) = Vis(w)

>uR—c—(p—r)w’ >rVz(w),
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where the first inequality uses V > 0 on (w?, ). This reaches a contradiction with Vg (w?) < V().

(iv) We first show the second claim. Suppose it fails to hold. Since V (@) =0 and V3 (i@,) >
0, the quantity w' := sup{w € [0,@) | V§ (w) =V} (w)} is well defined, and satisfies Vj (w') =
VL (w') by part (ii) of this lemma. Evaluating (25) at w’ for both @, and @,, we obtain

(Vi (W' + B) = Vig, (w' + B)) = (r + 10) (Vig, (w") = Vi, (w)).

Hence, we have

B
%ﬂw“ﬂ%—umwﬂ+m=vamﬂr4@(ww+f(wawﬂ+w—V@wﬂ+wﬁw

0
v

=T+M0%Aw“wﬂ—v@hﬂ+ﬁ»,

which indicates that both Vg, (w! + ) — Vg, (w' + 8) and Vi, (w') — Vg, (w') are negative. By the

definition of w’, we have Vi, <V, on (w',@,], which implies that

< Vi, (w') = Vi, (w)

Vo (1) = Vi 01) = Vi (00) — Vi @) = [ (V) = V2, ()l

> Vi, (@) — Vi, (1) > V(@) — V(@) > 0. (EC.56)

This contradiction indicates the correctness of the second claim. The first claim follows by
replacing w' by any w e [0,@,) in (EC.56).

(v) For any w e [(w — 5)*,w), we have we [(w — §)T,w] when @ is close to w from below and
thus (EC.52) is valid. Letting w 1w in (EC.52), we obtain that limgs Vi (w) = —c0.

If we[0,[w— B)*",w)), then using the fact that V is nondecreasing on R, we obtain V(w) <
Vi ((w — B)*), which yields that limsupg,, Va(w) < limge Vi ((@0 — 8)") = —o0, concluding the
desired result.

(vi) Note that p > r + pu implies w < 8. Hence, (EC.52) is valid for all w € [0,@]. Therefore, the
first claim follows by letting w 1w in (EC.52) and using limgsg b = 0. The second claim is trivial

by the definition of R. O

We proceed to prove Lemma 2 as follows.

Proof of Lemma 2. (i) From (EC.52), we have

5 (w—w) » (w—w)

for any we [(W— B)*",w). (The above expression also holds if p+r = p.) Hence, the desired result
holds with w(w) =0 if W < 5.

Hw) =~

w

Now consider the case that w > . In this case, we have w > 3, which gives p < u. Define
w®:=inf{w € [0, W) | VZ(w) = 0}. If the set is empty, we set w® = 0. By Lemma EC.2(i), we have

7 <0 on (w°,w). Hence, the desired result holds with w(w) =0 if w®=0.
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Next, we suppose that w®> 0. Since Vj is strictly concave on [@ — §,@), we have w® <w — f3.

According to Lemma EC.2(i), we have VZ(w°) =0 and VZ <0 on (w°, o).

It follows from (EC.54) at w® that
p(Vi(w® + B) = Vi (we)) = (p— ) (1 = Vi (w")),

which implies

(5= p+)Viw) + (p=7)

Vi(w®+ ) = .

Moreover, since V. decreases over (w°, @), we have V. (w®+ ) < V.(w®), which yields
Vi(we) >1,
in view of (EC.57) and p < u. Evaluating (25) at w® gives

Vi) = B = = (p= 1) = plio = W) Vi () + (Vs + ) = Vi)
> uR = = (p=r)u = plio = W) Vi (wF) + pBV3 (' + )
=pR—c—(p=r)(w" = B) + [p(w" = B) + rB]Vg (),

(EC.57)

(EC.58)

(EC.59)

where the inequality follows from the strict concavity of Vg on (w®,w®+ ), and the last equality

uses (EC.57) and pw = puf.
Below we distinguish two cases.

Case 1: p(w®—B)+rp = 0. It follows from (EC.58) and (EC.59) that

rVi(w) > pR —c—(p—r)(w” = B) + p(w’ = f) +rp
=uR —c+ruw

> R — ¢ > rVy(w),

which contradicts Lemma EC.2(iii).

Case 2: p(w®— ) +rpB <0. In this case, we have
(p—r)B
p

0<w’=<

Below, we will show that
VZ >0 on [0,w).
Evaluating (EC.55) at w® and using VZ(w®) =0, we obtain

pl = wVE () = pVa(w* +6) <0,

w

(EC.60)

(EC.61)
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which implies that V >0 on (w® — €,w) for some € > 0. If (EC.61) fails to hold, then w? :=
sup{w € [0,w) | VZ(w) < 0} is well defined, satisfying w? € [0,w®). Moreover, we have VZ(w?) =0
and V2 (w?) = 0. (Note that w® < @ — 3, indicating that V2 (w?) exists by Lemma EC.2(i).) Hence,
evaluating (EC.55) at w? gives p(w — w?) VY (w?) = V2 (w? + B) = 0. By the definition of w®, we
have w® + 8 < w°. Consequently, it follows from (EC.60) that w?® < w®— 8 <0, which is impossible.
Therefore, (EC.61) holds. Letting w (@) = w®, we obtain the proof of the first claim in part (i). The
second claim in part (ii) follows immediately by (EC.60).

(ii) This claim holds trivially by the first claim in part (i) and Lemma EC.2(iii).

(iii) To ease notation, we write w(w,;) and w(W,) as Ww; and W, respectively. First, we show the
second claim, that is, Vi (w) < Vg, (w) for any w e [0,@], by considering the following two cases.

Case 1: Wy < W,. In this case, we have

Vi, (w) =V (w) < Vg (w) =V, (w) (EC.62)

w1 Wo

for any w € [w,, W, |, where the two equalities follows from the definition of function Vg and w; < s,
and the inequality follows from Lemma EC.2(iv). If w € [0,w,], then we can derive the desired

inequality as follows:

Vig, (w) < Vg, (1) = Vi, (1) < Vi, (1) < Vi, (W2) =V, (1) = Vi, ().

w1

Here, the first inequality uses the definition and the concavity of Vg, , the second inequality uses
Lemma EC.2(iv), and the last inequality uses Lemma 2(i).

Case 2: W, > W,. In this case, we have
Vi, (w) =V (w v by) < Vi (wvy) <V (wvy) = Vi, (w) (EC.63)

for all w € [0, ], where the first inequality uses Lemma EC.2(iv) and the second inequality uses
the concavity of Vj, and the fact that w v w; > w v ws,.
The first claim can be readily obtained using the second claim. In fact, for any w € [0, w;], we

have

Vi () = Vi (1) = Vi (82) = Vi @) = [ (V, () = Vi ()l

> Vi, (01) — Vi, (@) > V(@) — V() > 0,

where the second inequality uses part (ii) of this lemma. o



ec28 e-companion to Cao, Sun, and Tian: Punish Underperformance with Suspension

EC.3.2. Proof of Lemma 3
It follows from Lemma 2(iii) that V3(0) is decreasing in @ on (0,w). By Lemma EC.2(v) and
(vi), we have that limgyy Vg (0) is either —oo or V — %w, which is less than v according to
Condition 1. Moreover, limg;o Vz(0) = V(0) > v by Assumption 1. Therefore, the first claim is
obtained by Lemma EC.2(ii).

For the second claim, we observe that by the proof of Lemma 2(i), if w(@) > 0, it must be equal

to w®, in which case (EC.58) holds. This immediately concludes the result by the definition of V.

EC.3.3. Proof of Proposition 2
Clearly, following the definition of I as in (16), U(I') = v trivially holds. Hence, it remains to show
that functions Vi(w) = Vg(w) and Vy(w) = v satisfy the optimality condition (20)—(22).

First, we show that (A4 V)(w) >0 for any weR,. If we [W(W),W), by the definition of Vg, we
have (AV))(w) =0. If we [W,o0), then we have

(AV)(w) = (u+7)Va (W) — uVo(W) — (LR —c) + (p—1)w
=(p—r)(w—w)=0.

If we[0,w(w)) (if we discuss this case, it is implicitly assumed that @w(W) > 0), then we have

Va(w) = v+ V; (w(W))w. Consequently,

(AV)(w) = (e +7) (v + Vi (B(F))w) — pVs (w + B) + p(® — w) Vg (B(W)) — (kR —¢) + (p — 1)w.

Let the last expression be g(w). Obviously, g(w(w)) = 0. Moreover, for w € [0, w(W)), we have

gi(w) = (p+7r)Ve(@(W)) = Vi (w+ B) — pVi (d(W)) +p—r
) (L= Ve (B(W))) + (V5 (0()) = Vi (w + B))
M (1=Ve(@(W))) + p(Vi (W) = Ve ((W) + ) =

where the inequality follows from the concavity of Vg, and the last equality uses the facts that
(0 — BE@)VLBR)) = (p— 1) (Vo (@(7)) — 1) + 1(V (&) + B) - V4 (@())) by (EC.54) and that
Vi (w(w)) = 0. Consequently, g(w) >0 for all we [0, w(W)).

Therefore, we have (A V))(w) =0 for any w € R,. Obviously, we have (AyVp)(w) = (p —r)w > 0.
Hence, (20) holds.

It follows from the facts that Vi(w) = Vj(0) = v = Vp(w) and that Vy(w) =v = V(W) — K =
Ve (W) — K = Vj(w) — K (due to K > V(&%) —v) that both (21) and (22) hold.
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EC.3.4. Proof of Lemma 4
Define

g(w, K) :=Vs(w) — Ve (w)w—v — K. (EC.64)
Then, we have
g(w(w),K) = —K <0, (EC.65)
where the equality uses the linearity of Vg on [0, w(W)]. In addition,
g(W, K) =Vs(W) —v— K >0,

where the equality follows from V. (W) = 0 and the inequality follows from the condition that
K < V(%) —v. Furthermore, we have

og(w, K)

E VI (w)w >0 for we (W(W),wW),

where the inequality follows from the fact that Vg is strictly concave on (w(w),w). Since g(w, K)
is continuous in w (recalling that Vg is continuously differentiable), for any K > 0, there exists
a unique 6% € (wW(W), W) such that g(#%, K) = 0. Hence, (29) holds if we define m® := V% (6%).

Furthermore, by the implicit function theorem, we have

g ek 1
AK R dwr Y

which implies that 6% is increasing in K. Since V% (w) is decreasing in w, we have m”* = V% (6%) is

decreasing in K. Finally, the limiting result lim,o 0% = w(W) is implied by (EC.65).

EC.3.5. Proof of Proposition 3
Obviously, (22) holds since Vj(0) = V4(0) = v. Note that it has been shown in the proof of Propo-
sition 2 that (A V})(w) = 0 for any w e R,. Hence, it remains to establish the second part of (20),
as well as (21), by considering the following three cases.

Case 1: w € [0,0%). In this case, we have (AyVp)(w) = (p —r)(1 — m )w = 0, where we have
used the fact that m® <1, which follows from Lemma 4, the definition of K, as in (K1), and the

condition that K > K. Besides, we have
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where the second inequality follows from the concavity of V4. Finally, we have

Vo(w) — Vi(w) + K = mfw+ v+ K — Vg (w)
gK
=V (0%) —=m® - (0% —w) — Vi (w) = J (Vév(y) — mK)dy >0,
where the second equality follows from the first equality in (29), and the inequality follows from
the concavity of Vg and m = V% (0%).
Case 2: we [0%,%). First, we show that (AyVp)(w) = 0 in this case. Note that Vy(w) = Vg (w) — K

for w e [0%,%). Hence, (AyVy)(w) =0 is equivalent to
fi(w) :=r(Va(w) — K) — pwVg (w) + (p—r)w — Ry > 0.
For w e [#(®%),#], it holds that (A Vg)(w) = 0. That is,
fow) := (p+ 1)V (w) = pVe(w + B) + p(@ — w) Vg (w) = (pR—c) + (p—r)w = 0. (EC.66)
Recall that 6% € (w(W),W). Hence, it suffices to show that
fa(w) == fo(w) = fi(w) = p(Va(w) = Va(w + B)) + pVi (w) + 7K — (RAp—c¢) <0

for we [0%,W).
It follows from (29) that f,(6%) = (p —7)0% (1 —m) > 0. Hence, fs(
to show that fj(w) <0, or equivalently, u(V;(w) — V4 (w + B)) + pwV4

w

0%) < 0. Hence, it is enough
(w) <0, for we [0%,W).

Taking derivative with respect to w in (EC.66) yields

(1 +7)V5(w) = pV5 (w+ B) + p(w — w)Vg (w) — pV (w) +p—7 =0

for w € [w(W), w]. Hence, for w € [#%,W), we have
(Vi (w) = Vi(w + B)) + pVi (w) = (p— 1) (Vg (w) = 1) + pwVg (w) <0,

where the inequality follows from the fact that V% (6%) = m® <1 and the concavity of Vg. Hence,
we have (AgVp)(w) =0 for w € [#%,W). Note that Vy(w) — Vi(w) + K = 0. Therefore, (21) trivially
holds.

Case 3: we [W,0). It is straightforward to see that (AyVp)(w) = r(Vs (W) = K) + (p—r)w— Ru >
rv—Rp =0 and Vy(w) — Vi(w) + K = 0.
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EC.3.6. Proof of Proposition 4
First, we show that under Condition 2 and K >V — v, functions Vj(w) as defined in (31) and
Vp(w) = v satisfy the optimality condition (20)—(22). Note that the first inequality in Condition 2

implies w < . If w e [0,w], then we have

(AV) (w) = (p+r)Vi(w) = pWi(w + B) + p(w —w)V(w) = (R =) + (p —r)uw

=(u+r)<y+%w> —uVer(w—w)Vl;y—(ﬂR—C)+(p—7’)w

- @) [

(=r=1)=(p=r)| >0

Here, it is worth pointing out that although at w, V| is not differentiable, its left derivative exists
and is (V — v)/w.

If we (w,0), then

(AV)(w) = (u+71)V —=pV = (pR=c) + (p—r)w = (p =) (w —w) > 0.

Combining the above two cases yields (A V)(w) = 0 for any w e R,. Besides, for any we R,
(ApVp)(w) = (p —r)w = 0. Hence, (20) holds.

It is straightforward to see that Vi(w) — Vy(w) =0, and Vy(w) =v >V — K = Vj(w) — K. Hence,
(21) holds. Obviously, Vi(0) = V4(0) = v, implying (22).

Second, we show that under Condition 2 and K, < K <V — v, functions Vi(w) and Vj(w)
as defined in (31) and (32), respectively, satisfy (20)—(22). According to the proof for the case
under Condition 2 and K >V — v, we have (A V)(w) = 0 for any w e R, . Below, we show that
(ApVp)(w) =0 for all weR,.

If we [0,w], then

V—-v—K
w

(AgV) (w) = Vo (w) = puwV(w) + (p = ryw = R = (p—1)(1 Juzo.

Here, we mention that although at w, Vj is not differentiable, its left derivative exists and is
(V—v—K)/w.

If we (w, ), then we have

(AVo) (w) = rVo(w) — pwVi(w) + (p—r)w — Ry
zr(V—K)+(p—7“)w—RH>r(V—K—Q) > 0.
Therefore, (20) holds. Note that Vi{(w) — Vp(w) = K for w e [w,0) and Vi(w) — Vj(w) = K/w-w
for w e [0,w). Hence, (21) holds. Besides, V;(0) = V;(0) = v and thus (22) holds.
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EC.3.7. Proof of Lemma 5
The results stated in Lemma 5 hold in fact for any K € (0, K5). Below, we will show this slightly
generalized version.

For any 0 € [0,w], it is straightforward to verify that functions

_ V—-v—w
r/p-0"" " (p/r —1)8 +w]

p/r—=10+V —v
(p/r—1)0+w

CH(9): and m(0) := ( (EC.67)

satisfy (36) and (37), with 6 replacing 6, C*(0) replacing ¢, and m(6) replacing mg. Moreover,
it follows from Condition 2 and K € (0, K,) that C'(#) > 0. Note that the denominator of C'(6)
is decreasing in 6, as its derivative with respect to 6 is always negative when 0 € (0, w). Therefore,
C'(0) is increasing in 0 on [0,w]. That m(6) is strictly decreasing in € on [0, w] is straightforward.

We have the following result, which is stated as a lemma for the ease of reference. Its proof is

elementary and thus omitted.

LEMMA EC.3. Under Condition 2 and K € (0, K,), function ¥ (8), defined by

i (0) =V —v—w—CHB) - (w)"”,
is continuous and decreasing in 0 on [0,w]. Moreover, (@) =0 and ¥,(0) =V —v—w > K.
Consequently, there exists a unique number 6, € (0,w) such that (0, ) = K. Furthermore, 0,; is

decreasing in K with limg o0, =w.

Lemma EC.3 immediately implies that the triple (0, cx,mx) with cx = C'(0y), mx =m(0y)
satisfies (36)—(38), which also states the monotonicity of 8, in K. The monotonicity of ¢ and mg
in K follows from that of C*() and m(6) in 6.

Finally, we show that under Condition 2, K > K if and only if (35) holds. First, according to
the monotonicity of mx in K, (35) is equivalent to

K > Ks, in which Ivfgzzinf{Ke(O,KQ] ‘szp_r}. (EC.68)
p—r—p
Next, it follows from (EC.67) and limg o0, = w that

V—v—w r(V—-—v—w) RAp—c

= and limmg =1+
K10

pio T
It is straightforward to verify that limgomg > (p —7)/(p —r — p) if and only if R > R, where

lim Cig =
K10 w=r/e

R is defined in (34). Hence, by the definition of K, and the monotonicity of my in K, it is clear
that I?g =0 if and only if R > R.
If R < R, we have myg, = (p—7)/(p—1—p). Evaluating (EC.67) at 0 =05, gives

V—uv—(p—7)/(p—r—p)w

— H Py 1—r/p
% = o o) R

p—r—pr

and Ck, =
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Substituting these values into (38) with K = IV(Q, we obtain the following closed-form expression of

I\{'Q:

B P {V—v—(p—r)/(p—r—u)-@]1_T/pw7-/p
p—r—pr | p/(p—r—p)-(p/r—1) '

The proof is complete by verifying that K = K.

=V —v—w— (EC.69)

EC.3.8. Proof of Proposition 5
By the definition of contract T, it is clear that U(T') =V —w — K = Vj(w) — w. Hence, it remains
to show that under Condition 2 and K € [K, K;), functions Vi(w) and Vy(w) as defined in (40) and
(39), respectively, satisfy the optimality condition (20)—(22).

Obviously, (22) holds as Vj(0) = V3(0) = v. We proceed to verify that Vi(w) and Vj(w) satisfy
(20) and (21).

We show that (A Vi)(w) =0 for all we R, by considering the following cases.

Case 1: we [0, w]. We have

(AW (W) = (p+r)(V +mg - (w =) — uV + p(0 —w) -mg — (pR— ) + (p—r)w

=(w—w)[mg-(p—7—p)—(p—7)] =0.

Here, we mention that although at w, V| is not differentiable, its left derivative exists and is mg-.

Case 2: we [0,0). In this case, we have

(AV)(w) = (p+ r)Vi(w) — pVi(w + B) + p(@ — w) V' (w) = (pR —c) + (p—r)w
= pVi(w) — pVi(w + B) + pwV/'(w) — Ap-R+c
=p(v+w+ cKw’“/p) —puV +uB(1+ cKw"/”_lr/p) —Ap-R+c=: g(w),
where the second equality follows from Ayl =0 on [0,0,), and the third equality follows from
B> pp/p=w due to Condition 2.
Since V| is continuously differentiable on [0,w), (A W)(w) is also continuous in w on [0,w),

which implies that ¢,(6;) = 0. Hence, it suffices to show that ¢(w) is decreasing in w. Using

gi(w) = p+ pr/p- cxgw™?= (w + (r — p)/p- B), we have

9i(0x) = p+pr/p-cx - (0x)"" 2Ok + (r—p)/p-B)

=u+u-mgj:1-(91(+(r—ﬂ)/p-ﬁ)

<u+u<f_i—1) (1+(r_0p)'6)
p—rT—p PO
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where the second equality follows from (37), the first inequality follows from (35) and the fact
that 0, + (r—p)/p-B<w+(r—p)/p-B=(n+1r—p)/p-B <0, and the last equality follows from
w = pf3/p. Besides, we have

g (w) =r/p(r/p—1) - cxxw**[pw + pw(r/p—2)]
>r/p(r/p—1)-cxw”? > [pw + pw(r/p - 2)]

=7/p(r/p—1)-crw"? 3 (u+1r—2p)w > 0,

where the last inequality follows from p > r 4 p. Therefore, g/(w) <0 for we [0,0x].

Case 3: we (w,0). We have

(AW (w) = (p+71)V =pV = (uR =) + (p—r)w = (p —r)(w — @) > 0.
Combining the above three cases yields (A V})(w) = 0 for any we R,.
Next, we establish (AyVp)(w) =0 for all w e R,. Obviously, we have (AyVj)(w) =0 for w e [0, w].

(Again, although V} is not differentiable at w, its left derivative exists.) If w € (w, o), then

(AVp)(w)=r(V-K)+(p—r)w—Ru>r(V—-K)—-Ru=r(V -K —v) >0,

proving (20).
Below we establish (21). If w e [0,68,], we have Vi(w) — Vy(w) =0, and if w € [w, ), we have
Vi(w) = Vy(w) = K. If we (0, ,w), we have

Vi(w) = Vg(w) = mx = Vi(w) =mx = Vy(lx) =0,

which implies that V| — V} is increasing on [0, w]. Consequently, we have 0 < Vi(w) — Vy(w) < K

for we (0, w).

EC.3.9. Proof of Proposition 6

The proof of Proposition 6 is rather intricate, which takes a total of four key steps. These steps
illustrate how to identify thresholds 9 and ¥ in computation. Furthermore, these steps help us
establish 6 in Proposition EC.1. As Condition 3 contains two cases, we consider these cases

separately below.

EC.3.9.1. Condition 1 and K < K;. In Step 1, fixing any 6, we identify bound w and slope
c as functions of @ to satisfy (42) and (43).

LeEmMA EC.4. For any 0 € (0,w), there exist unique values W(0) € (8, w) and C(8), in place of

w and c, respectively, such that value-matching and smooth-pasting conditions (42) and (43) are

satisfied at ¥ = 0.
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Proof. For any @€ [0, w), define

CL(@,8) = (Va(8) —v — )8 and Co(w,8) = p/r- (V(8) —1)8" /7. (EC.70)

It follows from Lemma 2(iii) that C}(w,#) is decreasing in @ and Cy(w, §) is increasing in w on

[0,w). Note that

C1(0,0) = (Vo(0) —v—0)0 "
_ (MR—C_ (IO_T)Q —0—9) 'e—r/p > _Bgl—r/p _ CQ(Q7Q),
T

r Z

where the second and the third equalities follow from the boundary conditions at 6 (see
Lemma EC.2), and the inequality follows from Assumption 1. Besides, Lemma EC.2(v) demon-
strates that Cy(w,0) — —oo and Cy(w,f) — w0 as W T w. In view of Lemma EC.2(i), both
Cy(w,0) and Cy(w,0) are continuous in w. Hence, there exists a unique w(#) € (¢,w) such that
Cy(@(8),0) = C(@(6),6). Let C(8) = Cy((8),8). Then, H(8) and C(6) satisfy (42)(43), as

desired. o

Step 2 determines an interval to further identify 6.

LeMMA EC.5. Value §° :=inf{f € (0,w) | @' (0) = 0} is well defined. Furthermore, we have that
W(0) is decreasing and C(0) is increasing for 0 € (0,0°), with @ (0°) = 0. Moreover, C(8) > 0 for
any 0 € (0,0°).

Proof. Define

h(@,0) 1= Va(0) —v — 0 — p/r - (V(8) — 1)8. (EC.71)

By Lemma 2(iii), h(@, ) is decreasing in @. Besides, h(w(f),0) = 0. Note that h(w,0) is continu-
ously differentiable in @ and # by Lemma EC.2(i) and (ii). Hence, @w(#) is continuously differentiable
in 6.

Since h(w,0) = Vz(0) — v, we have @w(0) = w > 0. Besides, it follows from w(f) € (6, w) that
limgs; W(0) > W.

—w
Write hy(w,0) = 0h(wW,8)/0w and he(w,8) = dh(w,H)/d8. Then, we have hy(w,0) <0,

ho(iv,0) = L= ==V (O) = p0Vi(O) 4 ) = _hj( EZ;,Z;

r - hi( 0
It follows from K < K, and Lemma 4 that m = V% (0%) > 1, which implies that V%(0) > 1 by
the concavity of V. Therefore, we have hy(w(0),0) = (p — 7 — (p — r)V5(0))/r <0, which in turn

S €2

gives W' (0) < 0. Therefore, wW(#) is strictly decreasing in § when 6 is near 0.
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It follows from limgys W(0) = w > W = @(0) and the continuity of @' (#) in @ that value §° :=
inf{f e (0,w) | @ (#) = 0} is well defined, satisfying @'(8) < 0 for any 6 € [0,6°) and @' (") = 0.

Consequently, we have

p—71—=(p=7) Vi) (W) — pwVi,(w) <0 for any we [0,6°), and (EC.72)

p=1—(p =1V, (0") = p8°V5 0,(8") = 0. (EC.73)

Note that @(6) is decreasing in § on [0,60°). We claim that C(6) is increasing in 6 on [0,6°). In
0

fact, for any 6 € (0,0°), we have

¢(0) = C1(w(0),0) = % [(Vw@ (@) —v—0) Q"'/”]

/ ~7 avuw) Q —r r —r/p—
~ (Vi @+ 0(0) T 1) = (Vi (0) - - 0)g 7
iy Vi) (8)

where the last equality follows from C;(@w(#),0) = Co(w(8),0), and the inequality follows from
w'(0) <0 and Vg(w)/0w < 0 due to Lemma 2(iii).

Note that V% (0) > 1. Hence, by the continuity of @w(#) in # and Lemma EC.2(i) and (ii), there
exists a number € > 0 such that Vj, (0) > 1 for any 0 € (0, €). Consequently, C(8) = C»(w(6),0) >0
for any 6 € (0,¢), which implies that C(8) > 0 for any 6 € (0,6°) by noting that C(6) is strictly

increasing in § on [0,6"). o

Next, in Step 3, we define the upper threshold @ as a function of #, such that smooth pasting
condition (45) is satisfied.

LEmMA EC.6. We have:
(i) for any e (0,6°), the threshold

0(0) := inf {w >0 | Vi (w) <1+ C(O)r/p- wPm (EC.74)

is well defined;
(ii) as a function of 8, threshold () is decreasing and continuous in 6 on [0,0°); and

(iii) limyeg0 0(6) = 6°.

Proof. (i) Define W(w,0) = Vi, (w) —1—C(@)r/p- w™/P~1. Tt follows from Lemma EC.5 and

w

Lemma 2(iii) that W(w,f) is decreasing in 6 on (0,0"). Therefore, for any w € (0,6), we have
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U(w,0) < ¥(w,w) =0, which implies that § = inf{w > 0| ¥(w, ) = 0} as ¥(0,0) = 0. Moreover, we

have

5y (8 0) = Vi () = C@)r/p-(r/p - 1)07°
= Vi) (0) — Co(@(0), 0)r/p- (r/p— 1)~
= Vi 0)(0) = p/r - Vi) (0) —1)0" "1 /p - (r/p—1)0"/"~
=Vig)(0) — Vi (@) —1)-(r/p—1)/80

where the last inequality follows from (EC.72). This implies that ¥(w, ) > 0 for w e (0,6 + €) with

some € > 0. According to Lemma EC.2(i), ¥(w, ) is continuous in w. Besides, we have

W(@(0),0) = Vi) (@(0) — (1+CO)r/p-@(0)"" ") = —(1+C(O)r/p-@(0)"* ") <0

w

and ¥(0,0) = 0. Hence, 6(0) = inf{w > 0 | ¥(w,§) <0} =inf {w> 0| Vi (w) <1 +C(O)r/p-w/r}
is well defined and satisfies 6(0) < W(6).

(ii) This follows immediately by noting that ¥ (w,#) is decreasing in 6 on [0,6") and is continuous
in w and 6.

(iii) According to (EC.73), we have ’;—‘I’(HO,QO) = 0, which implies that ¥(-,0") attains its local

w N

maximum at °. Hence, we have limg, g0 6(6) = 8° by using A(8) = 6. o

Finally, in Step 4, we find an appropriate ¥ to satisfy (44), and define (c,W,?) as
(C(¥),W(¥9),0(1)). To this end, we define function

0(8) = Vaw (B(0) - [v+6(6) +C(6) (5©) " ]. (EC.75)
In order to satisfy (44), we hope to identify the value ¥ such that ¢ (¥) = K, whose existence is
guaranteed by the following result.

LeEMMA EC.7. Function 1)(8) is continuous and decreasing in 8 on (0,0°), and satisfies

lim¥(0) =0, and limy(0) > K.
016° 810

Consequently, there exists a unique number ¥ € (0,0°) such that (9) = K.

Proof. Note that

6(9) 6(6)
wm=L n@Mw—u+cwmmyW1mm=L Uy, 0)dy.
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Fix any 6' < 6% in (0,6°). We have

9(9%) 9(0?)

a(0")
wwl):J U(y,0')dy > f Uy, 0')dy > f Uy, 6%)dy = (6°),

01 02 02

where the first inequality follows from \I/(y,Ql) >0 for ye (Ql,Q2) U (9@2), é(Ql)), and the second
inequality uses the fact that U(y,6) is decreasing in § on (0,6°). Hence, 1(8) is decreasing in 6 on
(0,6°). The continuity of (8) follows from Lemma EC.2(i) and (ii).
Since limyg0 0(0) = 0°, we have limyqg0 9(6) = 0. Note that @(0) = W and Cy(@,0) =0 for any
@ € [0,w). Hence, we have limg;o C(6) = 0 and thus limg;o 0(f) = inf{w > 0| V;(w) = 1}. This yields
5K

@) = [ Vi) — 1)y > [ 0rw-na

010 0
— Ve (05) —v— 05 = K + (m" —1)0X > K,

where the first inequality follows from the facts that V5 (6%) = m® > 1 and that V) is non-
increasing, and the last inequality holds due to m® > 1. Consequently, it follows from the

continuity of t(-) that there exists a unique ¥ € (0,0°) such that ¥ (0) = K. o

According to these results, the quadruple (W, c,9, ) defined by w = @(9), c = C(99) and 9 = 6(»9)
satisfies (42)-(45). Besides, it follows from () < @(0) for 6 € [0,6°) that ¥ < W, which further
implies W = @W(¥9) < @W(0) = W by noting that @(@) is decreasing in § on [0,0"). To complete the
proof, we need to show that 9 > w(w). If it fails to hold, then we have V, () = V% (9) = V., (0 (W)).
On the other side, it follows from ¢ >0 and ¥ < 9 that V() > V/(¢J). This contradicts (43) and
(45).

EC.3.9.2. Condition 2 and K < K. Since most arguments are exactly the same as

those as in the previous case, we only provide a sketch here. To start, we observe that é:z

~

(ny)(if(;/;‘i)lg(pﬂ)w € (0,8) satisties m(0) = ~#= by (EC.67). Moreover, we have

Vov—w—C' @) -w’" ' >K (EC.76)

since 1), (6) > ¢, (8) = 0.
Note that under Condition 2, w(@w) =0 by Lemma 2(i). Hence, we will use Vj instead of Vg
in the proof. Next, we will show the desired result by the following four lemmas, which parallel

Lemmas EC.4-EC.7 in Section EC.3.9.1.

LEmMmA EC.8. For any Qe (é,u’;), there exists unique values w(0) € (8, w) and C(0), in place of
W and c, such that (42)—(43) are satisfied at ¥ =6.
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Proof. We will use functions C,(w,8) and Cy(w, §) defined as in the proof of Lemma EC.4 to
obtain the desired result. In the proof of Lemma EC.4, we have established that C,(w,0) - —o0

and Cy(w,f) — o0 as w T w and thus

lim Cy (@, 8) < lim Cy (@, 0) (EC.77)

it it
for any 6 € (0,%w). Now, we claim that (EC.77) still holds under Condition 2 and K < K for any
fe (é,ﬂ)). In fact, it follows from Lemma EC.2(vi) that

lim Cy (@, 0) = (V — ppiw —v+ %Q)Qﬂ/p and

1w —r—p = p—r—
lim (i, 6) = §ﬁ 0,
It is clear that
limg, Cy (@,0) V=250 —v+ =00
lim g1 Co (W, 8) fﬁ,

is decreasing in 6 and takes value 1 at 0. Hence, (EC.77) holds for any 0 € (é,w). The remaining
argument is exactly the same as that for Lemma EC.4 and thus omitted. Moreover, we have the

following byproduct:

~ TN L Te o~ - 7 P MN1—r/
w(f) :=limw(f) =w and C(f) = —— (0 ° EC.78
@) i @) @)  y— ) ( )
which will be used in the subsequent analysis. =

LeMMA EC.9. Value §° := inf{f e (é, w) | @' (6°) = 0} is well defined. We have @(8) is strictly
decreasing in 0, and C(0) is strictly increasing in 6 on (é,QO) with @' (8°) = 0. Moreover, C(8) >0
for any & (0,0°).

Proof. We only point out the differences between this proof and that of Lemma EC.5. First,
we show @’(é) < 0 instead of @w'(0) < 0. This holds by noting that hg(zﬂ(é),é) = limgrgp hQ(@,é) =
(p—r—(p—1)-(p—7)/(p—7—p))/r <0. Second, we use the result limgy, @(0) = lim, ;zW(0) = w
instead of limgyg W(0) = w > W = @(0) to establish the existence of §°. Finally, we use |8 @ (é) =
limgrg VE(6) = (p—r)/(p— 7 — ) > 1 to characterize the monotonicity of C(-) near 6, instead of

using V% (0) > 1 to characterize the monotonicity of C'(-) near 0. o

LeMMA EC.10. For any € (8,6°), the threshold 6(6)
0(0) := inf {w >0 | Vi) (w) < 1+ COr/p-wr’* !}

is well defined. As a function of 0, threshold 0(8) is decreasing in 0 on [0,0"), satisfying
limgpgo 0(6) = 0° and lim, 5 6(0) = w.
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Proof. The proof is the same as that for Lemma EC.6, with the range of § changed from (0,6°)
to (E,QO). One exception is that we need to show lim, ; 0(0) = w. To show this, we first note that

for any we (é, w), we have

lim ¥ (w, 0) = lim {Vé(w) —1-C@) .r/p.wr/pfl}

Qié wtw
o p—r PH INL-—1/ r/p—1
= P @)l fpwte
p—r—p r(p—1r—p) /
- Lﬁ - (i)r/ﬂ‘l] >0,
p—T—p 9

where the first equality follows from (EC.78) and Lemma EC.2(ii), and the second equality follows

from Lemma EC.2(vi). This inequality, together with 8(6) < @(6), yields that lim, ;0(0) =w. =

LEMmA EC.11. Function ¥(0), as defined in (EC.75), is continuous and decreasing in € on
(E,QO), and satisfies

lim () = 0 and limy(0) > K.
Q%wL) and limp(0) >

Consequently, there exists a unique value ¥ € (E,QO) such that Y(9) = K.

Proof.  The proof is exactly the same as that for Lemma EC.7, with the range of # changed
from (0,8°) to (6,6°), except that we will show limy 409 (g) > K rather than limgy,4(6) > K. In
fact, we have

lim (0) = lim Vis(@) — [0+ + CO) ()"’ =V —v—w—-C@0) ()" > K,
610 wlw

where the second equality uses Lemma EC.2(vi), and the inequality follows from (EC.76). o

Now we are ready to complete the proof of Proposition 6 under Condition 2 and K < K. Accord-
ing to Lemmas EC.8-EC.11, (W,c,9,9) defined by W = @(¢), c = C(9) and 9 = 0(9) satisfies
(42)—(45). Besides, it follows from () < w(8) for § € [é, 6°) that 9 < w, which implies W = W(¥9) <
W(8°) = w by using that @(6) is decreasing in § on [é,Qo).

EC.3.10. Proof of Proposition 7
We only consider the case in which Condition 1 and K < K; hold, because the proof is the same
for the case in which Condition 2 and K < K hold.

First, we prove (48). Similar to the proof of Proposition 2, we apply Lemma 1 and Proposi-
tion EC.3 by verifying that (EC.47)-(EC.51) all hold.

Equality (EC.47) holds by noting that (i) ¢, =b1,,_,; (ii) for any t >0, W,_ € [J,w] if &_ =1
and (A W) (w) =0 if we [¥,Ww]; and (iii) for any ¢ >0, W,_ € (0,9] if &_ =0 and (AyVp)(w) = 0 if
we (0,9].
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Equality (EC.48) holds by noting that AL, >0 only if &_ =1 and W, + H,dN, — H!dQ, > W,
as well as that Vj(w) = V{(w) for any w > w.

Equality (EC.49) holds by noting that for any ¢ >0, (i) & =1—&_ =1 only if W,_ € [J, W] and
Vi(w) — Vp(w) = K if we [J,w]; and (ii) & =1—&,_ =0 only if W,_ € (0,9] and Vy(w) — Vi(w) =0
if we (0,9].

Note that ¢; > 0 only if w(w) >0, W;_ = @(w) and & _ =I. Hence, if ¢; > 0, then we have

HY - (Vi (Wio) = 1)+ o(W,o — HE E) — p(Wi—, &)
=(W(W) =)V (0(W)) + Ve (2) — Ve (0(W)) = 0,
where the last equality follows from Lemma 2(ii). Hence, (EC.50) holds.

Finally, (EC.51) holds by noting that (i) if Wy_ < W, then E[p(Wy, )] — p(Wo_,E—) —EALg =
d(Wo,E0-) — p(Wo_,E—) =0; and (ii) if Wo_ > W, then E[p(Wo,E-)] — ¢(Wo_,E-) —EALy =
(W, &) — p(Wo—, &) — (Wo— — W) =0.

Next, we show that functions Vj(w) and Vj(w) as defined in (46) satisfy the optimality condition
(20)—(22). First, (22) holds by noting that V{(0) = V;(0) = v. To verify (20) and (21), we consider
the following three cases separately: w e [0,9), we [¢,W), and w € [W, 0). We will study the case
of we [¢, W) before w e [0,9).

Case 1: we [9,w). First, we prove that
(A V) (w) =0 on [J,w). (EC.79)

Obviously, we have (A V))(w) =0 for w e [W(W),W). It remains to show that (EC.79) holds for

we [¢,w(w)) if ¥ <w(w) <w. For we [¢,w(W)), function Vy is linear and thus we have
(AV)(w) = (1 + )V (w) = pVa(w + B) + p(w — w)Vg (0(W)) — (WR —¢) + (p —r)w
=: g(w).
Note that
gi(w) = (p+7)Ve (W(W)) = Vi (w + B) = pVi (W(W)) +p—r
= (p =) (1 = Ve (@(W))) + (Vi (B(W)) = Vi (w + 8))
< (p—1) (1= Ve (W(W))) + (Vi (0(W)) = Vi (6(W) + B)) =0,
where the inequality uses the concavity of Vi and the last equality uses
0 = p(@ — B(W)) V5, (0(W)) = (p — ) (Vi (B(W)) — 1) + u (Vi (B(W) + B) — Vi (G(W))).

Consequently, g(w) =0 for all w e [9,w(W)), which yields (EC.79). Note that (AyVp)(w) =0 if
w € [9,9]. Hence, (20) holds by the following result, whose proof is relegated to Section EC.3.11.
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LEmMMA EC.12. Under the conditions stated in Proposition 7, we have (AyVy)(w) =0 for we
[9,%).

If we [J,W), then Vi(w) — Vy(w) = K > 0. To establish (21), we need to show that 0 < V{(w) —
Va(w) < K i we [9,3].

Let ®(w) := Vi(w) — Vp(w) and x(w) := Vi (w) —1—c-r/p-w"?~1. Obviously, we have ®(J) =0
and x(9) = x(J) = 0. It follows from the proof of Lemma EC.6(i) that ®'(w) = y(w) >0 for any
w € (¥,9). Hence, for any w € [¢,7), we have ®(w) > ®(J) =0 and ®(w) < ¢(J) = K.

Case 2: we [0,9). We claim that:

LEmMMA EC.13. Under the conditions stated in Proposition 7, we have (AV))(w) =0 for we
[0,9).

Its proof is rather involved, which is relegated to Section EC.3.12. Obviously, we have (AgVp)(w) =0
on [0,7). Hence, (20) holds. Inequality (21) also holds by noting that Vi(w) = Vj(w) in this case.

Case 3: we [w,00). Using the boundary condition Vg (W) = (uR —c— (p—r)w)/r, we have
(AV)(w) =1Ve (W) = (uR —c) + (p—r)w = (p—7)(w —W) =0,
and

(AgVo)(w) = (Ve (W) = K) + (p—r)w — Ry
=pR—c—(p—r)W+(p—r)w—Ru—rK
=RAu—c+(p—r){(w—w)—rK >0,

where the last inequality follows as K < V(W) —v = (uR—c— (p—r)W)/r — Rp/r < (RAp—c)/r.

Hence, (20) holds. Inequality (21) also holds since Vj(w) — Vy(w) = K.

EC.3.11. Proof of Lemma EC.12
For w e [¥, W), it holds that Vj(w) = Vg (w) — K. Define @, := inf{w > 0| V% (w) = 1}, which is well
defined by noting that V% (0) > 1 and V% (W) = 0. For any w € [w,, W], let

(ApVo) (w) =7 (Ve (w) = K) = pwVy, (w) + (p—r)w — pR =: go(w).

It follows from Lemma 2(iii) and w < W that V} (w) < V% (w) and Vg (w) > Vg(w) for w e [0, w].

Hence, for w € [wy, W], we have

go(w) =1V (w) — pVy, (w) — pwVy,(w) + p—r = (p—7) (1 = Vg, (w)) — pwVi(w) >0,
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where the last inequality follows from the fact that Vj (w) <V, (w) < 1 for w = w, and the concavity

of Vg . In addition, we have

go(@o) > (Vs (mo) — K) — pwo + (p— 7)o — R

>r(v+wo+ K —K)—pwo+ (p—r)we —pR =0,

where the first inequality uses V5 (o) < V4 (o) = 1, and the second inequality follows from the
fact that V(o) > Vg (o) > v+ @ + K (the last inequality holds because of m* > 1). As a result,
we have (ApVp)(w) =0 for all w € [y, w].

Next, we prove that (AyVy)(w) = 0 for w € [, @) by a contradictory argument.

Suppose, to the contradictory, that there exists a number @ € (1, @) such that (AyVj)(w) < 0.
Then, we have (AypVy)(w) =r(Vs(w) — K) — pww - Vi (@) + (p—r)w — pR < 0, and thus
(p—r)w+r(Ve(w) - K —v)

pw

(EC.80)

w (@) >

It follows from (EC.74) that limgy, 0(0) = inf{w > 0| V4 (w) = 1} = @,. Note that @ > 9 = 0(»)
and @ < w,. Hence, it follows from Lemma EC.6 that there exists a number ' € (0,1) such that

0(¢') = w. Using Lemmas EC.5 and EC.7, we have @(0') > @(9) = w, C(8') < C(¥) =c, and
P(0) =V (@) — [v+@+CO)m""] > v©) = K. (EC.81)

Moreover, according to 2(iii), we have

Vi(@) > Vi) (@) and Vg (@) < Vg gy (). (EC.82)
Consequently,
Vi () > L=DZE Vo (@) ~ K~ 0)
pw
_p=rmtr-|et+m+CE)="") o]
pw

=1+7/p-C(@)w"/" " = Viwy(@),

where the first inequality uses (EC.80) and (EC.82), the second inequality uses (EC.81), and the

last equality follows from w = #(#') and the definition of 6(-). This reaches a contradiction with

(EC.82).
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EC.3.12. Proof of Lemma EC.13
The proof of Lemma EC.13 is probably the most complex proof in the paper. As mentioned in
the paragraph below Proposition 7, the key step is to establish Lemma EC.16 below, which states
that either A,V’s first-order derivative is negative, or its second-order derivative is positive on
(0,9). This crucial result is obtained by studying a total of four cases, which are summarized as
Lemmas EC.17-EC.20.

Following from Vj(w) = v 4+ w + cw™” for w € [0,9] and

(Af = Ao f)(w) = p(f(w) = f(w+ B)) + pw f{w) — (RAL—c),
we define

g(w) := (AV)(w) = p(Vi(w) = Vi(w + 8)) + poV/'(w) — (RAp — c)

= p(v+w +cw"? — Vi(w +8)) + pw(1 +cr/p-w’P7) — (RAR —c)

for w > 0.
Using the same argument as that in Lemma EC.2(i) and by the definition of Vg as stated in

Lemma 2(ii), we can obtain the following result. Its proof is omitted for brevity.

LEMMA EC.14. For any @ € (0,w), we have Vg € C*(R.) n C*(R\{w}) n C3 (R \{w,® —
B.05(@)}) OB\ 55— 5,5 — 28, 5()}).

By the definition of V] as in (46) and the smooth-pasting condition at ¥, V] is differentiable at 1,
but may not be twice differentiable at 9. Therefore, Vi€ C*(R, ;) n C*(R, \{W,?}), which implies
that g e CY(R, ) n C*(R,  \{w — 3,9 — 3}). (Here, we use R, | to denote the set of all positive
numbers.) Besides, it holds that

gl(w)=p(L+cr/p-w’* —=V/(w+B)) +pw-cr/p- (r/p—1w""~* and (EC.83)

g (w)=cr/p-(r/p—=1w""*=*[pw + pw(r/p —2)] = uV" (w + B). (EC.84)

Here, ¢ may not exist at w — 3 and ¥ — 3. In this case, we follow the convention to use g/’ to
represent the left-second-order derivative of the function ¢/ at such a point. Similarly, we also use
V¥ (w) and V¥ (w) to represent the left-third-order derivative and the left-fourth-order derivative
of the function Vg at w (if needed) in the subsequent analysis.

Lemma EC.13 is equivalent to g(w) = 0 for w € (0,9]. From (EC.79) at ¥, we have ¢(¢) = 0.

Moreover, the following holds.

LEMmA EC.15. We have g{(¥) < 0.
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Proof.  First, we consider the case that ¥ < w(w). Evaluating (EC.54) at w(w) (with W replacing
w) yields

(1 +1)Ve (0(W)) — pVg, (0 (W) + B) + p(w — (W) Vi (w(W)) — pVi, (0(W)) + p—7 = 0.

Clearly, V2(w(w)) = 0. Since 9 < (W), we have VL (i0(W)) = Vi (9) = VA(I) =1 +cr/p- 97771,

which, together with the above expression, implies that
V(@ +B) = V5 (0 + B) = Vi, (0(W) + 8) = Vg, (w(w) + 5)
=[(u+r—p)A+cr/p- 0" Y +p—7]/p.

In the above, the first inequality follows from the convexity of Vg and the fact that ¥ < w(w).
Substituting the above inequality into (EC.83) at ¥ yields

g <(p—r)er/p-0""" 4 pw-cr/p- (r/p— 1) = (p—r)er/p- 97> (9 —w) <0.
Next, we consider the case that ¥ > w(w). Evaluating (EC.54) at ¥ gives
(1 +r)Ve () = pVg (9 + B) + p(w =)V (9) — pVi, () + p—r =0.
Note that V. (9) =1+cr/p-9""7" and V/(¥ + ) = V(9 + ). Hence, we have

GW) = u(1+cr/p- 9" =W+ B)) + pi-cr/p- (r/p—1)0"7*

= (p—r)er/p- """ = p(w — )V (8) + pw - cr/p- (r/p— 1)0""~2

(0 —=9)(p—r)(1 = V5 (¥))

<(p—r)er/p- 07"t = +pw-cr/p-(r/p— 197"

v
o —1)(p— Pt
= (o~ )erfp-wrlo ¢ WZDCZD T e (vfp - 10
where the inequality follows from (EC.72) at ¥ and w = w(?). o

Next, we show the following crucial result.
LemMA EC.16. For any we (0,9), we have either g/(w) <0 or g/'(w) = 0.

The above result, combining with Lemma EC.15, yields that g/(w) < 0 for any w € (0,9],
which immediately concludes the result stated in Lemma EC.13. In fact, if it fails to hold, w' :=
sup{w € (0,9) | g/(w) > 0} is well defined, which further implies that g/'(w') < 0. This contradicts
Lemma EC.16.

Lemma EC.16 follows immediately from Lemmas EC.17-EC.20 below.
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LeEMMA EC.17. For any we [0,9 — B8], we have g{(w) < 0.

LeEMMA EC.18. For any we (9 — §,9) such that V2 (w + 3) <0, we have g'(w) > 0.
LEMMA EC.19. For any we (0,(2—1/p)B A V), we have g (w) = 0.

LEMmA EC.20. For any we|[(1—r/p)5,9) such that Vi(w+ () >0, we have g{(w) < 0.
In the proofs of Lemmas EC.18 and EC.20, we also need the following technical result.

LEmMA EC.21. For any we [0,w), the following results hold:
(i) If2p <7+ u, then there exists a number g € [W(W), W), such that VZ >0 on (s,W) and VI <0
on (W(@),s];

(ii) Otherwise, V% <0 on (w(w), ).

The remaining part of this subsection is devoted to the proofs of Lemmas EC.17-EC.21. To
proceed, we need some preliminary results of V.. Using the explicit expression of V. in (24), we

obtain that V. is strictly concave on Ry, i.e.,, V! <0 on R, ,

V" (w)=cr/p-(r/p—1)(r/p—2)w"*3>0 and (EC.85)

VI (w) = cr/p- (r/p—1)(r/p—2)(r/p— 3w+ <0 (EC.56)
for all we R, . Hence, V. is strictly convex and V? is strictly concave, which further implies that

(Vi(w) = Vi{(w + B)) + VI (w) <0 and (EC.87)
(V2 (w) = VI (w+ B)) + BV (w) >0 (EC.88)

for any weR_,.

Proof of Lemma EC.17. Using Vi(w) = V(w) for w e [0,9], we have
gi(w) = p(V(w) = V' (w + B)) + pBVe (w) < p(Vi(w) = Ve(w + B)) + pBV{ (w) <0,

where the first inequality uses V}'(w + ) = V/(w + ) because of w + 8 <9 and (EC.74) with
9 =0(0), and the second inequality follows from (EC.87). o

Proof of Lemma EC.18. Define ¢(w) := Vi (w) — V. (w). Since ¥ = inf{w > 9 | ¢(w) = 0} and
# >0 over (9,9), we have ¢'(9) < 0. It follows from V¥ (w + 8) <0 and Lemma EC.21 with @
replaced by w that V7 <0 on (w(W),w + 3).
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For any w € (9 — 3,9), we have

w) = p(VI(w) =V (w+ B)) + upVe (w)
ZM(V' —Vi(w+ B)) + BV (w)
= M[(V” — V! (w+ ) + BV (w)] + (Ve (w+ B) = Vi (w+ B))
> (VY (w+ B) = Vg (w+ B))
w+
= p(V{(9) = Vi (9)) +uL (VE(y) = Vi (y))dy
>0

Y

where the first inequality uses (EC.88), and the last inequality follows from V”(9) — V% (J) =
—¢'(9) 20, w+ B>9, V" >0 (see (EC.85)) and V¥ <0 on (w(W),w + 3). o

Proof of Lemma EC.19. According to (EC.84), we have

g (w)=cr/p-(r/p—=1)w"*>plw+ B(r/p = 2)] = pW" (w + §)
—uV(w+p) 20,

where the first inequality follows from w < (2 — r/p)5 and the last inequality follows from the

concavity of V. O

Proof of Lemma EC.20. Suppose, to the contradictory, that there exists a w' e [(1—1/p)3,9)
such that VZ(w' + ) >0 and g{(w') > 0. According to Lemma EC.15, there must exist a number
wt e (w', ) such that

g/(w*) =0 and g/ (w*) <0. (EC.89)

First, we claim that w* + 8 < w. Otherwise, we have V/'(w* + 8) = V (w* + 3) = 0 and thus
gi(w¥) = p+cr/p- (P2 pfwt = B(1—r/p)] > >0,
where the first inequality holds as w* > w' > (1 —r/p)f, leading to a contradiction.
Hence, by Lemma EC.21, we have V% (w* 4+ 3) > 0. Furthermore, evaluating (EC.54) at w* + 3
(with w replacing @) gives
(1 + 1)V (w* + B) — uVi (w* + 28) + p(0 — w* = B)VE (w* + B) — pVi (w* + B) + p— 1 =0.
Since V2 (w* + 8) > 0, we have V2 >0 on [w* + 3,w) by Lemma EC.21. That is, V} is strictly
convex on [w¥ + 3, W), which, together with the concavity of Vg, yields that
Vi (wh +28) = Vi, (w* + 8) = Vi, (w0 +28) A W) = Vi (w' + B)
> (B A (W —w? —|—B)) VI (wh + B) = BV (wh + ).
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Therefore, we have

p(0 —w* = B)Vi (w* + B) = (p— ) (Vi (w* + B) — 1) + p(Vi (w' +28) — Vi, (w* + )
> (p—r) (Ve (W + 8) — 1) + ufVi (w* + ),

which, along with pw = uf, can be rewritten as
(0= 1) (1= Vi (wF + B)) > plat + BV (' + B). (EC.90)
Since g{(w?) =0, using (EC.83) we have
1=V + B) = —cr/p- (b7 2 [wh — (1= 1/p)B] (EC.91)
Evaluating (EC.84) at w* yields

) 1 = er/p- r/p— 1))l + 8(r/p— D]~ Vi (w +5)
R
[ T
i S

where the second equality follows from (EC.91), and the first inequality follows from (EC.90) and
uses the fact that w* >w' > (1 —r/p)B. This reaches a contradiction with (EC.89). o

Proof of Lemma EC.21. According to (EC.52) and the definition of Vg, we have

V() = L= r)@ppz_ T (g — )" () 2 = () (EC.92)

for we ((@—B)* v w(d),d).
In the case of (w — )" < w(w), then the result stated in the lemma holds, with ¢ = w(w) if
2p <r+ p. Below, we consider the case of (W — )" > w(w), or equivalently, w — 3 > w(w).

Besides, for w e (w(w), w), we have

ol — w)Vit(w) = p(Viy(w + B) = Vi (w)) + (2p = r)Vis(w), (EC.93)
and thus
ol — W)V (w) = p(Vi(w+ B) = Vi (w)) + (3p— 1)V (w). (EC.94)

By Lemma EC.14, V¥ may not exist at @ — . In fact, by (EC.92), we have VZ((w — f)+) =

¢(w — ). Evaluating (EC.93) at (W — B)— (to be precise, we consider an increasing sequence of
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{w, }nen near @ — S which tends to w — B from below, evaluate (EC.93) at these w,’s and then let

n — o), we obtain
plw — @+ B)VE (@ — B) = p(Vi(@—) = V(T — B)) + (2p — 1)V (@ - B).

In the above, as mentioned earlier, we adopt the convention to use VZ(w — /) to denote the left-
third-order derivative of function Vg at w — (.

In a similar vein, evaluating (EC.93) at (@ — )+ yields
p(@ — T+ B)V5 (@ — B) +) = p(Vi(@+) = Vi@ = B)) + (2p — 1)V (@ — B).

Combining the above two equations and using V%(w+) =0, we have

V@) = V(@5 +) + ST
S (@) LTI (g p). (EC.95)

o= T+ b))
We break the proof of the lemma into two cases.
(i) Suppose that 2p < r + pu, in which case (EC.92) implies that V% >0 on (@ — §,w). From
(EC.95), VZ(w — ) may not be larger than 0, and thus we consider the following two cases.
Case 1: V¥ (w— ) > 0. Let wy :=sup{w € (0(W0),w — ) | V4 (w) < 0}. If the set is empty, we have
V>0 on (w(w),w). Therefore, the result stated in (i) is obtained by letting ¢ = w(W).
If the above set is nonempty, then w(W) < w; < w — . Since Vg € C3*((w(w),w — B)), we have

VZ exists on (w(w),w — B). In addition, VZ(w;) =0 and V2 >0 on (w;,w). Now, we prove that
Vi <0 on (w(w),w). (EC.96)

Evaluating (EC.94) at w; and using V% (w;) =0, we obtain p(w — w, )V (wy) = pVia (wy + ) >0
(here if wy; = W — 23, the left derivatives are used), which implies that V% <0 on (w; — €, w;) for
some € > 0.

If (EC.96) fails to hold, then ws := sup{w € (W(W),w;) | VZ(w) = 0} is well defined and w, €
(w(w),w;). Hence, we have VZ(wy) =0 and V¥ (ws+) < 0. Evaluating (EC.94) at way+ yields
p(0 — wo) V¥ (wo+) = pV% ((wy + B)+), implying that V% ((wq + 8)+) < 0. If wy = @ — 23, then
V¥ ((we + B)+) = ((W — B) > 0, a contradiction. Otherwise, V¥ exists at wy + 3, and thus V% (ws +
B) < 0. By the definition of w;, we have wy + 8 < w;. Hence, VZ <0 on (w2, ws + S| and thus
Vi(ws + ) < Vi(ws). Evaluating (EC.93) at wq, together with V% (w,) =0, yields

Vg (ws + B) = (1 +1r —2p) Vg (w2) < pVi (ws),
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which gives V%(wq) > 0. This makes a contradiction with the concavity of V3. Hence, (EC.96)
holds, indicating that the result stated in (i) is obtained by letting ¢ = wy.
Case 2: V¥ (w — ) < 0. We show that

V" <0 on (6(F), T — B). (EC.97)

If VZ(w — ) =0, then by evaluating (EC.94) at (@ — 5)— and using V% (@) = {(w) > 0, we
obtain that V2 (w — ) > 0. (Again, the left derivatives are used.) Hence, we have VZ < 0 on
(W — B —e,w—P) for some € > 0. If, on the other side, V¥ (w — ) <0, then the assertion that
V% <0 on (W—p—e€w— ) for some e > 0 still holds by Lemma EC.14.

If (EC.97) fails to hold, then w; :=sup{w € [W(W),w — B) | V% (w) = 0} is well defined, satisfying
ws € [W(W), w — B). Moreover, we have VZ(w;) =0 and VZ(ws+) < 0. With exactly the same
argument as that in the previous case for treating w,, a contradiction can be reached. Therefore,
(EC.97) holds. The result stated in (i) is obtained by using (EC.92) and letting ¢ = w — f3.

(ii) Next, we turn to study the case that 2p = r + p. In this case, (EC.92) implies that V% <0

over (W — 8, w). Hence, we must have VZ(w — ) <0 in view of (EC.95). Therefore, the argument

for the second case above is valid, which leads us to the desired result. =

EC.4. Proofs of the Results in Sections 5
EC.4.1. Proof of Proposition 8

We only consider the case in which both Condition 1 and K < K; hold, since the case in which both
Condition 2 and K < K hold can be treated similarly. It follows from Lemma EC.7 that ¢(¥) = K
with v being decreasing on (0,6°). Therefore, 9 is decreasing in K. Recalling 9 = 6(¢9) and using
Lemma EC.6(ii), we obtain that 9 = §(1) is increasing in K.

For the last assertion, we first note that under Condition 1 and K; > 0, limg.go1(6) =0 by
Lemma EC.7, which implies limg o ¥ = 0°. Then, using Lemma EC.6(iii), we obtain limy o 9 =6°.
Under Condition 2 and K > 0, we also have limg o0 = 0° = limg 10 J, by a similar argument and

Lemmas EC.9 and EC.11. Hence, the desired result holds with 6, = 6°.

EC.4.2. Proof of Theorem 6

First, we consider the case in which Condition 1 and K; > 0 hold. It follows from Proposition 8
that limg o0 = limg o0 = 0°. Recall from the proof of Proposition 6 that w = w(¥) and ¢ = C(9).
Hence, we have limy oW = limg o @(9) = @(0°) and limgoc = limg o C(9) = C(6°). The result
(50) is obtained by setting 6y = 0", W = ﬁ(ﬁo), and ¢y = C(QO). Moreover, V4 and V. converge

uniformly to Vg, and V., respectively, as K approaches 0. Consequently, both value functions as

o

defined in (46) converge to Uy, uniformly as K approaches 0. Using Proposition 7 and sending K
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to zero, we conclude that functions Vi = V) = Uy, satisfy the optimality conditions (20)-(22) for
K =0.
The argument for the case in which Condition 2 and K > 0 hold is exactly the same, and thus

is omitted.
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E-Companion for “Punish Underperformance with
Suspension — Optimal Dynamic Contracts in the Presence of
Switching Cost”

In this e-companion, we present some further discussions in Section EC.1, and provide all the

proofs that are omitted from the main paper in Sections EC.2-EC 4.

EC.1. Further Discussions

This section contains four parts. Section EC.1.1 gives a heuristic derivation of the optimality
condition (20)—(22) for the optimal value functions V; and Vj, which appears in Section 3.2. Sec-
tion EC.1.2 demonstrates how to compute the optimal contract parameters. Furthermore, we con-
sider a special case of equal time discount in Section EC.1.3 and investigate the effect of arrival

rate under fixed revenue rate in Section EC.1.4.

EC.1.1. A Heuristic Derivation of the Optimality Condition (20)—(22)
In this section, we provide a heuristic derivation of the optimality condition for the principal’s
utility functions and of the main features of the optimal contract, whose main idea follows from
Section 4.1 in Biais et al. (2010). However, our arguments are not exactly the same, due to the
presence of switching and randomization. Let Fj(w) and Fy(w) be the principal’s optimal utility
function that yields an agent’s utility w when the initial state is | and 0, respectively.

For any t > 0, let us first characterize the evolution of the principal’s utility function Fg, (W;_).
Since the principal discounts the future utility flow at rate r, his expected flow rate of utility at
time ¢ is rFg, (W;—). This must be equal to the sum of expected cash flow, the (possible) switching

cost, and the expected rate of change in his continuation utility over (¢ —d¢,¢]. Hence, we have
Tth_ (Wt_)dt = [D{»R — (C — b)]]_gt=|]dt — st + Et— [—Fé(gt_, gt) + ngt (Wf)], (ECI)

where E, [-]:=E[-|F_].
Following the discussions in Section 3.2, we assume that for any ¢ € {I,0}, F.(-) is concave and
differentiable on R,. The actual value function might not be differentiable on the entire domain
R, , which is an issue frequently arising in the optimal control literature, and often addressed by the
viscosity solution approach. Since this section is devoted to a heuristic derivation of the optimality
equation for the optimal utility function F,, we assume that F. is smooth enough temporarily.
Recall that dL; = ¢;,dt + AL,. Note that under any admissible IC contract, 1

ve=p = ﬂ.gt:@ and

1 = 1¢,—;. Using (PK) and regarding F.(w) as a function of (w,e), we apply calculus of point

vi=p

processes to the process (W, ) to obtain

AFe, (W) = (pWie + ble, o — Hipy + q HY — 6) Y, (W,_)dt
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+ |Fe,. (Wy_ — AL,) — Fe, (W) + | Fe,_ (Wi + H,) — Fe, (W,_)|dN,
+ [Fe, (Wio — HY) — Fe, (W,)]dQ¢ + [Fe,(W,) — Fe, (W,)].

Plugging the above formula into (EC.1) and using E,_dN; = 7,dt as well as E,_dQ; = ¢;d¢t, we

have

rFe, (W,_)dt = [Rﬂt —(c=b)Lg,o — Lo+ (pWi— + b,y — Hyiy + q H — 0,) Fy, (W)
+ (Fe,_(Wi_ + H,) — Fe, (W,_))7, + (Fe,_(W,_ — Hf) — Fe,_ (Wt_))qt]dt
— ALf + th_ (Wt— — ALt) — th_ (Wt—) + Et— [ — K/(gt_, gt) + th (Wt) — th_ (Wt)] (ECZ)

Here, ¢;, AL;, H;, H{, q;, and & are all control variables. Besides, the contract might be ter-
minated at time ¢ by paying off the promised utility to the agent instantaneously. Hence, we have
Fe, (W) 2 v —W,. That is, F.(w) > v —w for any we R, and e € {l,0}.

We first optimize the constant-order terms on the right-hand side in (EC.2). Considering that

the optimized constant-order terms should be zero, we have

max, {—AL +Fe, (W —AL,)—Fe, (W,_)} =0, and (EC.3)
Jmax, {— k(& &)+ Fe,(Wy) — Fe, (W)} =0. (EC.4)
t i

Equation (EC.3) yields that F/(w) = —1 for any w e R, and e € {I,0}. Let . = inf{w > 0|
F!(w) = —1}. The concavity of F.(-) implies that at any time instant ¢, it is optimal for the principal
to pay AL, = max{W,_ —wg,_,0} instantaneously to the agent.

Equation (EC.4) yields that Fi(w) > Fy(w) and Fy(w) > F(w) — K for any w € R.. Besides,
E# & only if —k(& & )+ Fee (Wy) — Fe,_(W,) =0, where ¢ is lif e =0 and is ) if e = I.

Next, we consider the controls such that AL, =0 and & = &; . If we plug these values into
(EC.2), the symbol “=” should be replaced by “<” due to the suboptimality of these controls.
Comparing the dt-order terms on both sides of the resulting inequality yields

rFe, (W,_) > max {Rﬁt —(c=b)Leymi — by + (pWi +blle,o — Hy, + Hig,— 6) FL, (W)

+ (Fe,. (Wie + Hy) — Fe,, (W) + (Fe,_(W,— — Hf) — thf(Wt*))qt}7 (EC.5)
where the maximization is taken over the set of controls (¢;, H;, H},q;) that satisfies ¢, > blg,,
the IR constraint (5), and the IC constraint (IC).

Inequality (EC.5) can be written as two inequalities, for working and suspension states. If & =1,
by omitting the time index, (EC.5) becomes
rE(w) =2 Rp— (¢ = b) + (pw + b) F (w)
+ max{ 0 (£ + ph— qh?) E/(w) + p(Fy(w + h) — F(w)) + (F(w — h?) - F.(w))q}, (EC.6)
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where the maximization is taken over the set of (¢, h,h?,q) that satisfies
0>b, h=8, hi<w, ¢=0. (EC.7)
If &_ =0, then (EC.5) becomes

rEFy(w) = Ry + pwFj(w) + max{ — 0 — (L4 ph — gh®) Fj(w) + p(Fy(w + h) — Fy(w))

+ (Fo(w = h7) = Fo(w))a}, (EC.8)
where the maximization is taken over the set of (¢, h,h?,q) that satisfies
=20, hz—w, hf<w, ¢=0. (EC.9)

Recall that Vi(w) = Fi(w) +w and Vj(w) = Fy(w) +w. Then, based on the above discussions, we
have the following basic properties of V| and Vj:

1. Vi(w) = v and Vy(w) = v for any weR,.

2. V(w) 20 and Vj(w) >0 for any we R, (this follows from the fact that F{(w)> —1 and

Fi(w) > -1).

3. Both V| and V} are concave on R,.

4. Vi (resp. Vp) will take constant value on [0, 00) (resp. [Wy,0)).

5. Vi(w) = Vy(w) and Vy(w) = Vi(w) — K for any weR,.

We proceed to analyze (EC.6), which can be rewritten as follows in terms of V;:

rVi(w) = Ru—c— (p—r)w + (pw +b) V) (w) + max{ — 0V (w) + (Vi(w + h) = Vi(w) — hV}' (w)) p
+ (Vi(w = 1%) = Vi(w) +th|’(w))Q}, (EC.10)

where the maximization is taken over the constraints (EC.7).

Optimizing the right-hand side of (EC.10) with respect to £, we have ¢* = argmax,>,{—(V]'(w)} =
b if w e [0,w,), where we use the fact that V/'(w) > 0 for w € [0, @)).

Optimizing the right-hand side of (EC.10) with respect to h, we have h* = argmax;,_ 5{Vi(w +
h) —V/(w)h} = B, by noting that Vi(w + h) —V]'(w)h is decreasing in h on [0, 0), since V/'(w +h) —
W/ (w) <0 for any h =0 due to the concavity of V.

Note that maxjec, {Vi(w — h?) — Vi(w) + h?V/(w)} = 0. Hence, (EC.10) reduces to

mVi(w) 2 Rp—c— (p— r)w — p(w — w)V'(w) + p(Vi(w + B) — Vi(w)), (EC.11)

for we R,, which can be rewritten as (A V;)(w) = 0 by using the operator A, defined in (18).
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We next analyze (EC.8), which can be rewritten as follows in terms of Vj:

rVp(w) = Rz = (p = r)w + puVi (w) +max { = Vi (w) + (Vo (w + h) = Vo(w) — AV (w))
+ (Volw = h1) = Vo (w) + A1V (w))g}, (EC.12)

where the maximization is taken over the constraint set (EC.9).

Optimizing the right-hand side of (EC.12) with respect to £, we have £* = arg max>o{—¢Vj(w)} =
0 if w € [0,%y). Optimizing the right-hand side of (EC.12) with respect to h, we have h* =
argmax,,._,{—Vj(w)h + Vy(w + h)} = 0, by noting that —Vj(w)h + Vy(w + h) is increasing in
h for h < 0 and decreasing in h for h > 0 due to the concavity of Vj. Additionally, we have
maxpa<w{Vo(w —h?) — Vy(w) + h9Vj(w)} = 0. Consequently, (EC.12) can further reduce to

rVo(w) = Ry — (p —r)w + pwVj (w), (EC.13)

which can be rewritten as (AyVy)(w) = 0.

Summarizing the above discussions yields the optimality condition (20)—(22).

EC.1.2. Computing Contract Parameters
For K =0, we have the following results. Since these results have been established in the second

part of the proof of Proposition 8, we omit its proof.

ProprosITION EC.1. (i) Under Condition 1 and K, >0, we have 6, =0", where 0, and 6° are
defined in Proposition 8 and Lemma EC.5, respectively. Correspondingly, we have wqo = w(6,)
and co = C(0y), in which functions w(-) and C(-) are defined in Lemma EC.J.

(ii) Under Condition 2 and K >0, define a lower bound
(V-v)(p—r—p)—(p—r)@

pu(p/r—1)
Similar to Lemmas EC.4 and EC.5, for any 0 € (é,w), there exist unique values wW(0) € (6, w)
and C(0), such that if we set w =w(0), c=C(8), and ¥ =0, the value-matching and smooth-
pasting conditions (42) and (43) are satisfied. Furthermore, value §° := inf{f € (é,ﬁ)) |w'(6) =
0} is well defined, and we have 0y = 6°, Wy = W(6y), and co = C(6y).

514

For any 6 € (0,w), function h(w, ), as defined in (EC.71), is decreasing in w with h(@w(0),0) = 0.
Hence, w(#) can be efficiently found by a binary search procedure, starting from lower bound 6
and upper bound w. Consequently, C'(#) can also be immediately computed as C1(w(0),8), with
Cy(w,0) defined in (EC.70). Therefore, following Proposition EC.1, in order to determine the
optimal contract parameters for K = 0 under Condition 3, we only need to find °. Based on the

definition of §° (see part (ii) of Proposition EC.1), this value can be determined by a line search to
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check at which point @W(#) is no longer increasing, starting from 0 under Condition 1 and K; >0,
or from é under Condition 2 and K > 0.

Computation of the optimal contract parameters for K > 0 is more complex. We only demon-
strate how to compute the control-band parameters (c,w,,9) under Condition 1 and K < K,
or under Condition 2 and K < K, as the optimal contract in other cases takes a simpler form.
Take the case under Condition 1 and K < K, for illustration. Note that for any 8 € (0,6°), the
value 6(0) can be determined by (EC.74) using a line search procedure. Hence, function (0), as
defined in (EC.75), can be readily computed for each 8 € (0,8"). Since, by Lemma EC.7, function
() is decreasing in § with ¥ (¢) = K, the quantity ¥ can be efficiently found by a binary search
procedure, starting from lower bound 0 and upper bound #°. The three other parameters, c, W,
and 9, are thus immediately computed as C(¥9), @(¥9), and (2. For the case under Condition 2
and K < K, the only difference is that the initial lower bound for the binary search is é

The above procedure can be summarized by the following four subroutines.

Subroutine 1. Given §¢€ (0,w), compute w(#): Binary search on [¢, W] to determine w(#) accord-
ing to h(w(#),0) =0 where function h(w,0) is defined in (EC.71).

Subroutine 2. Given € (0,w), compute C(6): Following Subroutine 1, we obtain w(#). Then,
C(8) = Ci(w(0),0) with Cy(w,0) defined in (EC.70).

Subroutine 3. Given f € (0,6°), compute §(6): Following Subroutines 1 and 2, we obtain 1 (6)
and C(0). Then, we calculate §() by (EC.74) using a line search procedure.

Subroutine 4. Given 6 € (0,6°), compute 1(#): Following Subroutines 1-3, we obtain @ (6),
C(9), and 0(0). Then, we compute (), as defined in (EC.75).

With the above four steps, the optimal control-band parameters can be computed by Algorithm 1

below.

Algorithm 1 Compute (c,Ww,d, ).

1: Line search to determine §° according to @'(f) = 0, in which function @w(#) is computed accord-

ing to Subroutine 1.
2: Binary search to determine ¥ according to () = K, where ¢ (d) can be computed using
Subroutine 4.

3: Following Subroutines 1-3, we obtain W =w("), c = C(9), and ¥ = 0(¥9), respectively.

EC.1.3. Equal Discount Rate
In the study of dynamic contracts without the switching option, Sun and Tian (2018) claimed,

without a formal proof, that under equal discount rates, it is optimal for the principal to always
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induce the agent to work before contract termination. In our context with switching, this claim
corresponds to never switching the agent to suspension and then working again. Here, we provide
a formal proof that validates this claim for any K > 0.

When the two players’ discount rates are the same, that is, r = p, various expressions in the main

body of the paper become simpler. For example, the value V defined in (10) becomes

A (EC.14)
T

and the differential equation (25), which plays an essential role in deciding the optimal value

functions, becomes
(b +r)Ve(w) — pVe((w + B) A ) +r(w — w)V/(w) — (nR —c) = 0. (EC.15)

According to Lemma 3 of Sun and Tian (2018), differential equation (EC.15) with boundary
condition V,(0) = v has a unique solution V, on [0, @], which is increasing and strictly concave, with

V.(w) =V, for all w > w. Theorem 1 still holds, in which the operators A, and Ay are simplified to

(Af)(w) = (u+7) f(w) = pf(w+ B) +r(w—w) f'(w) — (pR—c), and
(Ao f)(w) =rf(w) — rwf'(w) - Ry,

respectively, for differentiable function f.

Furthermore, when r = p, effectively Condition 1 holds. In particular, we will show that the value
function for state | is V, defined above. Furthermore, the upper threshold V(W) — v in Proposition
2 becomes

K.,:=V,—v. (EC.16)

In order to define the lower threshold for the switching cost, we need to define the value function for
state (). Note that when r = p, function Vg becomes V., with W being @ and w(w) being 0. Hence,
following Lemma 4, if K < K., there exist K-dependent values 8% € [0,w] and m* € [0, V/(0)] such
that

V(05) =mm 0% + K + v, and V/(0%) =m*X.

Then, similar to (30), we define the following societal value function for the suspension state:

[ mBw+v, wel0,0%],
Vo(w) = { Vo(w)— K, we [HK,w]]. (EC.17)

Figure EC.1 depicts the value functions. It is clear that Vj is linear over the interval [0,6_71(].
Furthermore, Vj(w) and Vy(w) are “parallel” with a difference of K for w > 6¥.

The following theorem summarizes the optimality results.
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Figure EC.1 lllustration of Optimal Societal Value Functions with Equal Discount Rates
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Notes. In this figure, r=0.5, p=0.5, c=b=0.2, R=2, Au=0.7, K =1.5, and p = 2. Hence, 0% =0.51, @ = 1.14,

V. =76, and v=5.2.

THEOREM EC.1. Consider r=p. For any w =0, we have

U(T,0) =wv.

If K> K., functions Vi =V, and Vy = v satisfy (20)-(22).
If K < K,, on the other hand, functions Vi =V, and Vy as defined in (EC.17) satisfy (20)—(22).

Furthermore, if V! (%) > 1, for any w = 6%, we have
U0 (w:0,0, 18, 0)) = Vi) —w.

Proof. Using a similar argument as that in the proof of Proposition 2, we can show that (i)
U(L,0) = v, and (ii) under the condition that K < K, and m* > 1, U (I'*(w;0,0,w,w)) = Vp(w) —w
for any w > 0% with Vj as defined in (EC.17).

Next, we show that under condition K > K., functions V; =V, and Vj; = v satisfy (20)-(22). By
the definition of V., it is clear that A,V = 0. Moreover, (AyVp)(w) =rv — pR = 0 for any w > 0.
Hence, (20) holds.

Note that V, is increasing on [0,w] (see Lemma 3 of Sun and Tian 2018). Hence, for any w >0,
we have Vi(w) — Vy(w) = V,(0) —v =0 and Vi(w) — Vy(w) <V, —v = K, < K. Therefore, (21) holds.
Finally, it is evident that (22) holds.
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It remains to show that under condition K < K., functions V; =V, and Vj as defined in (EC.17)
satisfy (20)—(22). Obviously, AV} = 0. Moreover, we have

Vo(w) = Vo(0)

(AaTa) () = V() = ruVitw) = e = (2

—%m0>&

where the equality follows from Vj(0) = v, and the inequality follows from the concavity of Vj.
Hence, (20) holds.

If w > 0%, then Vi(w) — Vp(w) = K. If we[0,6%], then V' (w) — Vj(w) = V! (w) — V/(6%) > 0 due
to the concavity of V,, which implies that Vi(w) — Vy(w) = Vi(0) — V4(0) = 0 and Vi(w) — Vp(w) <
Vi(6%) — Vy(#%) = K. Hence, (21) holds. It is straightforward to see that (22) holds. o

Therefore, in the equal discount case, contract I'*(w?*; 0,0, w, w) is optimal if K < K, and m* > 1,
in which w* € [0,w] is the unique maximizer of function V, such that w* > #%. Otherwise, it is
optimal for the principal not to hire the agent at all. Note that because the threshold @ in contract
I'*(w;0,0,w,w) is zero, the principal does not direct the agent to stop working until the promised
utility has reached 0. At this point, the promised utility cannot become positive again, and the
contract is terminated. Therefore, in all these cases, it is never optimal for the principal to direct

the agent to stop working and restart later.

EC.1.4. Effect of Arrival Rate Under Fixed Revenue Rate

In this section, we investigate the effect of arrival uncertainty on the optimal contract. In particular,
we fix the revenue rates per unit of time (Ru and Rp), the cost rates (c and b), and the switching
cost (K), and see how the optimal contract changes with the revenue R. In particular, when R
approaches zero, the arrival rate effectively approaches infinity, and the system behaves more like
a deterministic one. In this case, mitigating uncertainty effectively removes the rent that the agent
is able to obtain. The system should become efficient. On the flip side, if R approaches infinity, the
system is extremely uncertain.

For this purpose, we fix A:= RAp and B := Ru and let them be fixed input parameters. In
this setup, we can write all results as well as relevant quantities appeared in the paper in terms
of A and B, with u and Ay replaced as = B/R and Ap = A/R, respectively. It is easy to check
that quantities v, w, V (), and V are all independent of R. Hence, the results in Theorem 2 still
hold. Moreover, we have the following result, which explores two extreme cases, the case of extreme
uncertainty (i.e., R 1 o) and that of no uncertainty (i.e., R | 0). Note that the first-best societal
utility, by considering whether or not to hire the agent, is

A _ +
RAp=c C—K] .

VFB::v—i—[
.
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ProposiTiON EC.2. Fixz model parameters A, B, ¢, b, and K.

(i) As R? oo, it is optimal for the principal to not hire the agent if K >V —v —w, and to hire
the agent and offer contract T' (paying B =bR/A to each arrival) otherwise.

(i) As R |0, it is optimal for the principal not to hire the agent if K = (A —c¢)/r. If K <
(A —c¢)/r, on the other hand, the principal will hire the agent and implement the contract
8 (wilts 9 (9% v w(wh)), 97, W) as defined in (47) and Theorem 5, in which the super-

script R highlights the parameters’ dependence on R. Furthermore, we have

limwi® =1im 9" = limw(WF) = lim 97 = limw” = 0, (EC.18)
RO RO RO RO 10
and
_ A+ B—
lim U (T (wg™; 0%, (" v w(wh), 9", ")) = AFXPTC goym (EC.19)
T

In either case, the optimal contract yields the first-best societal utility asymptotically.

Proof. First, we show part (i). Note that R > R if and only if

(A+B)(A=)Ap—blp—r)(A+B)] _

R>
p(p—r)(A2—cA—bA—bB)

Hence, Condition 2 holds as R 1 oo. Consequently, we have limpzy,, K =limpy,, Ky =V —v — % and
limpy, K =0 by (34). The result stated in part (i) follows immediately from Theorem 2.
Next, we prove part (ii). Fix any contract I € €. Define o :=inf{t > 0| &, = I}, which will take

value oo if the principal does not hire the agent under contract I'. We have

U[r) <E"™ fve_""t(RdNt leidt) — Y er(E - ,St)]
0

ot

=E"® J e_rt(R(/.L]].gt=|+H]].gt:(]))—c:ﬂ.gt=|>dt— 2 e_”/i(&_,é’t)]
0

ost<oo

<E"M) J e " Rudt + J e "(Rpu—c)dt — _”’K]

| /O

B e o) (RA“ K)

;
R . +

:M+<RMC_K> ,
r r

where the first inequality follows by plugging (LL) into (6), and the second inequality follows from
Assumption 1. Therefore, if K > (RAu —c)/r = (A —c)/r, then we have U(T') < Ru/r = U(L),
which demonstrates that it is optimal for the principal not to hire the agent. (We point out this

result does not depend on the value of R.)
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If K<(A—-c)/r, then we have
UT)<V(0)—K=(Ru—c)/r—K=(A+B-c¢)/r— K. (EC.20)

Denote the set of positive R’s that satisfy Condition 1 as R. Clearly, R € R when it is sufficiently
small. For any R€ R, Lemma 3 holds, which demonstrates that W’ is well defined.
To show the second assertion in part (ii), we need the following limiting result:

%%v@’? =0, (EC.21)

which will be proved later using a contradictory argument. This result further implies that
limpo KF =V (0) —v=(A—c)/r. In fact, note that the line w + v + K (as a function of w) is
above the curve VE, (w) for any Re R. Hence, we have KI* = VI, (W) - %" —v = V(W) - %" —v.
In addition, we have K < V(%) — v. Sending R to zero and using (EC.21), we obtain that
limpo KF = (A — ¢)/r. Consequently, Condition 3 holds as R | 0 if K < (A — ¢)/r, which demon-
strates that the contract IT*% (wxf; 9%, (9% v w(WT)), 9%, W) as defined in (47) and Theorem
5 is well defined, establishing the second assertion in part (ii).

The limiting result (EC.18) follows immediately by noting that w? < W from Proposition 6 and

using (EC.21). Applying Proposition 7 and Theorem 5, we obtain that

Ur (fR(WS‘R)) =VE (W) —wi — K = max {(Vi(w) —w} - K

> V(W) —wl - K =V(w)—-w-K,
which further implies that

limyinf U (fR(ng)) > lim {V(W") - W'} - K =V(0) - K

by (EC.21). This, combining with (EC.20), establishes (EC.19).

It remains to show (EC.21). Note that w € [0,w) for any Re R. Hence, {W} e is a bounded
sequence. If limgowf = 0 fails to hold, according to the Bolzano—Weierstrass theorem, there
exists a sequence {R,}neny with R, € R and lim,_,,, R, =0, and a number w* € (0,w], such that

Rn _

lim,,_,, W w*. Then, we show that

lim V72 (w) = —o0 (EC.22)

n—xL

for any w € [0,w*). Suppose, to the contradictory, that (EC.22) fails to hold for some w' € [0,w?).

Then, we have a subsequence {R,},sey with lim,, ,, R, = 0 such that lim,/ . VAR}Q' (w') exists and

n/

is finite. Recall from Lemma 2 that vaR(-) is continuous and increasing. Using a diagonalization
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argument, we can show that there exists a further subsequence {R,»} < { R, },ven and a finite-valued

continuous function v(-) defined on [w',w*] such that

lim V2" (w) = v(w) (EC.23)

n*)f

for any w € [w’,w#]. (First, we establish the weakly convergence of these functions at all ratio-
nal numbers on [w’,w#]; then we use these functions’ continuity and monotonicity to show the
weakly convergence on the entire interval [w',w*].) Moreover, v(-) is nondecreasing on [w',w?],
with v(w?) =V (w?).

Rewriting (25) in terms of A, B with p and j replaced, we obtain

p (0 — w) (VEY (w) + 1V (w) = (A+ B —¢) + (p—r)w = ;B [VVAVRR ((w+ bRy ) VFR(w)] ,

or equivalently,

=% [VVAVRR ((w + Z) A VAVR> — VVAVRR(w)] —(p+r)\VE(w)+(A+B—c)— (p—r)w.

Integrating the above equation from w to W# yields

p| (@ = FWVE ) — (@ = w) Vi (w)

:JjR{A;B [ng((uﬂf) AVAVR)—VV;%R(U)] —(p+r)VE () + (A+ B —c)— (p—r)u b du.

Note that

~R wh

@ bR w (Ve (WF) = Vi S
[ [ (e By a ) vt au= | B CRROVD Vgl e (R
. VR (#1) — Sw TVVAVR( )du we [0, wh 7]

Now consider Equation (EC.24) for the subsequence {R,~} and for any w € [wf,w*). As we
[0, wF — %] for sufficiently small R, by L’Hopital’s rule and (EC.23), we have

SZRHH I:V&R}?:" ((u + bR) A WRn") Vngﬂn( )] du b
n!l - Rn” A

—V(w*) — <v(w).

Therefore, letting n” — oo in (EC.24) and applying (EC.23), we obtain



ecl2 e-companion to Cao, Sun, and Tian: Punish Underperformance with Suspension

Therefore, v is differentiable, and thus the above equality can be written as
pwv'(w) =rv(w) —(A+B—c)+ (p—r)w,

by noting that w = b(A + B)/(pA).

Using the boundary condition v(w#) = V(w*), we have

o(w) = V() +w—wt + Lot [1— (o

T/p ¢ -
w*> or we [w',w],

which is decreasing on [w',w#], reaching a contradiction with the fact that v(-) is nondecreasing
on [w', w*]. Hence, (EC.22) holds.
Furthermore, we have lim,_,, VI (0) = —o0 by noting that Vi <V for any @ € (0,w). This

contradicts V1% (0) = v. The proof of (EC.21) is complete. o

As R approaches infinity, the arrival stream is extremely uncertain, and thus it is hard for
the principal to distinguish whether the agent exerts effort or not. Hence, it is expected that the
promised utility plays little role in the incentive and thus payment should be made completely
based on whether an arrival occurs or not. Part (i) of Proposition EC.2 validates this intuition.

Part (ii) of Proposition EC.2 states the result for another extreme case. As R approaches zero,
there is essentially no arrival uncertainty. In the absence of information asymmetry (in term of the
agent’s effort rate), the system’s first best can be achieved. In fact, the first-best societal utility is

V8 which indeed is asymptotically achieved under the proposed contract.

EC.2. Proofs of the Results in Sections 2 and 3
EC.2.1. Proof of Proposition 1

The proof of part (i) is exactly the same as that of Proposition 1 in Cao et al. (2022), in which
random termination instead of random switching may take place. The proof of part (ii) is similar to
that of Lemma 6 in Sun and Tian (2018). To keep this paper self-contained, we provide a complete
proof here.

(i) Define the agent’s total expected discounted utility conditional on F; as

7

t
= f e ”(dLs —bl,,—,ds) +e "Wy (T,v). (EC.25)

Hs=H
0

(T, v) := BV [ J e (dL, —b1,,—,ds)

0

In what follows, we omit (T',v) from all relevant quantities for the sake of easing notation. Given
an effect process v, we use Z[Ifl 1] 1O denote the set of arrival time epochs during [¢;,¢2]. Moreover,

we denote Z := I 1 and ZV :=Z . Similarly, we use I[Cflm] to denote the set of randomized
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switching time epochs during [t;,¢2] under the switching intensity process {g;};>0. Moreover, we
denote 7 := I[Qo,t] and Z9 := I[Qo,x)-

At any time instant (—, W,_ can jump to WCN triggered by an arrival at time (, or jump to
Wé‘? triggered by a randomized switching, or jump to WCL triggered by an instantaneous payment.
(Here, the agent’s promised utility will not jump caused by a deterministic switching.) Therefore,

we can decompose W, (for ( > t) into its discrete part

Z [(Wév - Wﬁ*)]]feIﬁc] + (WEQ - Wﬁ*)]]‘gel[Qt a + (WEL - Wé*)ﬂgezﬁ (]]
t<e<C : ,

and its absolutely continuous part

WCC = WC — Z [(WfN — WE_)]lseI[]XC] + (WEQ — Wf—)]lgelgq + (WgL _ Wg_)ﬂﬁezﬁ,g]] ,

t<€<(C
where we use I[Lt,g] to denote the set of time epochs in [t,(] such that a positive instantaneous
payment occurs. Hence, we have §EI[Lt’C] if AL >0 and £ € [t,(].
According to the definition of admissible contract, we know that both W} and WtQ is Fy-
predictable. However, W} can also depend on dN; and dQ;,, that is, W}F is F;-adaptive.

Fix any t’ > t. By calculus of point process, we have

7

t
e Wy — e P'W, = ft e P (= pWed( +dW)

+ Z e”’c [(WéV_WC—)]lgeIgV +(WCQ—WC_)1

t,t']
Ce(t,t']

+ (WCL — WC—)]lgeIL ] .

¢cez? ]

(t,¢']

(EC.26)

Note that the process {u;};>¢ is an F-martingale. Hence, for any time points ¢’ > ¢, we have

uy = E[uyr], where we recall that E,[-] = E[-|F;]. Consequently, we have

0 :Et[ut/] — Uy
t/

:Et[e—pt’Wt, — "W, + E, U PS¢ (ch — b]l,,C,LdC)]
t

+

_E, [ J e (= pWed( + dwg)]

o [
et/

cer@ T (WE=We)Leerr

(] (t,t]

7

¢
1, [J e—PC (dLs - b]ly<=MdC)]
t+

:Et{ f efpc{[— pWe + (W =W ve + (WE =W )ge]d¢ +dW§}
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/

t
+ e [(WcL - WC—)]]'CeI(I;s,z/]] } +E, [ﬁ e " (dL¢ = bLye=dC) |

Ce(t,t'] +
where the second equality follows from (EC.25), and the third from (EC.26). The fourth equality
follows from the facts that {Q;};>0 is a counting process with intensity ¢;, and that NV, is a counting

process with intensity 14, as well as Lemma L3 in Chapter IT of Brémaud (1981), noting that

t/ t/
]Etf e WY =W Yreld¢ < V_V,uf e™**d¢ < oo, and (EC.27)
t t

AL

t/ -
]Etf e_”<|(W<Q —We)geld¢ < WEtJ e " qd(¢ < WEtJ e " q.d( < oo, (EC.28)
t t t

in view of (WU), p>r, and (1).
Recall that dL, = ¢;dt + AL,. For any t <t' <7, the above equality can be stated as
t/
Et {J e-ﬂ([_ pWC + (WCN - WC*)VC + (WCQ - WC_)‘]C - b]]'VC:“ + ZC]dC + de}
t

+E, > e [(WE =W )lar 0+ AL =0. (EC.29)
Ce(t,t']

Consider any time t. Letting ¢’ | ¢ in (EC.29) yields
EJ(WF =W, )lar,-0+AL] =0, (EC.30)
which further implies
AW = [pW,- — (WY =W )v, — (WP = W, )gq, + b, — 4] dt, ¢ =>0. (EC.31)

Let H, :=W» —W,_ and H} := —W{ +W,_. Then, both H, and H{ are F,-predictable. Besides,
since W}l is Fi-adaptive, (EC.30) in fact is equivalent to

(WE =W, Yap,-0+ AL, =0. (EC.32)
We also have
dW, =dW; + (WtN — W,_)dN; + (WtQ - W,_)dQ, + (WtL —Wi_)lar,>o0- (EC.33)

Combining (EC.31)—(EC.33), we obtain (PK).

Relationship (5) follows immediately by noting W,¥ =0 and W2 >0 for all ¢ > 0.

(ii) Let u,(T",v/,v) denote the agent’s total expected discounted utility conditional on F; under
contract I', when he follows effort process ' = {v}},>0 before time ¢ and then effort process v after

time t:

t
u (T, v) = J e ?*(dL; — b1, -, ds) + e P W, (T, v). (EC.34)

0
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Here, @,_(T',',v) can be interpreted in a similar vein as that for Wy_(T",v). In fact, we have
o (I, v, v) =Wy (I',v) = u(l',v). In what follows, we write 7 instead of 7(I') to ease notation. By

the above definition, we have
t

4,(D, v, 7) = uy (T, 7) + J e Pb(L,_y —1,,-,)ds. (EC.35)

0
Besides, by (PK) and (EC.25), we obtain that
du, (T, v) = e P (dL; — b1, =, dt) + e * (AW, (T, v) — pWi(T', p)dt)
=e "[Hy(T,v)(dN; — v, dt) — H{(T,v)(dQ; — q.dt)]. (EC.36)
Therefore, for any time points ¢t < ¢/, we have (below, we add superscript v in some expectation

operators, to indicate that the related random variables are induced by the effort process v)

t/
Ei [ty (T, v, 0)] — (T, v, ) = EJup (T, 0)] — u (T, 0) + EY [J e b1y, — ]l,,su)ds]
t

—EY Ut e " (Hy(T, 7)(dN, — ds) — H{(T, 0)(dQ, — gsdt) + b(1p, -, — ]l,,su)ds)]

+

—E [ J " o (HS(F, D) (Vs — 7s) + b(Lp, . — LM))ds] , (EC.37)

where the first equality follows from (EC.35) and the second equality follows from (EC.36). The last
equalities uses the fact that conditional on F; and under effort process v, {N}.e(t.v] and {Qs}ee(r.e
are counting processes with intensities v, and ¢, respectively, which follows by applying Lemma
L3 in Chapter II of Brémaud (1981) with the aid of (EC.27) and (EC.28).

Since both v and ¥ are admissible, we have v, =, = u whenever &, = (). Hence, we have
H,(I,0)(vs —vs) +b(Lp,=p — L,,=) = —(H (T, 7) — B)A,u]lgszwszﬁ (EC.38)

for any s > 0. Therefore, if (IC) holds, then we have E;[uy(T,v,7)] < u,(T",v,v) by (EC.37) and
(EC.38), which implies that {u,(I",v,7)};>0 is an F-supermatingale. By (IR) and (WU), we can

add @, (T, v,0) := Sof e re (dLS — b]l,,szuds) as the last element of this supermartingale. Therefore,
(T, 7) = Tio_ (T, 1,7) > B[t (T, v, 7)] = u(T', v),

implying the incentive compatibility of # under contract I'.

If (IC) fails to hold, then we consider an effort process v such that v, = p if and only if H,(I',v) >
B and & = 1. Clearly, v is admissible, and the expression in (EC.38) becomes —(H (I',v) —
B)Aple, -1 m,(r,»<p, Which is always non-negative and positive on a set of positive measure. Thus,
by (EC.37), there exists a time ¢ > 0 such that Eq_[u,(T,v,7)] > @ (I',v,7) = w(I",7). Define
another effort process v’ which follows v until time ¢ and then switches to 7, which is also admissi-
ble. Moreover, we have u(I',v') = Eo_[u;(T,v,7)], which indicates u(I', ') > u(I",7), contradicting

(3). The proof is complete.
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EC.2.2. Proof of Lemma 1

If we can show that (PK) holds under contract I'* (wq; 8, W, 6, %), then (17) follows immediately from
(2) and (4) with t =0. In fact, (PK) holds by setting H; = fl¢, - and H/ = (0 — ) 1w, _oe, -

EC.2.3. Proof of Theorem 1
Fix any contract I' € €. The agent’s promised utility follows a process W with its dynamics described
by (PK) with v, = for & =1 and v, = p for & = 0.

Recall that dL; = ¢,dt + AL,. Write ¢(w,e) = V.(w) —w for any we R, and €€ {l,0}. Applying
the change-of-variable formula (see, for example, Theorem 70 of Chapter IV in Protter 2003, pp.
214) for processes of locally bounded variation to the process (W, ) and using (PK), we have

T

efTTqﬁ(WT, Er) =Wy, &) + f

0+

e | (pWe + bymy = Hovy + g HY — £) - D
—rVgF(Wt,)]dt—i— S e AG(WLE)
0SI<T
for any T > 0, where D, is the left derivative of ¢(w,&, ) with respect to w at W,_, that is,
D, =V¢,_(W,) =1, by recalling that we use f'(w) to represent the left derivative of f at w for

any absolutely continuous function defined on R, . Besides, we have

A¢(Wt7gt) = ¢(Wtagt) - ¢(Wt7€t—)
+ o(W,_ + H/dN; — H{dQ; — ALy, &) — ¢(Wy_ + HidN;, — H}dQy, &)
+ ¢(W,— + HdN, — H{dQ,, &) — p(W,_,&,_) for t > 0,

and

Ap(Wo, &) = oWy, &) — d(Wo,E0—) + d(Wo, Eo—) — d(Wo—,E0-)

by noting that dNg = dQy = 0 with probability 1.
Define MY = {M}N},50 and M = {MZ},5, by

t

MthNt—J

0

t
v,ds and MtQ = Q) —f qsds.

0
Note that

> [¢(Wie + HidN, — HidQ,, &) — $(W,—, &, )]

o<tgT

_ L e [SWe + Hy E) = o(Wer, E VAN, +[$(W,_ — HYLE) = S(Wi, £,)]AQ.}

T

T
= J 67” [(b(Wt— + Ht7 gt_) - ¢(Wt—7 gt_)]thN + J €7rt [(b(Wt— + Ht7 St—) — (b(Wt_, gt_)]l/tdt
0+

0+
T

T f e [d(Wer = HILE ) — (Wi, £ )]AME + f oW —HL ) = p(Wie ) Jardl,
0+

0+
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where the first equality uses the fact that {t € [0,T] | dN;, = dQ; = 1} has a Lebesgue measure 0
with probability 1. Summarizing the above formulas, we obtain

T

e o(Wr,Er) = d(Wo-,E-) +f e (Wi + Hy, E2) — p(Wio, £ )M +

0+
T
+ J e (Wi — HE &) — p(Wie £ )|AMEP + Ay + Ay + As + Ay + A,
0
+ (EC.39)

where

T
Al = J efrt{(th_ + bjll/t=,u - Htl/t - ﬁt_) . (Vét— (Wt_) - 1) - T¢(Wt_7gt_)
0+

F[6(Wi + Hi &) — (Wi, 5t,)]ut}dt,
A= Y e [qﬁ(Wt_ + H,dN, — H{dQ, — AL, &_) — ¢(Wi_ + H,dN, — HAQ,, st_)],

0<t<T

Ay = 2 e " [o(We, &) — (Wi, E2)],

otLT
T
Ayi= J e*”qt{Hg (Vi (Wio)—1) + ¢(W, — HL, &) — (Wi, Et_)}dt,
0+
As = ¢(Wo,50—) - ¢(W0—750—)-

Below we treat each term separately.
Consider first A;. If &_ =1, then v,_ = p and ¢(W,_, &) = Vi(W,_) — W,_. Since the contract

I is incentive compatible, we have H; > 8 by Proposition 1(ii). Consequently, we have

(Wi + b1, — Hiy — ) - (Vi (Wio) = 1) —r¢p(Wie &) + [p(Wie + Hy, E) — ¢(Wi . &)1
= (Wi +b— Hypr— ) - (V(Wio) = 1) =7 - (Vi(Wis) = Wio) + [Vi(Wie + Hy) = V(W) — Hi] -
= pWie - (W (Wie) = 1) =7+ (V(Wim) = W2) = (= b) - (W (W) — 1)
+ V(Wi + Hy) = Vi(Woo) = V' (Wio ) He] -
<PWi - (W(Wio) = 1) =7+ (V(Wis) = Wis) + £ — b+ [Vi(Wie + 8) = Vi(Wis) = Vi (W,2)B] -
=~ (e + VW) = W(We 4 B) + plio = Wi YW (W) = (iR =) + (o= )Wy | + 6, = [Ru— ()]
= ~(AV)(W,) + 6 — [Rp— (c—b)]
<t~ [Ru—(c-b)l.

Here, the first inequality follows from (i) Vi(W,;_) = 0 (this follows from the fact that V] is nonde-
creasing) and (ii) H; > 3, and 3 = argmax,,. z{Vi(w + h) — Vi(w) — V/'(w) - h} due to the concavity
of V, and the last inequality follows from (20).
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If &_ =0, then v,_ = p. It follows from (5) that H, > —W,_. Therefore, we have

(Wi 4 0ym— Hoy = ) - (VE, (W) =1) —r¢(Wis &) + [$(Wi + Hy E2) — d(Wi_, &),
=(pWi = Hyp =) - (ViWo) =1) =7 - (Ve(W, ) = W) + [Vo(Wy— + Hy) = Vo(W, ) — Hy] -
=pW,_ - (V@’(Wt,) - 1) —r-(Vo(Wen) = W) — - (V@’(Wt,) - 1)

+[Vo(Wie + Hy) = Vo(Wio) = Vi(Wi ) Hy| -
<pWie - (VW) = 1) —r - (Vy(Win) = Wil) + £,

__ [rV@(Wt,) oW VW) + (p— 1) Wi — Rg] +0,— Ry

=—(AgVo)(W:-) + 4 — Ry

<l — Ry,

where the first inequality follows from (i) Vj(W,_) > 0 (this follows from the fact that Vj is non-
decreasing) and (ii) H, > —W,_, and 0 = argmax,,._,,{Vo(w + h) — Vy(w) — V;(w) - h} due to the

concavity of Vp, and the last inequality follows from (20).

Combining the above two cases yields
(th7 + b]]‘l’t:,u — Htljt — ét) . (Vét— (Wtf) — 1) — 'I"QS(Wt,, 5t7) + [¢(Wt7 + Ht, gt,) — qb(Wt,, gtf)]l/t
<l —[Rv; — (c—b)1,,—,] (EC.40)

for any t > 0.

Consider next A,. We have
o(W,_ + HdN, — H!dQ; — AL, &) — ¢(Wy_ + HidN, — H}AQy, &)
= V5t7 (Wtf + thNt - thth - ALt) - Vgt7 (Wt, - Hngt + thNt) + ALt
<AL, Vi>0, (EC.41)
where the inequality follows from the facts that AL; = 0 and that V. is nondecreasing for any
ee{l,0}.

Consider now Ajz. By considering four possible value combinations of (&, ,&;) and using (21),

we have
d(Wi, &) — p(Wi, &) = Ve, (Wi) = Ve, (W) < (&€, &) (EC.42)
Consider next A,. We have

HI(VE_ (W) = 1) + ¢(Woe — HE E,2) — p(W,_ , Ei)
=HVE, (W) + Ve, (Wie — HY) = Ve, (W) <0,
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where the inequality follows from the concavity of V. for any e € {l,(}. This, together with ¢; >0,
yields

T
Ay = f e_"'tqt{Hf (V& (W) =1) + (W, — HI, & ) — ¢(Wt,,5t,)}dt <0. (EC.43)
0+

Consider finally As. It follows from (2) and (4) with ¢t =0 that E[W, + ALg] = Wy_. Therefore,

we have

E[p(Wo, E0-)] — d(Wo—, Eo=) = E[Vey_ (Wo)] — Ve, (Wo_) — (E[Wo_] — Wo_)
< Veo_ (E[WS]) = Veo_ (Wo-) + E[ALo] < E[AL], (EC.44)

where the first inequality follows from the concavity of V. for any e € {l,} and the Jensen’s
inequality, and the second inequality follows from the facts that V. is nondecreasing and that
Wy =E[Wy + Lo| = E[W,].

Combining (EC.39)—(EC.43), we have

T

e T p(Wr, Er) <p(Wo_,E-) + J e "p(Wie + Hy, &) — p(Wio, £ 2)]d MY

0+

+j (W, — HILE, ) — (W, & )M
0+

T
+ J e "l — (Rvy — (c—b)1,,=,)]dt + 2 e AL,
0+

0<t<T

+ 3 e R(E L E) + S(Wo, Eon) — (W, Eo-)

0st<T

for any T > 0, which can be displayed as
T
d(Wo—,E-) >€7TT¢(WT7&) _J 7”[¢(Wt +H, &) — gb(Wt*)gt*)]thjv
0

T
- f e G(W,. — HI.E ) — (W, &, )]dMC

0+

T
+ f e " (RAN, —dL, — (c = b)Le,dt) = D e "k(E,,E)
0+

o<t<T

+o(Wo—, E-) — ¢(Wo, &-).
Taking expectation in the above inequality yields

¢>(WO,50)>E[e—"T¢(WT,5T)]—E[ f e (W, + Hy, &) — d)(Wt,Et))thN]

0+

" [L e (¢(Wt_ —H, &) — ¢(Wt—,5t—))thQ]

T
+E [J 67” (RdNt — st — ( ]].gt |dt Z 67” gf ,gt ]

o+ o<t<T
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+d(Wo, E-) —Ep(Wo, &)

ZE[@‘TTgb(WT,gT)]—E[ JT e (G(Wi + Hy &) — ¢<Wt_,8t->)thN]

0+

~—E U(: e (¢p(W,e —H{ &) — ¢(Wt»5t))de?]

T
+E [\f 67” (RdNt - st - ( ]lgt |dt Z eirt gt ,gt)] (EC45)
0

ost<T
for any 7' > 0, where the last inequality follows from (EC.44).
We claim that it suffices to consider the case that

E |:f ert|Ht|tht:| < Q0. (EC46>
(

)+

Otherwise, we have E [Soer e""t|Ht|tht] = oo. It follows from (PK) and (WU) that dL; > (H; —
W)*dN, for t > 0. Hence, we have
E |:J €Ttst:| = E |:J eirt(Ht — W)+dNt:| =K |:J‘ eirt(Ht — W)Jrl/tdt
0 0

+ 0+

e o0 T
>EU e (| H,| — )z/tdt] >EU e”|Ht|ytdt] W,
C T

)+ 0+
where the first equality follows from Equation (2.3) in Chapter II of Brémaud (1981), the second
inequality follows from H; > —W,_ > —Rpu/r in view of (5) and (WU), and the third inequality

follows from v; < . Then, we have
() . —rt Rp 7(I) - —rt
UI)<E e (RdNt — st) <—-FE e "dL, | = —oo,
0 0

and thus the desired result follows immediately.

Given (EC.46), we have

E U7 (W + Hy & ) — (W, L&) |1/t] dt

0+

< max {|V/(w )—1|}-EU46”|Ht|ytdt]<oo,
0

w>0 €€{| (D} +

where max,,-o ef,03{|V.(w) — 1|} < o follows from the concavity of V. and the fact that V! > 0. It
follows from Lemma L3, Chapter II in Brémaud (1981) that M = {Mt}@o, defined by

t
Mt = J 7Ts[¢(W9— + H%ag ) ¢(W9—’€S_)]dMSN’
0+
is an F-martingale. Hence, IE[MT] = E[MO] =0, that is,
T
. [J e_rt[(ﬁ(Wt— +Hy, &) — ¢(Wt—7€t—)]thN =0.

0+
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Similarly, using (1), we can show that
T
E[Lﬁf”@ﬂ%—Hﬁ&)—¢@%,8thM§]=Q

It follows from (22) and the fact that both V| and V) are nondecreasing that ¢(w,e) > v —w
for any € € {I,0}. Letting T'— oo in (EC.45) and using (WU), we have ¢(W,_,0) > U(T") with
Wyo_ =u(T',(T)). Hence, the desired result is obtained.

A byproduct of the proof of Theorem 1 is the following result. In the remaining of this e-
companion, whenever we need to prove that certain contract achieves the upper bound, we will

use this result together with Lemma 1.

ProprosiTION EC.3. Suppose that the conditions stated in Theorem 1 hold. Furthermore, sup-
pose that there exists a contract I'° € € such that the corresponding agent’s promised utility W;

satisfies

(pWio +01,,—, — Hivy — £y) (Vg’ti (W) = 1) —=rdp(Wi—, &) + [0(Wie + Hy, &) — (Wi, &) |1
=l —|Rv,— (c—b)1,,_,], EC.47
¢(W,_ + HdN, — H{dQ, — AL, &) — (W, + H,dN, — H!dQ,, &) = AL, EC.48
oW, &) — oWy, &) = k(E-, &),

a{ HE (Ve (W) = 1) +6(We — H.E) — (Wi &)} =0,

( )
( )
(EC.49)
( )

EC.50
for any t>0 and
Elp(Wo, &) — p(Wo_, &) = E[AL]. (EC.51)
Then, for any value w € [0,0) such that uw(I'*,0(I'*)) = w, we have
U(F) = Vi(w) — w.

Proof. Equalities (EC.47)-(EC.51) demonstrate that all the inequalities in the proof of
Theorem 1, (EC.40)—(EC.44), hold with equalities under contract I'*. The desired result can be
shown by going through the proof of Theorem 1, with all inequalities replaced by equalities. =

EC.2.4. Proof of Theorem 2
In view of Theorems 3-5, it remains to show that K(R) is increasing in R and K(R) is decreasing

in R on (c¢/Au, R). Ay R 5
_ p-R—c—p

First, under Condition 2, we have K = Ko, =V —v —w =

, which is clearly

increasing in R.
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Second, under Condition 1, we have K = K;. By the definition of K;, we only need to show
that m® is decreasing in R, since m® is decreasing in K by Lemma 4. Observe that m® has the

following characterization:

mK = max
x>0

Va(z)—v—K
— [
Hence, it suffices to show that V() — v is decreasing in R for any x > 0. Note that for any = > 0,
we have Vg (z) —v = {; V% (y)dy. Hence, the desired result is obtained if we can show that V (y) is

decreasing in R for any y > 0, which is exactly Lemma EC.1(iii) below.

LEMMA EC.1. Let R vary and other model parameters u, u, ¢, b, and K be fized.
(i) Both Vi(w) and V5(w) do not depend on R for any w = 0.
(ii) w is decreasing in R.

(iii) V4 (w) is decreasing in R for any w = 0.

Proof. (i) Note that V} satisfies (EC.54) on [0, w], with the boundary condition that VZ(w) =0
for all w > w. As (EC.54) does not involve parameter R, its unique solution VY is also independent
of R, which also implies the independence of V”(w) on R. Therefore, w(w) is also independent of
R, by Lemma 2(i), which in turn concludes the independence of V; on R by Lemma 2(ii).

(ii) This part can be shown using a similar line as that in the proof of Proposition 1 in Cao et al.
(2022). Specifically, we define ¢(R, W) := Vg(0; R) — v, where we write Vg (+; R) instead of Vg(+) to
highlight the dependence on R. (Note that we adopt a different notation from those in Section

EC.1.4 as the parameter settings are different.) Then, we have

(R, W) =v@(m;R)_r%(y)dy_U: Au(R—B)—(p—r)w _f

0 T

Vi (y)dy,

0
which is linear and increasing in R for any @ € [0,w], where have we used part (i) in this lemma.
Hence, the desired result is obtained by noting that (R, w) = 0.

(iii) This result follows immediately from parts (i) and (ii), combining with the monotonicity of

Vi(y) in @ (see Lemma 2(iii)). o

It remains to show that K is non-increasing in R. This can be obtained by taking the first-order
derivative of K with respect to R in (33), investigating its sign and noting from Assumption 1 that
R>c/Ap.

EC.3. Proofs of the Results in Section 4
EC.3.1. Proof of Lemma 2

This result follows almost the same logic as that for the proof of Lemmas 2 and 3 in Cao et al.

(2022) and uses Lemma EC.2 below. However, there are minor differences as both § and w in Cao
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et al. (2022) take different values from ours. Hence, to make this paper self-contained, we provide
a complete proof here.

We first present Lemma EC.2 below because it will be frequently used in the subsequent analysis.

LEMMA EC.2. For any we [0,w), there exists a unique function Vg in C*(|0,w]) that solves the
differential equation (25) on [0,W] with boundary condition (26). We further extend the domain
of Vi to Ry by letting Vg(w) = V(W) for all w > w. Then, function Viz(w) has the following
properties.

() Va() e C'(R,) n C2(R\[@}) n PR\, & — B)).

(ii) For any given w =0, define function v(@) := Vgz(w). We have v(-) € C*(|0,w)).
(iii) Function Vg(w) is increasing in w on [0,w].
(iv) For any w, and Wy such that 0 <w, < Wy < w, we have Vg, (w) > Vi, (w) and Vg (w) < Vg, (w)
for we [0,w).
(v) If p<r+pu, then for any we [0,w), Vg(w) approaches negative infinity as W approaches w
from below.
(vi) If p>r+ p, then for any we [0,w], we have
. . -r
lim Vi () =V = £ —w)
where V is defined in (10). Furthermore, V — %u’)
Proof. Step 1 in the proof of Proposition 4 in Sun and Tian (2018) has already shown the

v s equivalent to R > R.

\%

existence and uniqueness of a function satisfying (25) with boundary condition (26). Here, we
adopt their idea with argument slightly modified. First, we observe that (25) reduces to an ordinal
differential equation (ODE) on the interval [(@ — 8)*, @], as Vg(w + 8) = V(@) for all w e [(W —
B)*,w]. Therefore, this problem can be “backwardly” treated as an initial value problem, which
satisfies the conditions stated in Cauchy—Lipschitz theorem and thus admits a unique continuously

~

differential solution on [(w — 8)*,@]. In fact, we have

. V(@)+%(w—w)+b@((w—w)rﬁ“—(w—w)HT“),p;érﬂL
e V) + -y - CO g, (B20) s, e
for we [(@ — B)*, @], where
S A e (EC.53)

~

In general, for any k€ N, given that the values of V;; on we [(@ — kB)*,w] all determined,

(25) is an ODE on the interval [(w — (k+1)38)", (W — kB)™], whose unique solution can be shown
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by verifying the conditions in Cauchy—Lipschitz Theorem. By induction on k, we can extend the
solution to (25) to the entire interval [0, @], as desired.

Next, we show that such a function V possesses properties (i)—(vi).

(i) It follows from (25) and the boundary condition at @ that Vi(-) € C*(R, ). Taking derivative

in (25) with respect to w and noting that Vg (w) = V() for all w > @, we have

(4 +r)Vi(w) = pVa(w + B) + p(0 — w)VE(w) — pVi(w) + p—r =0 (EC.54)
for w € [0, @), which implies that V;(-) € C?([0, @)). Moreover, VZ(@—) = —(p—1)/(p(w —@)) < 0.
Also, by the definition of V5 on (@, ), we have VZ(w) =0 for w > W and thus VZ(w+) = 0.
Therefore, Vy(-) € C2*(R \{w}).
Similarly, taking derivative in (EC.54) with respect to w yields
p(@ —w)Vg (w) = p(Vg (w+ B) = Vi (w)) + (2p — 1) Vi (w), (EC.55)

for w e [0,@). Note that V2 does not exist only at @, which demonstrates that V2 does not exist
at W and W — B (if it is nonnegative). That is, Vi(-) € C*(R \{w, w — 5}).

(ii) Fix any w > 0. If @ < w, then v(@W) = Vg (w) = V (@), which implies that v(-) € C1([0,w A w)).
Hence, the desired property is obtained if w = w.

Now suppose that w <@ and @ € (w,w). By the above discussion, we have v(-) € C*([0,w]). For

any w' € [w,w], it follows from (25) that

(p+r)Va(w) +MVw((’w'+5)ATTJ) N (WR—c) — (p—r)uw’
w—w w—w' w—w' '

PV (') =

Integrating the above equation with respect to w’ from w to @ yields

/
w W—W

+F (HR—c)—(p—r)v'

w

w —w'
First, using the above equality, we can obtain that v(w) = V(w) is continuous in @ on [w,w).
Then, again using this equality, we conclude that Vg(w) is continuously differentiable in @ on
[w, @), which, combining with v(-) € C*([0,w]), yields that v(-) € C*([0,w)).

(iii) We show this result by a contradictory argument. Suppose that w? :=sup{w e R, | Vi(w) <
0} exists. Recall from the proof for part (ii) of this lemma that VZ(@w—) < 0. Hence, we have

wP e [0,W), Vi(wP) =0, and V>0 on (w?,w). Evaluating (25) at w? gives

PVa(w’) = R = e = (p=)u’ + | Vi (0" + B) A &) = Vis(w)

>uR—c—(p—r)w’ >rVy(w),
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where the first inequality uses V > 0 on (w?, ). This reaches a contradiction with Vg (w?) < V().

(iv) We first show the second claim. Suppose it fails to hold. Since V (@) =0 and V;_(i@,) >
0, the quantity w':= sup{w € [0,@) | V§ (w) =V} (w)} is well defined, and satisfies Vj (w') =
VL (w') by part (ii) of this lemma. Evaluating (25) at w’ for both @, and @,, we obtain

(Vi (W' + B) = Vig, (w' + B)) = (r + 10) (Vig, (w") = Vi, (w)).

Hence, we have

B
%ﬂw“ﬂ%—umwﬂ+m=vamﬂr4@(ww+f(wawﬂ+w—V@wﬂ+wﬁw

0
v

=T+M0%Aw“wﬂ—v@hﬂ+ﬁ»,

which indicates that both Vg, (w! + ) — Vg, (w' + 8) and Vi, (w') — Vg, (w') are negative. By the

definition of w’, we have Vi, <V, on (w',@,], which implies that

< Vi, (w') = Vi, (w)

Vo (1) = Vi 0) = Vi (00) = Vi @) = [ (V) = V2, ()l

> Vi (@) — Vi, (1) > V(@) — V(@) > 0. (EC.56)

This contradiction indicates the correctness of the second claim. The first claim follows by
replacing w' by any w e [0,@,) in (EC.56).

(v) For any w e [(w — 8)*,w), we have we [(w — §)T,w] when @ is close to w from below and
thus (EC.52) is valid. Letting w 1w in (EC.52), we obtain that limgss Vi (w) = —c0.

If we[0,[w— B)*",w)), then using the fact that V is nondecreasing on R, we obtain V(w) <
Vi ((w — B)*), which yields that limsupg,, Va(w) < limge Vi ((@0 — 8)") = —o0, concluding the
desired result.

(vi) Note that p > r + p implies w < 8. Hence, (EC.52) is valid for all w € [0,@]. Therefore, the
first claim follows by letting w 1w in (EC.52) and using limgsg b = 0. The second claim is trivial

by the definition of R. O

We proceed to prove Lemma 2 as follows.

Proof of Lemma 2. (i) From (EC.52), we have

5 (w—w) » (w—w)

for any we [(W— )", w). (The above expression also holds if p+r = p.) Hence, the desired result
holds with w(w) =0 if W < 5.

Hw) =~

w

Now consider the case that w > . In this case, we have w > 3, which gives p < u. Define
w®:=inf{w € [0, W) | VZ(w) = 0}. If the set is empty, we set w® = 0. By Lemma EC.2(i), we have

7 <0 on (w°,w). Hence, the desired result holds with w(w) =0 if w®=0.
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Next, we suppose that w®> 0. Since Vj is strictly concave on [@ — §,@), we have w® <w — f3.

According to Lemma EC.2(i), we have VZ(w°) =0 and VZ <0 on (w°, ).

It follows from (EC.54) at w® that
p(Vi(w® + B) = Vi (we)) = (p— ) (1 = Vi (w")),

which implies

(5= p+)Viw) + (p=7)

Vi(w®+ ) = .

Moreover, since V. decreases over (w°, @), we have V. (w®+ ) < V.(w®), which yields
Vi(we) >1,
in view of (EC.57) and p < u. Evaluating (25) at w® gives

Vi) = B = = (p= 1) = plio = W) Vi () + (Vs + ) = Vi)
> uR = = (p=r)u = plio = W) Vi (wF) + pBV3 (' + )
=pR—c—(p=r)(w" = B) + [p(w" = B) + rB]Vg (),

(EC.57)

(EC.58)

(EC.59)

where the inequality follows from the strict concavity of Vg on (w®,w®+ ), and the last equality

uses (EC.57) and pw = puf.
Below we distinguish two cases.

Case 1: p(w®—B)+rp = 0. It follows from (EC.58) and (EC.59) that

rVi(w) > pR —c—(p—r)(w” = B) + p(w’ = f) +rp
=uR —c+ruw

> R — ¢ > rVa(w),

which contradicts Lemma EC.2(iii).

Case 2: p(w®— ) +rpB <0. In this case, we have
(p—r)B
p

0<w’=<

Below, we will show that
VZ >0 on [0,w).
Evaluating (EC.55) at w® and using VZ(w®) =0, we obtain

pl = wVE () = pVa(w* +6) <0,

w

(EC.60)

(EC.61)
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which implies that V >0 on (w® — €,w) for some € > 0. If (EC.61) fails to hold, then w? :=
sup{w € [0,w) | VZ(w) < 0} is well defined, satisfying w? € [0,w®). Moreover, we have VZ(w?) =0
and V2 (w?) = 0. (Note that w® < @ — 3, indicating that V2 (w?) exists by Lemma EC.2(i).) Hence,
evaluating (EC.55) at w? gives p(w — w?) VY (w?) = V2 (w? + B) = 0. By the definition of w®, we
have w® + 8 < w°. Consequently, it follows from (EC.60) that w?® < w®— 8 <0, which is impossible.
Therefore, (EC.61) holds. Letting w (@) = w®, we obtain the proof of the first claim in part (i). The
second claim in part (ii) follows immediately by (EC.60).

(ii) This claim holds trivially by the first claim in part (i) and Lemma EC.2(iii).

(iii) To ease notation, we write w(w;) and w(W,) as W, and W, respectively. First, we show the
second claim, that is, Vi (w) < Vg, (w) for any w e [0, @], by considering the following two cases.

Case 1: Wy < W,. In this case, we have

Vi, (w) =V (w) < Vg (w) =V, (w) (EC.62)

w1 Wo

for any w € [w,, W, |, where the two equalities follows from the definition of function Vg and w; < s,
and the inequality follows from Lemma EC.2(iv). If w € [0,w,], then we can derive the desired

inequality as follows:

Vig, (w) < Vg, (1) = Vi, (1) < Vi, (1) < Vi, (W2) =V, (1) = Vi, ().

w1

Here, the first inequality uses the definition and the concavity of Vg, , the second inequality uses
Lemma EC.2(iv), and the last inequality uses Lemma 2(i).

Case 2: W, > W,. In this case, we have
Vi, (w) =V (w v by) < Vi (wvy) <V (wvy) = Vi, (w) (EC.63)

for all w € [0, @], where the first inequality uses Lemma EC.2(iv) and the second inequality uses
the concavity of Vj, and the fact that w v w; > w v ws,.
The first claim can be readily obtained using the second claim. In fact, for any w € [0, w;], we

have

Vi () = Vi (1) = Vi (81) =V @) = [ (V, () = Vi, ()l

> Vi, (01) — Vi, (@) > V(@) — V() > 0,

where the second inequality uses part (ii) of this lemma. o
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EC.3.2. Proof of Lemma 3
It follows from Lemma 2(iii) that V3(0) is decreasing in @ on (0,w). By Lemma EC.2(v) and
(vi), we have that limgyy Vg (0) is either —oo or V — %w, which is less than v according to
Condition 1. Moreover, limg;o Vz(0) = V(0) > v by Assumption 1. Therefore, the first claim is
obtained by Lemma EC.2(ii).

For the second claim, we observe that by the proof of Lemma 2(i), if w(@) > 0, it must be equal

to w®, in which case (EC.58) holds. This immediately concludes the result by the definition of V.

EC.3.3. Proof of Proposition 2
Clearly, following the definition of I as in (16), U(I') = v trivially holds. Hence, it remains to show
that functions Vi(w) = Vg(w) and Vy(w) = v satisfy the optimality condition (20)—(22).

First, we show that (A4 V)(w) >0 for any weR,. If we [W(W),W), by the definition of Vg, we
have (AV))(w) =0. If we [W,o0), then we have

(AV)(w) = (u+7)Va (W) — uVo(W) — (LR —c) + (p—1)w
=(p—r)(w—w)=0.

If we[0,w(w)) (if we discuss this case, it is implicitly assumed that @w(W) > 0), then we have

Va(w) = v+ V; (w(W))w. Consequently,

(AV)(w) = (e +7) (v + Vi (B(F))w) — pVs (w + B) + p(® — w) Vg (B(W)) — (kR —¢) + (p — 1)w.

Let the last expression be g(w). Obviously, g(w(w)) = 0. Moreover, for w € [0, w(W)), we have

gi(w) = (p+7r)Ve(@(W)) = Vi (w+ B) — pVi (d(W)) +p—r
) (L= Ve (B(W))) + (V5 (0()) = Vi (w + B))
M (1=Ve(@(W))) + p(Vi (W) = Ve ((W) + ) =

where the inequality follows from the concavity of Vg, and the last equality uses the facts that
(0 — BE@)VLBR)) = (p— 1) (Vo (@(7)) — 1) + 1(V (&) + B) - V4 (@())) by (EC.54) and that
Vi (w(w)) = 0. Consequently, g(w) >0 for all we [0, w(W)).

Therefore, we have (A V))(w) =0 for any w € R,. Obviously, we have (AyVp)(w) = (p —r)w > 0.
Hence, (20) holds.

It follows from the facts that Vi(w) = Vj(0) = v = Vp(w) and that Vy(w) =v = V(W) — K =
Ve (W) — K = Vj(w) — K (due to K > V(&%) —v) that both (21) and (22) hold.
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EC.3.4. Proof of Lemma 4
Define

g(w, K) :=Vs(w) — Ve (w)w—v — K. (EC.64)
Then, we have
g(w(w),K) = —K <0, (EC.65)
where the equality uses the linearity of Vg on [0, w(W)]. In addition,
g(W, K) =Vs(W) —v— K >0,

where the equality follows from V. (W) = 0 and the inequality follows from the condition that
K < V(%) —v. Furthermore, we have

og(w, K)

E VI (w)w >0 for we (W(W),wW),

where the inequality follows from the fact that Vg is strictly concave on (w(w),w). Since g(w, K)
is continuous in w (recalling that Vg is continuously differentiable), for any K > 0, there exists
a unique 6% € (wW(W), W) such that g(#%, K) = 0. Hence, (29) holds if we define m® := V% (6%).

Furthermore, by the implicit function theorem, we have

g ek 1
AK R dwr Y

which implies that 6% is increasing in K. Since V% (w) is decreasing in w, we have m”* = V% (6%) is

decreasing in K. Finally, the limiting result lim,o 0% = w(W) is implied by (EC.65).

EC.3.5. Proof of Proposition 3
Obviously, (22) holds since Vj(0) = V4(0) = v. Note that it has been shown in the proof of Propo-
sition 2 that (A V})(w) = 0 for any w e R,. Hence, it remains to establish the second part of (20),
as well as (21), by considering the following three cases.

Case 1: w € [0,0%). In this case, we have (AyVp)(w) = (p —r)(1 — m )w = 0, where we have
used the fact that m® <1, which follows from Lemma 4, the definition of K, as in (K1), and the

condition that K > K. Besides, we have
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where the second inequality follows from the concavity of V4. Finally, we have

Vo(w) — Vi(w) + K = mfw+ v+ K — Vg (w)
gK
=V (0%) —=m® - (0% —w) — Vi (w) = J (Vév(y) — mK)dy >0,
where the second equality follows from the first equality in (29), and the inequality follows from
the concavity of Vg and m = V% (0%).
Case 2: we [0%,%). First, we show that (AyVp)(w) = 0 in this case. Note that Vy(w) = Vg (w) — K

for w e [0%,%). Hence, (AyVy)(w) =0 is equivalent to
fi(w) :=r(Va(w) — K) — pwVg (w) + (p—r)w — Ry > 0.
For w e [#(®%),#], it holds that (A Vg)(w) = 0. That is,
fow) := (p+ 1)V (w) = pVe(w + B) + p(@ — w) Vg (w) = (pR—c) + (p—r)w = 0. (EC.66)
Recall that 6% € (w(W),W). Hence, it suffices to show that
fa(w) == fo(w) = fi(w) = p(Va(w) = Va(w + B)) + pVi (w) + 7K — (RAp—c¢) <0

for we [0%,W).
It follows from (29) that f,(6%) = (p —7)0% (1 —m) > 0. Hence, fs(
to show that fj(w) <0, or equivalently, u(V;(w) — V4 (w + B)) + pwV4

w

0%) < 0. Hence, it is enough
(w) <0, for we [0%,W).

Taking derivative with respect to w in (EC.66) yields

(1 +7)V5(w) = pV5 (w+ B) + p(w — w)Vg (w) — pV (w) +p—7 =0

for w € [w(W), w]. Hence, for w € [#%,W), we have
(Vi (w) = Vi(w + B)) + pVi (w) = (p— 1) (Vg (w) = 1) + pwVg (w) <0,

where the inequality follows from the fact that V% (6%) = m® <1 and the concavity of Vg. Hence,
we have (AgVp)(w) =0 for w € [#%,W). Note that Vy(w) — Vi(w) + K = 0. Therefore, (21) trivially
holds.

Case 3: we [W,0). It is straightforward to see that (AyVp)(w) = r(Vs (W) = K) + (p—r)w— Ru >
rv—Rp =0 and Vy(w) — Vi(w) + K = 0.
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EC.3.6. Proof of Proposition 4
First, we show that under Condition 2 and K >V — v, functions Vj(w) as defined in (31) and
Vp(w) = v satisfy the optimality condition (20)—(22). Note that the first inequality in Condition 2

implies w < . If w e [0,w], then we have

(AV) (w) = (p+r)Vi(w) = pWi(w + B) + p(w —w)V(w) = (R =) + (p —r)uw

=(u+r)<y+%w> —uVer(w—w)Vl;y—(ﬂR—C)+(p—7’)w

- (@[22

(=r=1)=(p=r)| 20

Here, it is worth pointing out that although at w, V| is not differentiable, its left derivative exists
and is (V — v)/w.

If we (w,0), then

(AV)(w) = (u+71)V —=pV = (pR=c) + (p—r)w = (p =) (w —w) > 0.

Combining the above two cases yields (A V)(w) = 0 for any w e R,. Besides, for any we R,
(ApVp)(w) = (p —r)w = 0. Hence, (20) holds.

It is straightforward to see that Vi(w) — Vy(w) =0, and Vy(w) =v >V — K = Vj(w) — K. Hence,
(21) holds. Obviously, Vi(0) = V4(0) = v, implying (22).

Second, we show that under Condition 2 and K, < K <V — v, functions Vi(w) and Vj(w)
as defined in (31) and (32), respectively, satisfy (20)—(22). According to the proof for the case
under Condition 2 and K >V — v, we have (A V)(w) = 0 for any w e R, . Below, we show that
(ApVp)(w) =0 for all weR,.

If we [0,w], then

V—-v—K
w

(AgV) (w) = Vo (w) = puwV(w) + (p = ryw = R = (p—1)(1 Juzo.

Here, we mention that although at w, Vj is not differentiable, its left derivative exists and is
(V—v—K)/w.

If we (w, ), then we have

(AVo) (w) = rVo(w) — pwVi(w) + (p—r)w — Ry
zr(V—K)+(p—7“)w—RH>r(V—K—Q) > 0.
Therefore, (20) holds. Note that Vi{(w) — Vp(w) = K for w e [w,0) and Vi(w) — Vj(w) = K/w-w
for w e [0,w). Hence, (21) holds. Besides, V;(0) = V;(0) = v and thus (22) holds.
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EC.3.7. Proof of Lemma 5
The results stated in Lemma 5 hold in fact for any K € (0, K5). Below, we will show this slightly
generalized version.

For any 0 € [0,w], it is straightforward to verify that functions

_ V—-v—w
r/p-0"" " (p/r —1)8 +w]

p/r—=10+V —v
(p/r—1)0+w

CH(9): and m(0) := ( (EC.67)

satisfy (36) and (37), with 6 replacing 6, C*(0) replacing ¢, and m(6) replacing mg. Moreover,
it follows from Condition 2 and K € (0, K,) that C'(#) > 0. Note that the denominator of C'(6)
is decreasing in 6, as its derivative with respect to 6 is always negative when 0 € (0, w). Therefore,
C'(0) is increasing in 0 on [0,w]. That m(6) is strictly decreasing in € on [0, w] is straightforward.

We have the following result, which is stated as a lemma for the ease of reference. Its proof is

elementary and thus omitted.

LEMMA EC.3. Under Condition 2 and K € (0, K,), function ¥ (8), defined by

i (0) =V —v—w—CHB) - (w)"”,
is continuous and decreasing in 0 on [0,w]. Moreover, (@) =0 and ¥,(0) =V —v—w > K.
Consequently, there exists a unique number 6, € (0,w) such that (0, ) = K. Furthermore, 0,; is

decreasing in K with limg o0, =w.

Lemma EC.3 immediately implies that the triple (0, cx,mx) with cx = C'(0y), mx =m(0y)
satisfies (36)—(38), which also states the monotonicity of 8, in K. The monotonicity of ¢ and mg
in K follows from that of C*() and m(6) in 6.

Finally, we show that under Condition 2, K > K if and only if (35) holds. First, according to
the monotonicity of mx in K, (35) is equivalent to

K > Ks, in which Ivfgzzinf{Ke(O,KQ] ‘szp_r}. (EC.68)
p—r—p
Next, it follows from (EC.67) and limg o0, = w that

V—v—w r(V—-—v—w) RAp—c

= and limmg =1+
K10

pio T
It is straightforward to verify that limgomg > (p —7)/(p —r — p) if and only if R > R, where

lim Cig =
K10 w=r/e

R is defined in (34). Hence, by the definition of K, and the monotonicity of my in K, it is clear
that I?g =0 if and only if R > R.
If R < R, we have myg, = (p—7)/(p—1—p). Evaluating (EC.67) at 0 =05, gives

V—uv—(p—7)/(p—r—p)w

— H Py 1—r/p
% = o o) R

p—r—pr

and Ck, =
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Substituting these values into (38) with K = IV(Q, we obtain the following closed-form expression of
I\{'Q:

_q1l—-r/p

R wop V—u—(p=r)/(p—r—p)-@ @'le
=V p—r—pr |  p/lp—r—p)-(p/r—1) ' .

The proof is complete by verifying that K = K.

EC.3.8. Proof of Proposition 5
By the definition of contract T, it is clear that U(T') =V —w — K = Vj(w) — w. Hence, it remains
to show that under Condition 2 and K € [K, K;), functions Vi(w) and Vy(w) as defined in (40) and
(39), respectively, satisfy the optimality condition (20)—(22).

Obviously, (22) holds as Vj(0) = V3(0) = v. We proceed to verify that Vi(w) and Vj(w) satisfy
(20) and (21).

We show that (A Vi)(w) =0 for all we R, by considering the following cases.

Case 1: we [0, w]. We have

(AW (W) = (p+r)(V +mg - (w =) — uV + p(0 —w) -mg — (pR— ) + (p—r)w

=(w—w)[mg-(p—r—pu)—(p—r)] =0.

Here, we mention that although at w, V| is not differentiable, its left derivative exists and is mg-.

Case 2: we [0,0). In this case, we have

(AV)(w) = (p+ rVi(w) — pVi(w + B) + p(0 — w) V' (w) — (kR —¢) + (p—1)w
= pVi(w) — pVi(w + B) + pwV/'(w) — Ap-R+c

= p(v+w+cgw) — pV + pB(1+ cxw'r/p) — Ap- R+ ¢ =: gi(w),

where the second equality follows from Ayl =0 on [0,0,), and the third equality follows from
B> pp/p=w due to Condition 2.
Since V| is continuously differentiable on [0,w), (A W)(w) is also continuous in w on [0,w),

which implies that ¢,(6;) = 0. Hence, it suffices to show that ¢(w) is decreasing in w. Using

gi(w) = p+ pr/p- cxgw™?= (w + (r — p)/p- B), we have

9i(0x) = p+pr/p-cx - (0x)"" 2Ok + (r—p)/p-B)

=u+u-mgj:1-(91(+(r—ﬂ)/p-6)

<u+u(f_i—1) <1+(r_0p)'ﬁ>
p—rT—p PO




ec34 e-companion to Cao, Sun, and Tian: Punish Underperformance with Suspension

where the second equality follows from (37), the first inequality follows from (35) and the fact
that 0, + (r—p)/p-B<w+(r—p)/p-B=(n+1r—p)/p-B <0, and the last equality follows from
w = pf3/p. Besides, we have

g (w) =r/p(r/p—1) - cxxw**[pw + pw(r/p—2)]
>r/p(r/p—1)-cxw”? > [pw + pw(r/p - 2)]

=7/p(r/p—1)-crw"? 3 (u+1r—2p)w > 0,

where the last inequality follows from p > r 4 p. Therefore, g/(w) <0 for we [0,0x].

Case 3: we (w,0). We have

(AW (w) = (p+71)V =pV = (uR =) + (p—r)w = (p —r)(w — @) > 0.
Combining the above three cases yields (A V})(w) = 0 for any we R,.
Next, we establish (AyVp)(w) =0 for all w e R,. Obviously, we have (AyVj)(w) =0 for w e [0, w].

(Again, although V} is not differentiable at w, its left derivative exists.) If w € (w, o), then

(AVp)(w)=r(V-K)+(p—r)w—Ru>r(V—-K)—-Ru=r(V -K —v) >0,

proving (20).
Below we establish (21). If w e [0,68,], we have Vi(w) — Vy(w) =0, and if w € [w, ), we have
Vi(w) = Vy(w) = K. If we (0, ,w), we have

Vi(w) = Vg(w) = mx = Vi(w) =mx = Vy(lx) =0,

which implies that V| — V} is increasing on [0, w]. Consequently, we have 0 < Vi(w) — Vy(w) < K

for we (0, w).

EC.3.9. Proof of Proposition 6

The proof of Proposition 6 is rather intricate, which takes a total of four key steps. These steps
illustrate how to identify thresholds 9 and ¥ in computation. Furthermore, these steps help us
establish 6 in Proposition EC.1. As Condition 3 contains two cases, we consider these cases

separately below.

EC.3.9.1. Condition 1 and K < K;. In Step 1, fixing any 6, we identify bound w and slope
c as functions of @ to satisfy (42) and (43).

LEmMMA EC.4. For any 0 € (0,w), there exist unique values W(0) € (8, w) and C(8), in place of

w and c, respectively, such that value-matching and smooth-pasting conditions (42) and (43) are

satisfied at ¥ = 0.
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Proof. For any W€ [0, w), define

CL(@,8) = (Va(8) —v — )8 and Co(w,8) = p/r- (V,(8) — 1)8" /7. (EC.70)

It follows from Lemma 2(iii) that C}(w,#) is decreasing in @ and Cy(w, §) is increasing in @ on

[0,w). Note that

C1(0,0) = (Vo(0) —v—0)0 "
_ </~LR—C_ (IO_T)Q —U—9> 'e—r/p > _Bgl—r/p _ CQ(Q7Q),
T

r Z

where the second and the third equalities follow from the boundary conditions at 6 (see
Lemma EC.2), and the inequality follows from Assumption 1. Besides, Lemma EC.2(v) demon-
strates that Cy(w,0) —» —oo and Cy(w,0) — w0 as W T w. In view of Lemma EC.2(i), both
Cy(w,0) and Cy(w,0) are continuous in w. Hence, there exists a unique w(#) € (¢,w) such that
Cy(@(8),0) = C(@(6),6). Let C(8) = Cy((8),6). Then, @(8) and C(6) satisfy (42)(43), as

desired. o

Step 2 determines an interval to further identify 6.

LeMMA EC.5. Value §° :=inf{f € (0,w) | @' (0) = 0} is well defined. Furthermore, we have that
W(0) is decreasing and C(0) is increasing for 0 € (0,0°), with @ (8°) = 0. Moreover, C(8) > 0 for
any 0 € (0,0°).

Proof. Define

h(@,0) 1= Va(8) —v — 0 — p/r - (V(8) — 1)8. (EC.71)

By Lemma 2(iii), h(@, ) is decreasing in @. Besides, h(w(f),0) = 0. Note that h(w,0) is continu-
ously differentiable in @ and # by Lemma EC.2(i) and (ii). Hence, @w(#) is continuously differentiable
in 6.

Since h(w,0) = Vz(0) — v, we have @w(0) = w > 0. Besides, it follows from @w(f) € (6, w) that
limgs; W(0) > W.

—w
Write hy (W, 0) = 0h(wW,8)/0w and he(w, ) = dh(w,H)/d8. Then, we have hy(w,0) <0,

ho(iv,0) = L= ==V (O) = p0VE(O) - 4 () = _hj( EZ;,Z;

r - hi( 0
It follows from K < K, and Lemma 4 that m = V% (0%) > 1, which implies that V%(0) > 1 by
the concavity of V. Therefore, we have hy(w(0),0) = (p — 7 — (p — r)V5(0))/r <0, which in turn

SRS

gives @' (0) < 0. Therefore, w(#) is strictly decreasing in § when 6 is near 0.
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It follows from limgyg W(0) = w > W = @(0) and the continuity of @' (#) in @ that value §° :=
inf{f € (0,w) | @' (#) = 0} is well defined, satisfying @'() < 0 for any 6 € [0,6°) and @'(6°) = 0.

Consequently, we have

p—71—=(p=7) Vi) (W) — pwVi,(w) <0 for any we [0,6°), and (EC.72)

p=1—(p =1V, (0") = p8°V5 0,(8") = 0. (EC.73)

Note that @(6) is decreasing in § on [0,60°). We claim that C(6) is increasing in 6 on [0,6°). In
0

fact, for any 6 € (0,0°), we have

¢(0) = C1(w(0),0) = % [(Vw@ (@) —v—0) Q"'/”]

/ ~ avuw) Q —r r —r/p—
~ (Vi @+ 0(0) T 1) (Vi (0) - - 0)g 7
iy Vi) (8)

where the last equality follows from C;(w(0),0) = Co(w(8),0), and the inequality follows from
w'(0) <0 and Vg(w)/0w < 0 due to Lemma 2(iii).

Note that V5 (0) > 1. Hence, by the continuity of @w(#) in § and Lemma EC.2(i) and (ii), there
exists a number € > 0 such that Vj, (0) > 1 for any 0 € (0, €). Consequently, C(8) = C»(w(6),0) >0
for any 6 € (0,¢), which implies that C(8) > 0 for any 6 € (0,6°) by noting that C(6) is strictly

increasing in § on [0,6"). o

Next, in Step 3, we define the upper threshold @ as a function of #, such that smooth pasting
condition (45) is satisfied.

LEmMA EC.6. We have:
(i) for any e (0,6°), the threshold

0(0) := inf {w >0 | Vi (w) <1+ C(O)r/p- wPm (EC.74)

is well defined;
(ii) as a function of 8, threshold () is decreasing and continuous in 6 on [0,0°); and

(iii) limyeg0 0(6) = 6°.

Proof. (i) Define W(w,0) = Vi, (w) —1—C(@)r/p- w™/P~1. Tt follows from Lemma EC.5 and

w

Lemma 2(iii) that W(w,f) is decreasing in 6 on (0,0"). Therefore, for any w € (0,6), we have
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U(w,0) < ¥(w,w) =0, which implies that § = inf{w > 0| ¥(w, ) = 0} as ¥(0,0) = 0. Moreover, we

have

5y (8 0) = Vi () = C@)r/p-(r/p - 1)07°
= Vi) (0) — Co(@(0),0)r/p- (r/p— 1)~
= Vi 0)(0) = p/r - Vi) (0) —1)0" "1 /p - (r/p—1)0"/"~
=Vig)(0) — Vi (@) —1)-(r/p—1)/80

where the last inequality follows from (EC.72). This implies that ¥(w, ) > 0 for w e (0,6 + €) with

some € > 0. According to Lemma EC.2(i), ¥(w, ) is continuous in w. Besides, we have

W(@(0),0) = Vi) (@(0) — (1+CO)r/p-@(0)"* ") = —(1+C(O)r/p-@(0)"* ") <0

w

and ¥(0,0) = 0. Hence, 6(0) = inf{w > 0 | ¥(w,§) <0} =inf {w> 0| Vi (w) <1 +C(O)r/p-w/r}
is well defined and satisfies 6(0) < w(6).

(ii) This follows immediately by noting that ¥ (w,#) is decreasing in 6 on [0,6") and is continuous
in w and 6.

(iii) According to (EC.73), we have ’;—‘I’(HO,QO) = 0, which implies that ¥(-,0") attains its local

w N

maximum at °. Hence, we have limg, g0 6(6) = 8° by using A(8) = 6. o

Finally, in Step 4, we find an appropriate ¥ to satisfy (44), and define (c,W,?) as
(C(¥),W(99),0(1)). To this end, we define function

0(8) = Vaw (B(0) - [v+6(6) +C(6) (5©) " ]. (EC.75)
In order to satisfy (44), we hope to identify the value ¥ such that ¢ (¥) = K, whose existence is
guaranteed by the following result.

LeEMMA EC.7. Function 1)(8) is continuous and decreasing in 8 on (0,0°), and satisfies

lim¥(0) =0, and limy(0) > K.
016° 810

Consequently, there exists a unique number ¥ € (0,0°) such that (9) = K.

Proof. Note that

6(9) 6(6)
wm=L n@Mw—u+cwmmyW1mm=L Uy, 0)dy.
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Fix any 6' < 6% in (0,6°). We have

9(9%) 9(0?)

a(0")
wwl):J U(y,0')dy > f Uy, 0')dy > f Uy, 6%)dy = (6°),

01 02 02

where the first inequality follows from \I/(y,Ql) >0 for ye (Ql,Q2) U (9@2), é(Ql)), and the second
inequality uses the fact that U(y,6) is decreasing in § on (0,6°). Hence, 1(8) is decreasing in 6 on
(0,6°). The continuity of (8) follows from Lemma EC.2(i) and (ii).
Since limyg0 0(0) = 0°, we have limyqg0 99(6) = 0. Note that @(0) = W and Cy(@,0) =0 for any
@ € [0,w). Hence, we have limg;o C(6) = 0 and thus limg;o 0(f) = inf{w > 0| V;(w) = 1}. This yields
5K

@) = [ Vi) — 1)y > [ 0rw-na

010 0
— Ve (05) —v— 05 = K + (m" —1)0X > K,

where the first inequality follows from the facts that V5 (6%) = m® > 1 and that V) is non-
increasing, and the last inequality holds due to m® > 1. Consequently, it follows from the

continuity of t(-) that there exists a unique ¥ € (0,0°) such that ¥ (0) = K. o

According to these results, the quadruple (W, c,9,?) defined by w = @(9), c = C(9) and 9 = 6(»9)
satisfies (42)-(45). Besides, it follows from () < @(0) for 6 € [0,6°) that ¥ < W, which further
implies W = @W(¥) < @W(0) = W by noting that @() is decreasing in § on [0,0"). To complete the
proof, we need to show that 9 > w(w). If it fails to hold, then we have V, () = V% (9) = V., (0 (W)).
On the other side, it follows from ¢ >0 and ¥ < 9 that V() > V/(¢J). This contradicts (43) and
(45).

EC.3.9.2. Condition 2 and K < K. Since most arguments are exactly the same as

those as in the previous case, we only provide a sketch here. To start, we observe that é:z

~

(ny)(if(;/;‘i)lg(pﬂ)w € (0,8) satisties m(0) = ~#= by (EC.67). Moreover, we have

Vov—w—C' @) -w’" ' >K (EC.76)

since 1), (6) > ¢, (8) = 0.
Note that under Condition 2, w(@w) =0 by Lemma 2(i). Hence, we will use Vj instead of Vg
in the proof. Next, we will show the desired result by the following four lemmas, which parallel

Lemmas EC.4-EC.7 in Section EC.3.9.1.

LEmMmA EC.8. For any Qe (é,u’;), there exists unique values w(0) € (8, w) and C(0), in place of
W and c, such that (42)—(43) are satisfied at ¥ =6.
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Proof. We will use functions C,(w,8) and Cy(w, §) defined as in the proof of Lemma EC.4 to
obtain the desired result. In the proof of Lemma EC.4, we have established that C,(w,0) - —o0

and Cy(w,f) — o0 as W T w and thus

lim Cy (@, 8) < lim Cy (@, 0) (EC.77)

it it
for any 6 € (0,%w). Now, we claim that (EC.77) still holds under Condition 2 and K < K for any
fe (é,ﬂ)). In fact, it follows from Lemma EC.2(vi) that

lim Cy(w, 0) = (V — ppiw —v+ %Q)Qﬂ/p and

1w —r—p = p—r—
lim Cu(i,6) = §ﬁ 0,
It is clear that
limg, Cy (@,0) V=200 —v+ =20
lim g Co (W, 8) fﬁ,

is decreasing in 6 and takes value 1 at 0. Hence, (EC.77) holds for any 0 € (é,w). The remaining
argument is exactly the same as that for Lemma EC.4 and thus omitted. Moreover, we have the

following byproduct:

~TN L 1e o~ - 7 P MN1—r/
w(f) :=limw(f) =w and C(f) = —— (6 ° EC.78
@) i @) @)  y— ) ( )
which will be used in the subsequent analysis. =

LeMMA EC.9. Value §° := inf{f e (é, w) | @' (6°) = 0} is well defined. We have W(8) is strictly
decreasing in 0, and C(0) is strictly increasing in 6 on (é,QO) with @' (8°) = 0. Moreover, C(8) >0
for any & (0,0°).

Proof. We only point out the differences between this proof and that of Lemma EC.5. First,
we show ﬁ’(é) < 0 instead of @w'(0) < 0. This holds by noting that hg(zﬂ(é),é) = limgrgp hQ(@,é) =
(p—r—(p—1)-(p—7)/(p—7—p))/r <0. Second, we use the result limgy, @(0) = lim, ;zW(0) = w
instead of limgyg W(0) = w > W = @(0) to establish the existence of §°. Finally, we use |8 @ (é) =
limgrg VE(6) = (p—r)/(p— 7 — ) > 1 to characterize the monotonicity of C(-) near 6, instead of

using V% (0) > 1 to characterize the monotonicity of C'(-) near 0. o

LeMMA EC.10. For any € (8,6°), the threshold 6(6)
0(0) := inf {w >0 | Vi) (w) < 1+ COr/p-wr’* !}

is well defined. As a function of 0, threshold 0(8) is decreasing in 0 on [0,0"), satisfying
limgpgo 0(6) = 0° and lim, 5 6(0) = w.



ec40 e-companion to Cao, Sun, and Tian: Punish Underperformance with Suspension

Proof. The proof is the same as that for Lemma EC.6, with the range of § changed from (0,6°)
to (E,QO). One exception is that we need to show lim, ; 0(0) = w. To show this, we first note that

for any we (é, w), we have

lim ¥ (w, 0) = lim {Vé(w) —1-C@) .r/p.wr/pfl}

Qié wtw
o p—r PH INL-—1/ r/p—1
= P @)l fpwte
p—r—p r(p—1r—p) /
- Lﬁ - (i)r/ﬂ‘l] >0,
p—T—p 9

where the first equality follows from (EC.78) and Lemma EC.2(ii), and the second equality follows

from Lemma EC.2(vi). This inequality, together with 8(6) < @ (), yields that lim, ;0(0) =w. =

LEMmA EC.11. Function ¥(0), as defined in (EC.75), is continuous and decreasing in € on
(E,QO), and satisfies

lim () = 0 and limy(0) > K.
Q%wL) and limp(0) >

Consequently, there exists a unique value ¥ € (E,QO) such that Y(9) = K.

Proof.  The proof is exactly the same as that for Lemma EC.7, with the range of # changed
from (0,8°) to (6,6°), except that we will show limy 409 (g) > K rather than limgy,4(6) > K. In
fact, we have

lim (0) = lim Vis(@) — [0+ + CO) ()"’ =V —v—w—-C@0) ()" > K,
610 wlw

where the second equality uses Lemma EC.2(vi), and the inequality follows from (EC.76). o

Now we are ready to complete the proof of Proposition 6 under Condition 2 and K < K. Accord-
ing to Lemmas EC.8-EC.11, (W,c,9,9) defined by W = @(¢), c = C(9) and 9 = 0(9) satisfies
(42)—(45). Besides, it follows from () < w(8) for § € [é, 6°) that 9 < W, which implies W = @W(¥9) <
W(8°) = w by using that @(6) is decreasing in § on [é,Qo).

EC.3.10. Proof of Proposition 7
We only consider the case in which Condition 1 and K < K; hold, because the proof is the same
for the case in which Condition 2 and K < K hold.

First, we prove (48). Similar to the proof of Proposition 2, we apply Lemma 1 and Proposi-
tion EC.3 by verifying that (EC.47)-(EC.51) all hold.

Equality (EC.47) holds by noting that (i) ¢, =b1,,_,; (ii) for any t >0, W,_ € [J,w] if &_ =1
and (A W) (w) =0 if we [¥,Ww]; and (iii) for any ¢ >0, W,_ € (0,9] if &_ =0 and (AyVp)(w) = 0 if
we (0,9].
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Equality (EC.48) holds by noting that AL, >0 only if &_ =1 and W, + H,dN, — H!dQ, > W,
as well as that Vj(w) = V{(w) for any w > w.

Equality (EC.49) holds by noting that for any ¢ >0, (i) & =1—&_ =1 only if W,_ € [J, W] and
Vi(w) — Vp(w) = K if we [J,w]; and (ii) & =1—&,_ =0 only if W,_ € (0,9] and Vy(w) — Vi(w) =0
if we (0,9].

Note that ¢; > 0 only if w(w) >0, W;_ = @(w) and & _ =I. Hence, if ¢; > 0, then we have

HY - (Vi (Wio) = 1)+ o(W,o — HE E) — p(Wi—, &)
=(W(W) =)V (0(W)) + Ve (2) — Ve (0(W)) = 0,
where the last equality follows from Lemma 2(ii). Hence, (EC.50) holds.

Finally, (EC.51) holds by noting that (i) if Wy_ < W, then E[p(Wy, )] — p(Wo_,E—) —EALg =
d(Wo,E0-) — p(Wo_,E—) =0; and (ii) if Wo_ > W, then E[p(Wo,E-)] — ¢(Wo_,E-) —EALy =
(W, &) — p(Wo—, &) — (Wo— — W) =0.

Next, we show that functions Vj(w) and Vj(w) as defined in (46) satisfy the optimality condition
(20)—(22). First, (22) holds by noting that V{(0) = V;(0) = v. To verify (20) and (21), we consider
the following three cases separately: w e [0,9), we [¢,W), and w € [W, 0). We will study the case
of we [¢, W) before w e [0,9).

Case 1: we [9,w). First, we prove that
(A V) (w) =0 on [J,w). (EC.79)

Obviously, we have (A V))(w) =0 for w e [W(W),W). It remains to show that (EC.79) holds for

we [¢,w(w)) if ¥ <w(w) <w. For we [¢,w(W)), function Vy is linear and thus we have
(AV)(w) = (1 + )V (w) = pVa(w + B) + p(w — w)Vg (0(W)) — (WR —¢) + (p —r)w
=: g(w).
Note that
gi(w) = (p+7)Ve (W(W)) = Vi (w + B) = pVi (W(W)) +p—r
= (p =) (1 = Ve (@(W))) + (Vi (B(W)) = Vi (w + 8))
< (p—1) (1= Ve (W(W))) + (Vi (0(W)) = Vi (6(W) + B)) =0,
where the inequality uses the concavity of Vi and the last equality uses
0 = p(@ — B(W)) V5, (0(W)) = (p — ) (Vi (B(W)) — 1) + u (Vi (B(W) + B) — Vi (G(W))).

Consequently, g(w) =0 for all w e [9,w(W)), which yields (EC.79). Note that (AyVp)(w) =0 if
w € [9,9]. Hence, (20) holds by the following result, whose proof is relegated to Section EC.3.11.
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LEmMMA EC.12. Under the conditions stated in Proposition 7, we have (AyVy)(w) =0 for we
[9,%).

If we [J,W), then Vi(w) — Vy(w) = K > 0. To establish (21), we need to show that 0 < V{(w) —
Va(w) < K i we [9,3].

Let ®(w) := Vi(w) — Vp(w) and x(w) := Vi (w) —1—c-r/p-w"?~1. Obviously, we have ®(J) =0
and x(9) = x(J) = 0. It follows from the proof of Lemma EC.6(i) that ®'(w) = y(w) >0 for any
w € (¥,9). Hence, for any w € [¢,7), we have ®(w) > ®(J) =0 and ®(w) < ¢(J) = K.

Case 2: we [0,9). We claim that:

LEmMMA EC.13. Under the conditions stated in Proposition 7, we have (AV))(w) =0 for we
[0,9).

Its proof is rather involved, which is relegated to Section EC.3.12. Obviously, we have (AgVp)(w) =0
on [0,7). Hence, (20) holds. Inequality (21) also holds by noting that Vi(w) = Vj(w) in this case.

Case 3: we [w,00). Using the boundary condition Vg (W) = (uR —c— (p—r)w)/r, we have
(AV)(w) =1Ve (W) = (uR —c) + (p—r)w = (p—7)(w —W) =0,
and

(AgVo)(w) = (Ve (W) = K) + (p—r)w — Ry
=pR—c—(p—r)W+(p—r)w—Ru—rK
=RAu—c+(p—r){(w—w)—rK >0,

where the last inequality follows as K < V(W) —v = (uR—c— (p—r)W)/r — Rp/r < (RAp—c)/r.

Hence, (20) holds. Inequality (21) also holds since Vj(w) — Vy(w) = K.

EC.3.11. Proof of Lemma EC.12
For w e [¥, W), it holds that Vj(w) = Vg (w) — K. Define @, := inf{w > 0| V% (w) = 1}, which is well
defined by noting that V% (0) > 1 and V% (W) = 0. For any w € [w,, W], let

(ApVo) (w) =7 (Ve (w) = K) = pwVy, (w) + (p—r)w — pR =: go(w).

It follows from Lemma 2(iii) and w < W that V} (w) < V% (w) and Vg (w) > Vg(w) for w e [0, w].

Hence, for w € [wy, W], we have

go(w) =1V (w) — pVy, (w) — pwVy,(w) + p—r = (p—7) (1 = Vg, (w)) — pwVi(w) >0,
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where the last inequality follows from the fact that Vj (w) <V, (w) < 1 for w = w, and the concavity

of Vg . In addition, we have

go(@o) > (Vs (mo) — K) — pwo + (p— 7)o — R

>r(v+wo+ K —K)—pwo+ (p—r)we —pR =0,

where the first inequality uses V5 (o) < V4 (o) = 1, and the second inequality follows from the
fact that V(o) > Vg (o) > v+ @ + K (the last inequality holds because of m* > 1). As a result,
we have (ApVp)(w) =0 for all w € [y, w].

Next, we prove that (AyVy)(w) = 0 for w € [, @) by a contradictory argument.

Suppose, to the contradictory, that there exists a number @ € (1, @) such that (AyVj)(w) < 0.
Then, we have (AypVy)(w) =r(Vs(w) — K) — pww - Vi (@) + (p—r)w — pR < 0, and thus
(p—r)w+r(Ve(w) - K —v)

pw

(EC.80)

w (@) >

It follows from (EC.74) that limgy, 0(0) = inf{w > 0| V4 (w) = 1} = @,. Note that @ > 9 = 0(»)
and @ < w,. Hence, it follows from Lemma EC.6 that there exists a number ' € (0,1) such that

0(¢') = w. Using Lemmas EC.5 and EC.7, we have @(0') > @(9) = w, C(¢') < C(d) =c, and
P(0) =V (@) — [v+@+CO)m""] > v©) = K. (EC.81)

Moreover, according to 2(iii), we have

Vi(@) > Vi) (@) and Vg (@) < Vg gy (). (EC.82)
Consequently,
Vi () > L=DZE Vo (@) ~ K~ 0)
pw
_p=rmtr-|et+m+CE)="") o]
pw

=1+7/p-C(@)w"/" " = Viwy(@),

where the first inequality uses (EC.80) and (EC.82), the second inequality uses (EC.81), and the

last equality follows from w = #(#') and the definition of 6(-). This reaches a contradiction with

(EC.82).
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EC.3.12. Proof of Lemma EC.13
The proof of Lemma EC.13 is probably the most complex proof in the paper. As mentioned in
the paragraph below Proposition 7, the key step is to establish Lemma EC.16 below, which states
that either A,V’s first-order derivative is negative, or its second-order derivative is positive on
(0,9). This crucial result is obtained by studying a total of four cases, which are summarized as
Lemmas EC.17-EC.20.

Following from Vj(w) = v 4+ w + cw™” for w € [0,9] and

(Af = Ao f)(w) = p(f(w) = f(w+ B)) + pw f{w) — (RAL—c),
we define

g(w) := (AV)(w) = p(Vi(w) = Vi(w + 8)) + poV/'(w) — (RAp — c)

= p(v+w +cw"? — Vi(w +8)) + pw(1 +cr/p-w’P7) — (RAR —c)

for w > 0.
Using the same argument as that in Lemma EC.2(i) and by the definition of Vg as stated in

Lemma 2(ii), we can obtain the following result. Its proof is omitted for brevity.

LEMMA EC.14. For any @ € (0,w), we have Vg € C*(R.) n C*(R\{w}) n C3(R \{w,® —
B.5(@)}) 4R\ 85— 8,5 — 28, 5()}).

By the definition of V] as in (46) and the smooth-pasting condition at ¥, V] is differentiable at 1,
but may not be twice differentiable at 9. Therefore, Vi€ C*(R, ;) n C*(R, \{W,?}), which implies
that g e CY(R, ) n C*(R,  \{w — 3,9 — 3}). (Here, we use R, | to denote the set of all positive
numbers.) Besides, it holds that

gl(w)=p(L+cr/p-w’* —=V/(w+B)) +pw-cr/p- (r/p—1w""~* and (EC.83)

g (w)=cr/p-(r/p—=1w""*=*[pw + pw(r/p —2)] = uV" (w + B). (EC.84)

Here, ¢ may not exist at w — 3 and ¥ — 3. In this case, we follow the convention to use g/’ to
represent the left-second-order derivative of the function ¢/ at such a point. Similarly, we also use
V¥ (w) and V¥ (w) to represent the left-third-order derivative and the left-fourth-order derivative
of the function Vg at w (if needed) in the subsequent analysis.

Lemma EC.13 is equivalent to g(w) = 0 for w € (0,9]. From (EC.79) at ¥, we have ¢(¢) = 0.

Moreover, the following holds.

LEMmA EC.15. We have g{(¥) < 0.
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Proof.  First, we consider the case that ¥ < w(w). Evaluating (EC.54) at w(w) (with W replacing
w) yields

(1 +1)Ve (0(W)) — pVg, (0 (W) + B) + p(w — (W) Vi (w(W)) — pVi, (0(W)) + p—7 = 0.

Clearly, V2(w(w)) = 0. Since 9 < (W), we have VL (i0(W)) = Vi (9) = VA(I) =1 +cr/p- 97771,

which, together with the above expression, implies that
V(@ +B) = V5 (0 + B) = Vi, (0(W) + 8) = Vg, (w(w) + 5)
=[(u+r—p)A+cr/p- 0" Y +p—7]/p.

In the above, the first inequality follows from the convexity of Vg and the fact that ¥ < w(w).
Substituting the above inequality into (EC.83) at ¥ yields

g <(p—r)er/p-0""" 4 pw-cr/p- (r/p— 1) = (p—r)er/p- 97> (9 —w) <0.
Next, we consider the case that ¥ > w(w). Evaluating (EC.54) at ¥ gives
(1 +r)Ve () = pVg (9 + B) + p(w =)V (9) — pVi, () + p—r =0.
Note that V. (9) =1+cr/p-9""7" and V/(¥ + ) = V(9 + ). Hence, we have

GW) = u(1+cr/p- 9" =W+ B)) + pi-cr/p- (r/p—1)0"7*

= (p—r)er/p- """ = p(w — )V (8) + pw - cr/p- (r/p— 1)0""~2

(0 —=9)(p—r)(1 = V5 (¥))

<(p—r)er/p- 07"t = +pw-cr/p-(r/p— 197"

v
o —1)(p— Pt
= (o~ )erfp-wrlo ¢ WZDCZD T e (vfp - 10
where the inequality follows from (EC.72) at ¥ and w = w(?). o

Next, we show the following crucial result.
LemMA EC.16. For any we (0,9), we have either g/(w) <0 or g/'(w) = 0.

The above result, combining with Lemma EC.15, yields that g/(w) < 0 for any w € (0,9],
which immediately concludes the result stated in Lemma EC.13. In fact, if it fails to hold, w' :=
sup{w € (0,9) | g/(w) > 0} is well defined, which further implies that g/'(w') < 0. This contradicts
Lemma EC.16.

Lemma EC.16 follows immediately from Lemmas EC.17-EC.20 below.
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LeEMMA EC.17. For any we [0,9 — B8], we have g{(w) < 0.

LeEMMA EC.18. For any we (9 — §,9) such that V2 (w + 3) <0, we have g'(w) > 0.
LEMMA EC.19. For any we (0,(2—1/p)B A V), we have g (w) = 0.

LEMmA EC.20. For any we|[(1—r/p)5,9) such that Vi(w+ () >0, we have g{(w) < 0.
In the proofs of Lemmas EC.18 and EC.20, we also need the following technical result.

LemMA EC.21. For any we [0,w), the following results hold:
(i) If2p <7+ u, then there exists a number g € [W(W), W), such that VZ >0 on (s,w) and VI <0
on (W(@),s];

(ii) Otherwise, V% <0 on (w(w), ).

The remaining part of this subsection is devoted to the proofs of Lemmas EC.17-EC.21. To
proceed, we need some preliminary results of V.. Using the explicit expression of V. in (24), we

obtain that V. is strictly concave on Ry, i.e.,, V! <0 on R, ,

V" (w)=cr/p-(r/p—1)(r/p—2)w"*3>0 and (EC.85)

VI (w) = cr/p- (r/p—1)(r/p—2)(r/p— 3w+ <0 (EC.56)
for all we R, . Hence, V. is strictly convex and V? is strictly concave, which further implies that

(Vi(w) = Vi{(w + B)) + VI (w) <0 and (EC.87)
(V2 (w) = VI (w+ B)) + BV (w) >0 (EC.88)

for any weR_,.

Proof of Lemma EC.17. Using Vi(w) = V(w) for w e [0,9], we have
gi(w) = p(V(w) = V' (w + B)) + pBVe (w) < p(Vi(w) = Ve(w + B)) + pBV{ (w) <0,

where the first inequality uses V}'(w + ) = V/(w + ) because of w + 8 <9 and (EC.74) with
9 =0(0), and the second inequality follows from (EC.87). o

Proof of Lemma EC.18. Define ¢(w) := Vi (w) — V. (w). Since ¥ = inf{w > 9 | ¢(w) = 0} and
# >0 over (9,9), we have ¢'(9) < 0. It follows from V¥ (w + 8) <0 and Lemma EC.21 with @
replaced by w that V7 <0 on (w(W),w + 3).
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For any w € (9 — 3,9), we have

w) = p(VI(w) =V (w+ B)) + upVe (w)
ZM(V' —Vi(w+ B)) + BV (w)
= M[(V” — V! (w+ ) + BV (w)] + (Ve (w+ B) = Vi (w+ B))
> (VY (w+ B) = Vg (w+ B))
w+
= p(V{(9) = Vi (9)) +uL (VE(y) = Vi (y))dy
>0

Y

where the first inequality uses (EC.88), and the last inequality follows from V”(9) — V% (J) =
—¢'(9) 20, w+ B>9, V" >0 (see (EC.85)) and V¥ <0 on (w(W),w + 3). o

Proof of Lemma EC.19. According to (EC.84), we have

g (w)=cr/p-(r/p—=1)w"*>plw+ B(r/p = 2)] = pW" (w + §)
—uV(w+p) 20,

where the first inequality follows from w < (2 — r/p)5 and the last inequality follows from the

concavity of V. O

Proof of Lemma EC.20. Suppose, to the contradictory, that there exists a w' e [(1—1/p)3,9)
such that VZ(w' + ) >0 and g{(w') > 0. According to Lemma EC.15, there must exist a number
wt e (w', ) such that

g/(w*) =0 and g/ (w*) <0. (EC.89)

First, we claim that w* + 8 < w. Otherwise, we have V/'(w* + 8) = V (w* + 3) = 0 and thus
gi(w¥) = p+cr/p- (P2 pfwt = B(1—r/p)] > >0,
where the first inequality holds as w* > w' > (1 —r/p)f, leading to a contradiction.
Hence, by Lemma EC.21, we have V% (w* 4+ 3) > 0. Furthermore, evaluating (EC.54) at w* + 3
(with w replacing @) gives
(1 + 1)V (w* + B) — uVi (w* + 28) + p(0 — w* = B)VE (w* + B) — pVi (w* + B) + p— 1 =0.
Since V2 (w* + 8) > 0, we have V2 >0 on [w* + 3,w) by Lemma EC.21. That is, V} is strictly
convex on [w¥ + 3, W), which, together with the concavity of Vg, yields that
Vi (wh +28) = Vi, (w* + 8) = Vi, (w0 +28) A W) = Vi (w' + B)
> (B A (W —w? —|—B)) VI (wh + B) = BV (wh + ).
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Therefore, we have

p(0 —w* = B)Vi (w* + B) = (p— ) (Vi (w* + B) — 1) + p(Vi (w' +28) — Vi, (w* + )
> (p—r) (Ve (W + 8) — 1) + ufVi (w* + ),

which, along with pw = uf, can be rewritten as
(0= 1) (1= Vi (wF + B)) > plat + BV (' + B). (EC.90)
Since g{(w?) =0, using (EC.83) we have
1=V + B) = —cr/p- (b7 2 [wh — (1= 1/p)B] (EC.91)
Evaluating (EC.84) at w* yields

) 1 = er/p- r/p— 1))l + 8(r/p— D]~ Vi (w +5)
R
[ T
i

where the second equality follows from (EC.91), and the first inequality follows from (EC.90) and
uses the fact that w* >w' > (1 —r/p)B. This reaches a contradiction with (EC.89). o

Proof of Lemma EC.21. According to (EC.52) and the definition of Vg, we have

V() = L= r)@ppz_ T (g — )" () 2 = () (EC.92)

for we (@ —B)* v w(d),d).
In the case of (W — )" < w(wW), then the result stated in the lemma holds, with ¢ = w(w) if
2p <r+ p. Below, we consider the case of (W — )" > w(w), or equivalently, w — 3 > w(w).

Besides, for w e (w(w), w), we have

ol — w)Vit(w) = p(Viy(w + B) = Vi (w)) + (2p = r)Vis(w), (EC.93)
and thus
ol — W)V (w) = p(Vi(w+ B) = Vi (w)) + (3p— 1)V (w). (EC.94)

By Lemma EC.14, V¥ may not exist at @ — . In fact, by (EC.92), we have VZ((w — f)+) =

¢(w — ). Evaluating (EC.93) at (w — 8)— (to be precise, we consider an increasing sequence of
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{w, }nen near @ — S which tends to w — B from below, evaluate (EC.93) at these w,,’s and then let

n — o), we obtain
plw — @+ B)VE (@ = B) = p(Vi(@—) = V(W — B)) + (2p — 1)V (@ - B).

In the above, as mentioned earlier, we adopt the convention to use VZ(w — /) to denote the left-
third-order derivative of function Vg at w — (.

In a similar vein, evaluating (EC.93) at (& — )+ yields
p(@ =T+ B)Vg (@ — B) +) = p(Vi(@+) = VE(@ = B)) + (2p — 1)V (@ — B).

Combining the above two equations and using V%(w+) =0, we have

Vi@ 8) = Vi (-5 +) + ST
(@) LTI (g p). (EC.95)

o= T+ b))
We break the proof of the lemma into two cases.
(i) Suppose that 2p < r + pu, in which case (EC.92) implies that V% >0 on (@ — §,w). From
(EC.95), VZ(w — ) may not be larger than 0, and thus we consider the following two cases.
Case 1: V¥ (w— ) > 0. Let wy :=sup{w € (0(W),w — ) | V& (w) < 0}. If the set is empty, we have
V>0 on (w(w),w). Therefore, the result stated in (i) is obtained by letting ¢ = w(w).
If the above set is nonempty, then w(W) < w; < w — . Since Vg € C3*((w(w),w — B)), we have

VZ exists on (w(w),w — B). In addition, VZ(w;) =0 and V2 >0 on (w;,w). Now, we prove that
Vi <0 on (w(w),w). (EC.96)

Evaluating (EC.94) at w; and using V% (w;) =0, we obtain p(w — w, )V (wy) = pVia (wy + ) >0
(here if wy; = W — 23, the left derivatives are used), which implies that V% <0 on (w; — €, w;) for
some € > 0.

If (EC.96) fails to hold, then ws := sup{w € (W(W),w;) | VZ(w) = 0} is well defined and w, €
(w(w),w;). Hence, we have VZ(wy) =0 and V¥ (ws+) < 0. Evaluating (EC.94) at way+ yields
p(0 — wo) V¥ (wo+) = uV ((wy + B)+), implying that V% ((wq + 8)+) < 0. If wy = @ — 23, then
V¥ ((we + B)+) = ((W — B) > 0, a contradiction. Otherwise, V¥ exists at wy + 3, and thus V% (ws +
B) < 0. By the definition of w;, we have wy + 8 < w;. Hence, VZ <0 on (w2, ws + S| and thus
Vi(ws + ) < Vi(ws). Evaluating (EC.93) at wq, together with V% (w,) =0, yields

Vg (ws + B) = (1 +1r —2p) Vg (w2) < pVi (ws),
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which gives V%(wq) > 0. This makes a contradiction with the concavity of V3. Hence, (EC.96)
holds, indicating that the result stated in (i) is obtained by letting ¢ = wy.
Case 2: V¥ (w — ) < 0. We show that

V" <0 on (G(F), T — B). (EC.97)

If VZ(w — ) =0, then by evaluating (EC.94) at (@ — 5)— and using VZ (@) = {(w) > 0, we
obtain that V2 (w — ) > 0. (Again, the left derivatives are used.) Hence, we have VZ < 0 on
(W — B —e,W— P) for some € > 0. If, on the other side, V¥ (w — ) <0, then the assertion that
V2 <0 on (W—p—e€w— ) for some e > 0 still holds by Lemma EC.14.

If (EC.97) fails to hold, then w; :=sup{w € [W(W),w — B) | V% (w) = 0} is well defined, satisfying
ws € [w(w), w — B). Moreover, we have VZ(w;) =0 and VZ(ws+) < 0. With exactly the same
argument as that in the previous case for treating w,, a contradiction can be reached. Therefore,
(EC.97) holds. The result stated in (i) is obtained by using (EC.92) and letting ¢ =@ — f3.

(ii) Next, we turn to study the case that 2p = r + p. In this case, (EC.92) implies that V% <0

over (W — f,w). Hence, we must have VZ(w — ) <0 in view of (EC.95). Therefore, the argument

for the second case above is valid, which leads us to the desired result. =

EC.4. Proofs of the Results in Sections 5
EC.4.1. Proof of Proposition 8

We only consider the case in which both Condition 1 and K < K; hold, since the case in which both
Condition 2 and K < K hold can be treated similarly. It follows from Lemma EC.7 that ¢(¥) = K
with v being decreasing on (0,6°). Therefore, 9 is decreasing in K. Recalling 9 = 6(¢9) and using
Lemma EC.6(ii), we obtain that 9 = §(1) is increasing in K.

For the last assertion, we first note that under Condition 1 and K; > 0, limg.go1(6) =0 by
Lemma EC.7, which implies limg o ¥ = 0°. Then, using Lemma EC.6(iii), we obtain limy o 9 =6°.
Under Condition 2 and K > 0, we also have limg o0 = 0° = limg 10 J, by a similar argument and

Lemmas EC.9 and EC.11. Hence, the desired result holds with 6, = 6°.

EC.4.2. Proof of Theorem 6

First, we consider the case in which Condition 1 and K; > 0 hold. It follows from Proposition 8
that limg o0 = limg o0 = 0°. Recall from the proof of Proposition 6 that w = w(¥) and ¢ = C(9).
Hence, we have limg oW = limg o @(9) = @(0°) and limgoc = limg o C(9) = C(6°). The result
(50) is obtained by setting 6y = 0", W = IT)(QO), and ¢y = C(QO). Moreover, V4 and V. converge

uniformly to Vg, and V., respectively, as K approaches 0. Consequently, both value functions as

o

defined in (46) converge to Uy, uniformly as K approaches 0. Using Proposition 7 and sending K
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to zero, we conclude that functions Vi = V) = Uy, satisfy the optimality conditions (20)-(22) for
K =0.
The argument for the case in which Condition 2 and K > 0 hold is exactly the same, and thus

is omitted.
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