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Abstract

Insurance has an intertemporal aspect as insurance premia have to be paid up front.
We argue that the financing of insurance is key to understanding basic insurance
patterns and insurers’ balance sheets. Limited enforcement implies that insurance is
globally monotone increasing in household net worth and income, incomplete, and
precautionary. These results hold in economies with income risk, durable goods and
collateral constraints, and durable goods price risk, under quite general conditions.
In equilibrium, insurers are financial intermediaries with collateralized loans as as-
sets and diversified portfolios of insurance claims as liabilities. Collateral scarcity
lowers the interest rate, reduces insurance, and increases inequality.
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1 Introduction

In economics, insurance is typically thought of as trade across states. With limited
enforcement, however, trade across states is linked to intertemporal trade. Indeed, in such
an environment insurance may be better viewed as state-contingent savings as insurance
premia need to be paid in advance. Since insurance is state-contingent saving, savings
and insurance are intimately connected. Households with limited funds may not want to
save and hence may choose to insure less or not at all. We argue that the intertemporal
nature of insurance is key to understanding both the basic relation between insurance and
household net worth as well as the asset-and-liability structure of the insurance sector.
Because insurance premia are paid in advance, the insurance sector has positive assets.

We provide a dynamic model in which households’ ability to promise to pay is subject
to limited enforcement. We first study a benchmark model without collateral in partial
equilibrium; limited enforcement implies that households have access to complete markets
for state-contingent claims subject to short-sale constraints. Our first main result is
that optimal insurance of risk averse households whose income (net of expenditures for
health and other non-discretionary spending needs) follows a stationary Markov chain
with positive persistence is globally monotone increasing in household net worth and
income, and incomplete, even in the long run, that is, under the stationary distribution
of household net worth. Thus, the limited ability to pledge restricts and links financing
and insurance. Given this link, households limit their insurance and may not participate
in insurance markets at all when their current funds are sufficiently low.

Our second main result is that in our model state-contingent savings are precaution-
ary, that is, an increase in uncertainty leads to an increase in state-contingent savings.
Notably, risk aversion is sufficient for this result. In contrast, in the classic buffer stock
savings model of Bewley (1977), Aiyagari (1994), and others, with risk-free assets only,
assumptions about prudence, that is, the third derivative of the utility function, are re-
quired to guarantee that an increase in uncertainty increases savings (see Leland (1968)).

We extend these results to an economy with durable goods that households can pledge
as collateral and borrow against, and show that the increasing insurance result generalizes.
In practice, households’ primary financing needs are two: purchases of durable goods and
the accumulation of human capital. Households consume the services of durable goods,
particularly housing, and the purchase of such goods needs to be financed. Moreover,
investment in human capital requires financing, and education and learning-by-doing
imply an age-income profile which is upward sloping on average. In the data, the bulk

of financing actually extended to households is to finance durable goods.! Thus, our

'More than 76% of household liabilities are attributable to durable goods purchases, mainly mortgages



model in which all household borrowing needs to be collateralized by durable goods is
empirically plausible.?

Further, we consider durable goods price risk, in addition to income risk, and provide
conditions for increasing risk management. Shiller (1993) has argued that markets that
allow households to manage their risks would significantly improve welfare and that the
absence of such markets hence presents an important puzzle. Shiller (2008) writes that
“[t]he near absence of derivatives markets for real estate ... is a striking anomaly that
cries out for explanation and for actions to change the situation.” We provide a rationale
why households may not use such markets even if they existed. And given this lack
of demand from households, the absence of such markets may not be so puzzling after
all. The explanation we provide is simple: the primary concern of households, especially
financially constrained ones, is financing, that is, shifting funds from the future to today,
not insurance, that is, not transferring funds across states in the future. Risk management
would require households to make promises to pay in high income states in the future,
but this would reduce their ability to promise to pay in high income states to finance
spending today, because households’ total promises are limited by collateral constraints.
Hence, constrained households find hedging house prices too costly.

We then study the general equilibrium in the economy with durable goods in which
the market for collateralized claims clears, determining the equilibrium interest rate.
Our third main result is to provide a theory of a representative insurance company as
a diversified financial intermediary, in which diversification plays a central role as in
Diamond’s (1984) and Boyd and Prescott’s (1986) theory of banks. In our model, the
insurance company’s assets are loans collateralized by durable goods, say mortgages, and
its liabilities are diversified portfolios of insurance claims. Indeed, in practice the bulk
of the insurance sector’s assets in the U.S. of roughly $7 trillion is comprised of at least
implicitly collateralized claims; 76% of assets are comprised of bonds, mortgages, and
cash, and 79% of bonds in turn consist of corporate bonds and mortgage-backed or asset-

backed securities.®> The fact that insurance companies have positive assets, we argue, is

(about 68%) and auto loans (about 8%), in 2019 data from the Financial Accounts of the U.S., while

about 11% and 7% of household liabilities are attributable to student and credit card loans, respectively.
2While households are able to borrow to finance human capital investment only to a limited extent,

the upward-sloping age-income profiles resulting from such investment are nevertheless important as they

give households an incentive to borrow using other means, namely, by financing durable goods.
3See the 2019 data from the National Association of Insurance Commissioners. Life and prop-

erty/casualty insurers’ assets make up roughly 66% and 31% of the insurance sector’s assets, while health
insurers have limited assets, likely because private health insurance in the U.S. is mostly employment-
based (83% in 2019 U.S. Census Bureau data) and the majority of employees are in self-insured employer
plans (61% in 2019 Kaiser Family Foundation data).



a consequence of the intertemporal nature of insurance.*

If durable goods are sufficiently collateralizable, collateral is abundant, the equilibrium
interest rate equals the rate of time preference, and households are fully insured in a
stationary equilibrium. Otherwise, when collateral is scarce, our fourth main result shows
that the interest rate is below the rate of time preference, and insurance is incomplete;
the characterization of insurance above applies. Moreover, the more scarce collateral is,
the lower the interest rate, the less insurance, and the more wealth and consumption
inequality there is in a stationary equilibrium. An interest rate on collateralized claims
below the rate of time preference corresponds to such claims trading at a “liquidity
premium,” as in Holmstrom and Tirole (1998, 2011), but in our economy the premium
can be positive even when risk is purely idiosyncratic unlike in their model.

Our theory predicts that households that are richer and have higher income are bet-
ter insured, at both the intensive and extensive margin, in the cross section as well as
for a given household over time. We interpret these results as predictions for all types
of insurance, including health, life, car, and homeowners and renters insurance; for ex-
ample, we predict that households whose income or wealth declines reduce the extent
of insurance coverage and increase their deductibles, or drop certain types of coverage
altogether. Many of these empirical predictions have not been tested to date, but the
existing evidence, much of it cross-sectional, is consistent with these basic predictions.

Cross-sectional evidence on the extensive margin of insurance of U.S. households sug-
gests that poor households are less well insured against many types of risks, such as
health, death, or flood risks, than richer households. A similar positive relation between
income and insurance has been documented for farmers in developing economies using
archival data, surveys, and field experiments.

Two recent studies provide evidence on the intensive margin of insurance: Armantier,
Foncel, and Treich (2020) and Gropper and Kuhnen (2021) find that wealthier households
have better life, homeowners, and car insurance coverage in U.S. data, and argue that
these patterns present a puzzle. Similarly, Cohen and Einav (2007) find that the choice
of a low car insurance deductible is positively related to various measures of wealth in
Israeli data and come to the surprising conclusion that “wealthier people have higher
levels of absolute risk aversion.” Instead, we think this evidence is consistent with the

predictions of our theory and reflects the financing-insurance trade-off we emphasize.

4The role of asset and liability management of insurance companies is studied in a growing recent
literature. The capitalization of insurance companies is shown to affect the pricing of property-casualty
insurance (see Gron (1994)) and their sales of corporate bonds (see, for example, Ellul, Jotikasthira, and
Lundblad (2011) and Ellul, Jotikasthira, Lundblad, and Wang (2015)). Koijen and Yogo (2015) provide

evidence that the pricing behavior of life insurers is significantly affected by financial frictions.



These patterns moreover stand in sharp contrast to the prediction of the standard theory
of insurance, in which insurance is trade across states and carries a load, making it not
actuarially fair; indeed, Mossin (1968) predicts that optimal coverage and deductibles
decrease with wealth in a static model, and Gollier (2003) considers a dynamic model in
a similar spirit and concludes that “only liquidity constrained households would purchase
a generous insurance coverage” and that “[w]ealthier people would mostly rely on their
ability to time diversify their risks” (p. 21). The key difference from our theory is that
the traditional theory does not take into account the intertemporal aspect of insurance,
that is, the fact that insurance premia are paid up-front.

Extant evidence on within-household variation in insurance, a key empirical prediction
of our theory, is more limited. Using U.S. panel data on life insurance coverage Fang and
Kung (2021) find that income shocks are a key determinant of individuals’ decisions to
maintain or lapse insurance coverage; specifically, “individuals who experience negative
income shocks are more likely to lapse all coverage.” This within-household variation in
insurance coverage is consistent with our predictions.

One important consequence of limited insurance of constrained households is that
such households are more susceptible to shocks. Moreover, this household vulnerability
seems to vary with macroeconomic conditions. Using annual data for the U.S., we find
that the HP-filtered correlation between per-capita GDP and the fraction of uninsured
motorists is -0.21 (with standard error 0.23) and with the fraction of people without
health insurance is, depending on the time interval used, -0.58 (0.19), -0.56 (0.31), and
-0.12 (0.28), respectively (see Figure 1).° This is suggestive of a potential new stylized
fact: Household vulnerability due to lack of car and health insurance is countercyclical.

Further, our theory suggests that InsurTech innovations, which allow more frequent
premium payments and insurance over shorter horizons, such as pay-per-use insurance,
reduce the financing need of insurance and may improve welfare, especially for poor house-
holds, and might, for example, reduce the number of uninsured motorists substantially.

We show how to derive the collateral constraints in our model from an environment
with limited enforcement in the spirit of Kehoe and Levine (1993) and Kocherlakota
(1996). However, while these models assume that households can be excluded from in-
tertemporal trade if they default on their promises, in our model enforcement is more
limited as households cannot be excluded from financial markets, which is similar to the

limits on enforcement considered by Chien and Lustig (2010) in an endowment economy.

5The estimate for uninsured motorists is not significant; the first two estimates for health insurance
(for 1989-2005 and 1999-2012, respectively) are significant at the 1% and 10% level, whereas the estimate
for 2008-2019 is not significant, possibly due to the passage of comprehensive health care reform in 2010.



In our environment, the optimal dynamic contract can be implemented with complete
markets in one-period ahead Arrow securities subject to state-by-state collateral con-
straints. This rather tractable decentralization of the optimal contract is similar in spirit
to the decentralization in Alvarez and Jermann (2000), but the borrowing constraints are
more straightforward as borrowing is simply constrained to be no more than a fraction
of the value of household’s durable assets in each state next period, whereas the endoge-
nous solvency constraints in their model are history-dependent. Our decentralization is
hence very similar to the market structure in the standard incomplete markets model
except of course that it allows contingent claims. Our main contribution is a general
characterization of dynamic insurance behavior and the nature of insurers.®

Much of the economics literature on insurance has focused on moral hazard (see Holm-
strom (1979)) and adverse selection (see Rothschild and Stiglitz (1976)) as barriers to in-
surance. While these frictions are important, we consider limited enforcement as the only
friction in our model in order to focus on the relation between intertemporal trade and
insurance across states.” This allows us to characterize the dynamic behavior of savings
and insurance analytically and obtain global characterization results. We also abstract
from life-cycle patterns for the sake of analytical tractability. Further, one might consider
behavioral issues, such as hyperbolic discounting or optimism, and financial literacy as
reasons for underinsurance. However, the challenge for all these theories is that they do
not predict the relation between insurance and net worth in the cross section of households
and within households over time.

In the model, all shocks are priced in a risk-neutral way, that is, we focus primarily on
idiosyncratic shocks, such as death, health shocks, accidents, fire, or disability — risk that
insurers can diversify away perfectly. That said, we think our model applies to aggregate
shocks, such as earthquakes, floods, or house prices, as well.® Moreover, we model the
shocks directly as income shocks, which should be interpreted as income net of non-
discretionary expenditure shocks for health, accidents, fire, and so forth. One could argue
that such expenditures and events are to a large extent observable and indeed we assume
this throughout, thus abstracting away from other agency problems. This allows us to

focus on the novel aspect of our model, the connection between financing and insurance.

6 Alvarez and Jermann (2000) and Chien and Lustig (2010) study the implications of limited enforce-

ment for asset pricing and Ai and Li (2015) study the implications for managerial compensation.
"The intertemporal nature of insurance we stress is that insurance premia need to be paid in advance,

whereas Hirshleifer (1971) analyzes a different intertemporal aspect of insurance, namely that insurance

needs to be contracted on in advance, before the state is observed, to realize the gains from trade.
8For aggregate shocks, risk-neutral pricing is clearly a simplifying assumption, although we think our

basic insight would carry over to an environment where aggregate risk is priced as well.



Figure 1: Insurance over the Business Cycle

This figure displays two measures of (the absence of) insurance over the business cycle. Panel A shows
the fraction of uninsured motorists based on annual data from the Insurance Research Council on the
ratio of uninsured motorist insurance claim frequency to bodily injury claim frequency. Panel B shows
the fraction of persons under 65 that are not covered by health insurance based on annual data from
the U.S. Census Bureau Health Insurance Tables; there are three separate partially overlapping time
series due to data revisions. The business cycle is measured based on annual real GDP per capita
data in 2012 dollars from the Federal Reserve Economic Data provided by the Federal Reserve Bank of
St. Louis. The grey vertical bars denote NBER recessions. The data are HP filtered (using a penalty of
6.25) with the cyclical components displayed on the left and the raw data and trend component on the
right. Standard errors are estimated with GMM and corrected for heteroscedasticity and autocorrelation.

Panel A: Fraction of Uninsured Motorists

Uninsured Motorists (cyclical component) Uninsured Motorists (raw data and trend component)
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Finally, while incomplete markets models allow for intertemporal consumption smoothing,
they do not allow an analysis of insurance per se. Indeed, Kaplan and Violante (2010) find
that households in the data have access to more consumption insurance against permanent
earnings shocks than a calibrated life-cycle version of the standard incomplete-markets
model suggests and call for alternative models of insurance. We provide such a model
based on limited enforcement.

In related work, Rampini and Viswanathan (2010, 2013) study the relation between fi-



nancing and risk management for firms in an environment with risk neutral entrepreneurs

9 They show that severely constrained firms do not

and a concave production function.
hedge at all, that is, a limit result as net worth goes to zero, but a more general analytical
characterization is not possible in their model, because firms with higher net worth also
invest more. In contrast, our model with risk averse households allows us to prove that
insurance is monotone increasing in net worth globally under quite general conditions,
thus providing a general result about the relation between insurance and net worth. In
addition, the relation between households’ insurance and income or wealth is of inde-
pendent interest and the subject of extensive recent empirical research and an intense
policy debate. Finally, and importantly, we consider insurance in general equilibrium,
rather than partial equilibrium, and provide a theory of the asset-and-liability structure
of insurance firms.

Section 2 analyzes insurance in an economy with income risk only, derives our first
main result on globally monotone increasing insurance, and shows that households’ state-
contingent savings are precautionary, our second main result. Section 3 extends the model
to an economy with durable goods and shows how the increasing insurance result gener-
alizes; this section also considers the management of durable goods price risk.!’ Section 4
studies the general equilibrium in the market for collateralized claims in the economy with
durable goods and provides our theory of insurance companies with collateralized loans
as assets and a diversified portfolio of insurance claims as liabilities, our third main result,
as well as our fourth main result on the effect of collateral scarcity on insurance. Section 5

reviews the evidence on insurance. Section 6 concludes. All proofs are in Appendix A.

2 Dynamic Model of Insurance

In this section we consider an endowment economy in partial equilibrium and show that
optimal insurance is incomplete and globally monotone increasing in households’ net
worth, that is, richer households are better insured, our first main result. Moreover,
we show that insurance is precautionary, that is, increases when uncertainty is higher,

our second main result, and there is a sense in which “the poor can’t afford insurance.”

9The rationale for risk management in their model is that the value function of a firm subject to
financial constraints is concave in net worth, making the firm effectively risk averse. Li, Whited, and Wu

(2016) structurally estimate the debt dynamics in a version of this model.
0Two recent studies consider the asset pricing implications of housing in endowment economies with

similar preferences over two goods, (nondurable) consumption and housing services with a frictionless
rental market for housing: Lustig and Van Nieuwerburgh (2005) study the role of solvency constraints

similar to ours and Piazzesi, Schneider, and Tuzel (2007) analyze the frictionless benchmark.



Finally, we characterize insurance in the long run.

2.1 Insurance in an Endowment Economy

Consider insurance in an endowment economy. Time is discrete and the horizon is in-
finite. Households have preferences E [Y .-, f'u(c;)] where we assume that 5 € (0,1)
and u(c) is strictly increasing, strictly concave, continuously differentiable, and satisfies
lim,_, uc(c) = 0o and lim,_,o, u.(¢) = 0. Households’ income y(s) follows a Markov chain
on state space s € S with transition matrix I1(s, s") > 0 describing the transition probabil-
ity from state s to state s’, and Vs, sy, sy > s, y(sy) > y(s) > 0. We interpret household
income as net of non-discretionary spending needs for health, accidents, and other such
shocks.!' We use the shorthand 3’ = y(s') for income in state s’ next period wherever
convenient and analogously for other variables. Moreover, let s = min{s : s € S} and
5§ = max{s : s € S} and analogously for y and 7 and let S also denote the cardinality of
S in a slight abuse of notation.

Lenders are risk neutral and discount the future at rate R~! > 3, that is, are patient
relative to the households, and have deep pockets and abundant collateral in all dates
and states; lenders are thus willing to provide any state-contingent claim at an expected
return R.'? We take the interest rate R as given for now, but endogenize the interest rate
in general equilibrium in Section 4.3

Enforcement is limited as follows: households can abscond with their income and
cannot be excluded from markets for state-contingent claims in the future. Extending the
results in Rampini and Viswanathan (2010, 2013) to this environment with risk aversion,
we show in Appendix B that the optimal dynamic contract with limited enforcement can
be implemented with complete markets in one-period ahead Arrow securities subject to

short-sale constraints (which are a special case of collateral constraints).'*

A significant cost of health shocks may be to force reduced labor force participation, reducing income.
12\We discuss the case in which R = 37! in the online appendix. In models of buffer stock savings with

idiosyncratic risk and incomplete markets, Bewley (1977), Huggett (1993), Aiyagari (1994), and others

show that aggregate asset holdings are finite only if R~! > f in equilibrium.
13The general equilibrium in Section 4 applies to an economy with durable goods, which serve as

collateral backing households’ collateralized state-contingent claims, whereas in the endowment economy

considered in this section we require outside lenders supplying claims.
4These one-period ahead Arrow securities are akin to the cash-in-advance contracts in Bulow and

Rogoff (1989). Krueger and Uhlig (2006) provide a model of competitive risk sharing and switching costs
and obtain short sale constraints, a special case of the collateral constraints in our model, in the limit as
switching costs go to zero. Alvarez and Jermann (2000) provide a decentralization with complete mar-
kets and endogenous solvency constraints for economies with limited enforcement as in Kehoe and Levine

(1993) and Kocherlakota (1996). The outside option in their model is exclusion from intertemporal mar-



In some parts of the analysis, we consider stochastically monotone Markov chains

which exhibit the following notion of positive persistence:

Definition 1 (Monotone Markov chain). A Markov chain I1(s, s") is stochastically mono-
tone, if it displays first-order stochastic dominance (FOSD), that is, if Vs, sy, 8, sy > s,
Dwey sy, s') <3 1(s, o).

This definition requires that the distribution of states next period conditional on the
current state s, first-order stochastically dominates the distribution conditional on the
current state s, for all s; > s. A Markov chain which is independent over time, that is,
satisfies TI(s, s') = w(s), Vs € S, is stochastically monotone.'> Arguably, such positive
persistence in household income is plausible empirically.

The household solves the following recursive problem by choosing (non-negative) con-
sumption ¢ and a portfolio of Arrow securities A’ for each state s’ (and associated net
worth w') given the exogenous state s and the net worth w (cum current income),

v(w, s) = max  u(c)+ BEu(w, s")|s] (1)

c,h w' €Ry xR2S

subject to the budget constraints for the current and next period, Vs’ € S,

w > c+ E[R'R|s], (2)
y'+h' > W (3)

and the short-sale constraints, Vs’ € S,
n >0. (4)

Since the return function is concave, the constraint set convex, and the operator
defined by the program in (1) to (4) satisfies Blackwell’s sufficient conditions, there exists

a unique value function v which solves the Bellman equation. The value function v

6

is strictly increasing, strictly concave, and differentiable everywhere.!® Denoting the

kets and implies solvency constraints that are agent and state specific, whereas our outside option without
exclusion results in simple short-sale and collateral constraints with a straightforward decentralization;

Chien and Lustig (2010) consider this type of outside option in an endowment economy.

5For a symmetric two-state Markov chain, stochastic monotonicity is equivalent to assuming that
II(5,5) =I(s,s) = p > 1/2, that is, that the autocorrelation p is positive, as p =2p — 1 > 0.

16See Theorem 9.6 and 9.8 in Stokey, Lucas, and Prescott (1989). To see the differentiability, fol-
lowing Lemma 1 in Benveniste and Scheinkman (1979) define 9(w,s) = u(w — E[R™h/(w, s)|s]) +
BE[v(w' (w,s),s")|s] where h/(w, s) and w'(w, s) are optimal at (w, s). Note that ¢(w, s) > 0 and hence
there exists a neighborhood N of w such that ¢ is a strictly concave differentiable function with the
property that o(w, s) = v(w,s) and 0(w, s) < v(w,s) for all w in N. Therefore, v is differentiable at w
with derivative u.(c(w, s)); indeed, by the Theorem of the Maximum, ¢ is continuous in w and hence

v(w, s) is continuously differentiable.



multipliers on the budget constraints (2) and (3) by p and BII(s, s")i/, respectively, and

on the short-sale constraints (4) by SII(s, s’) N, the first-order conditions are

= ue(0), ()
:U// = Uw(wl78/)7 (6)
— BRy + BRN. 1)

We have ignored the non-negativity constraint on consumption since it is slack. The

envelope condition is v, (w, s) = p.

2.2 Insurance is Increasing

We first show that insurance is globally monotone increasing in net worth. In particular,
the set of states that the households insure (or “hedge”) is increasing in net worth and
richer households’ net worth and consumption distribution next period dominate those

of poorer households. Richer households moreover spend more on insurance.

Proposition 1 (Increasing insurance). Let wy > w and denote variables associated with
w, with a subscript +. Given the current state s, Vs € S, we have: (1) The set of states
that the household insures S, = {s" € S : h(s') > 0} is increasing in w, that is, Sp+ 2 Sh.
(ii) Net worth and consumption next period w'. > w' and ¢, > ', Vs' € S, that is, w',
and ¢ statewise dominate and hence FOSD w' and ¢, respectively; moreover, h!, > I/,
Vs' € S, and E[I, |s] > E[N|s|. Consumption across the insured states Sy is constant,

that is, ¢ = ¢y, Vs' € Sy, and ¢y, is strictly increasing in w.

Note that Proposition 1 does not impose any additional structure on the Markov
process for income and hence does not determine which states are insured. If we fur-
ther assume that the Markov chain is stochastically monotone, then we can show that
households insure a lower interval of income realizations. Moreover, with this assumption
insurance is globally monotone increasing in both net worth w and income, that is, the

current state s. This is our first main result.

Proposition 2 (Increasing insurance with stochastic monotonicity). Assume Il(s,s’) is
stochastically monotone. (i) The marginal value of net worth v,(w,s) is decreasing in
s. (ii) The household insures a lower interval of states, if at all, given w and s, that is,
Sp ={5,...,s,}; net worth next period w', insurance h', the interval of states insured Sy,
and insured consumption next period ¢y are all increasing in w and s, Vs, s € S. (iii) If
moreover 1l(s,s') = n(s'), Vs, s' € S, then w(s') = wy, Vs' € Sy, and wy, is increasing in

w, and the variance of net worth w' and consumption ¢’ next period is decreasing in w.

10



The key to the result is that the marginal value of net worth v, (w, s) is decreasing
not just in w, as before, but also in the state s.!7 Stochastic monotonicity means that
if the household is in a higher state today, holding current net worth w constant, then
the household’s income next period is higher in a FOSD sense. This reduces the cost of
insuring to a given level for each state next period, as insurance decreases with the state,
and insuring the same amount becomes less costly. The household partially consumes
the resources that are thus freed up and partially uses them to buy additional Arrow
securities, that is, purchase more insurance, allowing the household to consume more in
the insured states next period.'® Thus, richer households are better insured.

Positive persistence in the income process means that a high income realization reduces
the marginal value of net worth for two reasons: first, high current income raises current
net worth, which lowers the marginal value of net worth due to concavity; and second,
high current income implies higher expected future income, further reducing the marginal
value of net worth by the mechanism described above.!’

Part (iii) of Proposition 2 shows that if income shocks are independent, the household
ensures a minimum level of net worth next period, which is increasing in current net worth.
Moreover, the variance of both net worth and consumption next period is decreasing in

current net worth; there is a strong sense in which richer households are better insured.?

1"The proof is of technical interest as we prove that the marginal value of net worth is (weakly) de-
creasing in s by showing that the Bellman operator maps functions satisfying this property into functions

satisfying the property as well, and that the unique fixed point must satisfy the property, too.
!8In state sy > s, the household is therefore (weakly) better insured for all states next period, b/, > A/,

while at the same time the household’s insurance expenditures are lower, E[R™'1/, |s;] < E[R™h/|s]; this
is possible because the household’s insurance purchases are decreasing in s’ and stochastic monotonicity

implies that the same portfolio of Arrow securities is cheaper at s; than at s.
9In contrast, in a production economy with technology shocks, positive persistence has two effects

which go in opposite directions: on the one hand, high current productivity implies high cash flow and
thus raises current net worth, which lowers the marginal value of net worth due to the concavity of the
value function; on the other hand, high current productivity increases the expected productivity which
means firms would like to invest more, and this effect in turn raises the marginal value of net worth.
Thus there are two competing effects when productivity shocks have positive persistence and if the second

effect is sufficiently strong, firms hedge states with high productivity.
20Tf income is lower in downturns and insurance consequently declines, then the cross sectional variation

of consumption can be countercyclical, a property that is of interest due to its asset pricing implications
(see, for example, Mankiw (1986) and Constantinides and Duffie (1996)). Storesletten, Telmer, and
Yaron (2004) find that the cross-sectional variation of labor income is countercyclical, and Guvenen,
Ozkan, and Song (2014) find that the left-skewness of idiosyncratic income shocks is countercyclical,
rather than the variance itself, in earnings data from the U.S. Social Security Administration. Rampini
(2004) provides a real business cycle model with entrepreneurs subject to moral hazard in which the

cross sectional variation of the optimal incentive compatible allocation is similarly countercyclical.
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2.3 Insurance is Incomplete

Insurance is incomplete and some households do not insure at all:

Proposition 3 (Incomplete insurance). Assume I1(s, s') is stochastically monotone. (i) At
net worth w =y in state s, the household does not insure at all, that is, \' > 0, Vs' € S,

and Sy = (. (ii) For any net worth w <y, the household does not insure the highest state

next period, that is, A(§') >0 and S, C S, Vs € S and w < 3.

At net worth y in state s the household does not insure at all, which can be interpreted
as saying that “the poor can’t afford insurance.” We emphasize that all households could
buy any state-contingent claims they want, but households with low net worth choose not
to, because insurance claims need to be paid for up-front, further raising the marginal
utility in the current period when it is already high. Thus, it is not that poor households
cannot insure, but rather that they choose not to given their low net worth; it is in this

I Moreover, even at net worth ¥, the

sense that they cannot afford to buy insurance.?
household does not engage in complete insurance; intuitively, the household’s net worth
in state 5’ next period will be at least i and the state § > s, so the marginal value of net
worth will be at least weakly lower than it currently is. And since insurance is increasing,
the household does not insure the highest state for any w < g.

Figure 2 illustrates Propositions 2 and 3 for an economy with an independent, symmet-
ric two state Markov chain.?> The top left panel illustrates that insurance is increasing,
with the bottom left panel showing that consumption is concave in wealth and hence
richer households actually spend a larger fraction of their budget on Arrow securities to
insure future income shocks.

In our model of insurance without durable goods, insurance can be interpreted as
state-contingent savings. The properties of such state-contingent savings are similar to
the properties of savings noted by Friedman (1957) in his famous treatise A Theory of
the Consumption Function (page 39):

“These regressions show savings to be negative at low measured income levels,
and to be a successively larger fraction of income, the higher the measured

income. If low measured income is identified with ‘poor’ and high measured

21This result mirrors the result in Rampini and Viswanathan (2010, 2013) that severely constrained
firms do not hedge. However, there is no equivalent to our main results on global monotonicity and
prudence in their work, nor do they consider general equilibrium.

2ZKrueger and Uhlig (2006) provide an analytical characterization of this case. However, they do not
consider more general income processes with stochastic monotonicity and thus to not obtain our main

results on the increasing and precautionary nature of insurance.
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Figure 2: Increasing Insurance

This figure displays insurance when household income follows an independent two state Markov process.
The solid (dashed) lines plot the policies for the low (high) state next period. Top left: insurance h’;
top right: net worth next period w’ and 45-degree line (dotted); bottom left: consumption ¢; and
bottom right: stationary distribution of net worth. The parameter values are: 8 = 0.90, R = 1.05,
(s, s) = I1(5,5) = 0.50, y(s) = 0.80, y(5) = 1.20, and preferences u(c) = c¢!=7/(1 — ) with v = 2.
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income with ‘rich,” it follows that the ‘poor’ are getting poorer and the ‘rich’
are getting richer. The identification of low measured income with ‘poor’ and
high measured income with ‘rich’ is justified only if measured income can be
regarded as an estimate of expected income over a lifetime or a large fraction

thereof.”

In our model, all households have the same expected income in the long run, and therefore
households that are currently poor insure less, that is, have lower state-contingent savings,
than households that are currently rich, and thus our model yields a “theory of the
insurance function” akin to Friedman’s theory of the consumption function.

How does insurance behave in the long run, given that households can accumulate net
worth? We show that the model induces a stationary distribution for household net worth.
Under the unique stationary distribution, households never insure fully. The intuition is

that since SR < 1, households only partially insure even the states that they do insure.
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Thus, if an insured state does occur, households’ net worth will drop, leaving households
worse off. This means that even households whose current net worth is high, that are hit
by a sufficiently long sequence of low income realizations, end up so constrained again
that they no longer purchase any Arrow securities, that is, stop buying any insurance
at all. Thus, notably, households do not participate in insurance markets with positive

probability under the stationary distribution.

Proposition 4 (Insurance under the stationary distribution). Assume I1(s, s") is stochas-
tically monotone. (i) There exists a unique stationary distribution of net worth. (ii) The
support of the stationary distribution is a subset of [w, Wynqg| where w = Y and Wypg > Y
with equality if 1(s,s") = w(s'), Vs,s' € S. (iii) Under the stationary distribution, in-
surance is globally increasing, incomplete with probability 1, and completely absent with

strictly positive probability.

The bottom right panel of Figure 2 illustrates Proposition 4 for an independent two
state Markov chain as in the example above. This panel displays the unconditional
stationary distribution whose support is between the low income realization (g =0.81in
the example) and the high income realization (g = 1.2). The household never insures
the high state next period, which means the household’s net worth conditional on a high
realization is always w(5’) = y. The household does insure low realizations of income, at
least as long as net worth is sufficiently high, so starting from net worth y low income
realizations decrease the household’s net worth gradually over time; the probability mass
decreases at a rate 7(s) in this range. Eventually, the household stops insuring, and
subsequent realizations result in net worth y until a high income realization lifts the

household’s net worth again.?

2.4 Insurance is Precautionary

Our second main result is that insurance is precautionary in the sense that a mean
preserving spread in income leads the household to increase the expenditure on insurance
when income shocks are independent over time. Remarkably, risk aversion alone, that is,

concavity of the utility function, is sufficient for this result.

ZWhen SR = 1, we show in the online appendix that households are unconstrained and fully insured
in the limit, but their net worth remains finite, in contrast to models with incomplete markets in which
households accumulate infinite buffer stocks to smooth consumption in the limit. Thus, the extra flexibil-
ity that state-contingent savings affords households dramatically reduces their incentives to accumulate

wealth. Insurance is incomplete and increasing even in this case, albeit only in the transition.
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Proposition 5 (Precautionary state-contingent saving). Assume I1(s,s") = w(s'), Vs’ €
S, and suppose y(s') given w(s'") is a mean-preserving spread of y(s') given w(s'). Then

E[l] > E[W], where E is the expectation operator and h' is optimal insurance given 7(s').

Thus, state-contingent saving is precautionary without additional assumptions about pref-
erences, whereas saving in the Bewley (1977) economy with incomplete markets is guar-
anteed to be precautionary only if preferences display prudence, that is, the marginal
utility of consumption is convex in consumption.?* Intuitively, the reason why concavity
is sufficient in our model is that households have access to complete markets, modulo
collateral constraints, and hence trade off consumption this period against consumption
in each state next period separately. Concavity implies that if the household consumes
less in an insured state next period, the household must consume less this period, too.
Moreover, the insurance portfolio has a convex payoff and so is more expensive in the
riskier economy; therefore, the household reduces consumption both in this and the next
period, while increasing the expenditure on insurance. In contrast, with incomplete mar-
kets, the household can only choose how much to save into all states next period, and
thus the expected marginal utility and convexity of the marginal utility are crucial.
Since the household increases the expenditure on insurance when risk increases, the
household must consume less today. In fact, the household ends up consuming less in

each date and state going forward:

Corollary 1 (Consumption implications of precautionary state-contingent saving). Given
the assumptions of Proposition 5 and given net worth w, precautionary state-contingent
saving implies for consumption that ¢ < ¢, ¢ < ¢, and indeed ¢(s') < ¢(s') for any

subsequent history s' and time t.

3 Insurance with Durable Goods as Collateral

This section extends our model of household insurance to include durable goods that
provide consumption services but require financing. Durable goods can serve as collat-
eral for households’ promises to pay. Durable goods allow consumption smoothing to
some extent, but are associated with additional financing needs at the same time. The

increasing insurance results generalize to this environment to a large extent.

24 An explicit comparison to the standard buffer stock savings model with incomplete markets is pro-

vided in the online appendix, which also considers the financing of human capital.
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3.1 Financing and Insurance with Durable Goods

Consider an extension of the economy of Section 2 with two goods, (non-durable) con-
sumption ¢ and durable goods k, which in practice comprise mainly housing. The en-
vironment, income process, and lenders are as before, but households have separable
preferences E[> .2 8{u(c;) + g(kt)}] where g(k) is strictly increasing, strictly concave,
and satisfies limy_,o gx(k) = +oo and limy_,., gr(k) = 0.

Durable goods depreciate at rate 6 € (0,1) and the price in terms of consumption
goods is assumed to be constant and normalized to 1, Vs € S. Households can adjust
their durable goods stock freely, but there is no rental market for durable goods and
households have to purchase durable goods to consume their services. Durable goods
are also used as collateral as we discuss below. We consider durable goods price risk in
Section 3.3 and analyze the implications of households’ ability to rent durables as well as
purchase durables and borrow against them in Appendix D.4.

Enforcement is limited as follows: households can abscond with their income and a
fraction 1 — @ of durable goods, where # € [0, 1), and cannot be excluded from markets
for state-contingent claims or durable goods.?” As before, one can show that the optimal
dynamic contract with limited enforcement can be implemented with complete markets
in one-period Arrow securities subject to collateral constraints that limit the household’s
state-contingent promises b’ in state s’ next period as follows: 6k(1—4§) > Rb, Vs € S.%°

The simplest and equivalent formulation of the household’s problem is to assume that
the household levers durable assets fully, that is, borrows b/ = R7Y9k(1 —§), Vs’ € S,
and purchases Arrow securities in the amount b’ = k(1 — §) — RV, Vs’ € S. Under this
equivalent formulation, the collateral constraints on b’ reduce to short-sale constraints
on h'. Moreover, since the household borrows as much as possible against durable assets,
the household pays down p =1 — R7*0(1 — ) per unit of durable assets purchased only,
where p is the minimal down payment required to purchase a unit of the durable asset.

The household solves the following recursive problem by choosing (non-negative) con-
sumption ¢, (fully levered) durable goods k, and a portfolio of Arrow securities ' for each
state s’ (and associated net worth w’) given the exogenous state s and the net worth w
(cum current income and durable goods net of borrowing),

v(w,s) = max  u(c)+ Bg(k) + BE[v(w', s)|s] (8)

ckh/ w' ER2 xR2S

250ne interpretation of this assumption for housing, for example, is that it takes time to foreclose on

borrowers who default and hence it is as if households abscond with some fraction of housing services.
Z6These collateral constraints are reminiscent of the ones in Kiyotaki and Moore (1997) but allow

state-contingent claims and can be explicitly derived in our model by extending the proof in Appendix B

to the case with durable goods.
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subject to the budget constraints for the current and next period, Vs’ € S,

w > c+ pk+ E[R'R|s], 9)
Y+ (1 —-0)k(1-0)+n > W, (10)

and the short-sale constraints (4), Vs’ € S.

The return function u(c) + Bg(k) includes the service flow of durables purchased this
period for use next period, which is deterministic given purchases of durables this period.
This definition of the value function and net worth allows us to formulate the problem
with only one endogenous state variable, net worth w.?” Defining the multipliers as before,

the first-order conditions are (5) through (7) and

o = Bgr(k) + E[BY/ (1 = 0)(1 = 5)|s], (11)
or written as an investment Euler equation for durable goods

1:ﬁM1+E ﬂ&'—(l—e)(l—a)H' (12)

KR H o
The first term on the right hand side is the service flow of the durable goods purchased this
period and consumed next period, that is, the “dividend yield” of durables, and the second
term on the right hand side is the return from the resale value of durables net of borrowing.
Since in this implementation durables are fully levered, k(1 —§8) — RY = (1 — 0)k(1 — ),
and the down payment requirement @ is in the denominator as this is the amount of net

worth the household has to invest per unit of durable assets.

3.2 Increasing Insurance with Durable Goods

A key aspect of durable goods is that purchases of durables force the household to save,
as the household cannot pledge the full resale value. Indeed, if the household were able
to pledge the full resale value, that is, if & were 1, then durable goods purchases this
period would not affect net worth next period as k& would not appear in equation (10).
The choice between non-durable consumption ¢ and durable goods k reduces to a within-
period problem given consumption expenditures ¢ which induces an indirect utility func-
tion u(¢) = max,x u(c) + Bg(k) subject to ¢ > ¢ + pk, where u inherits the properties of
u and g. Therefore, Propositions 1 to 5 apply without change when 6 = 1, that is, in-
surance is monotone increasing, incomplete, and precautionary, and is completely absent

with positive probability under the stationary distribution.

27 Arguing analogously to before, there exists a unique value function which is strictly increasing,
strictly concave, and everywhere differentiable. There is no need to impose non-negativity constraints

on consumption and durable goods as these are slack given our preference assumptions.
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With durable goods and 6 € [0, 1), insurance is increasing in net worth in the sense
that households’ net worth w’ next period is strictly increasing in current net worth.
Unlike in the economy with income risk only in Section 2, we can no longer conclude that
households’ purchases of Arrow securities necessarily increase in wealth, as households
also buy more durables which increases their net worth next period.

For a stochastically monotone Markov chain we can again show that the marginal
value of net worth v, (w, s) decreases in state s. Therefore, households insure a lower set
of income realizations and, among the states they insure, insure worse income realizations
strictly more. With independence of the income process, insurance is incomplete under

the stationary distribution.

Proposition 6 (Insurance with durable goods and stochastic monotonicity). Assume
(s, s") is stochastically monotone. (i) The marginal value of net worth vy, (w,s) is de-
creasing in s. (ii) The household insures a lower interval of states, if at all, given w and
s, that is, S, = {s,...,s),}, and b’ is strictly decreasing in s on Sy. Consumption c,
durable goods k, and net worth next period w' are strictly increasing in w, given s; con-
sumption ¢ is also increasing in s, given w. (iii) For w sufficiently low, k' =0, Vs’ € S.
(iv) If moreover Il(s,s") = w(s'), Vs, s" € S, then w(s') = wy, Vs' € Sy, and wy, is strictly
increasing in w. For w < w, the household never insures the highest state next period,

h(§") = 0, where w is the highest wealth level attained under the stationary distribution.

Part (iii) shows that if households’ financing needs are sufficiently strong, then financing
needs override insurance concerns. Since the budget constraint next period (10) binds in
all states and purchases of Arrow securities are limited by short-sale constraints (4), we

know that net worth w’ in state s’ next period is bounded below, namely,
w >y +(1-0)k(1-90)>y,

for all states s, due to households’ limited ability to promise. But this means that
households must be collateral constrained against all states s’ next period if households’
current net worth w is sufficiently low, since the marginal value of net worth next period
must be bounded above.

Households’ limited ability to credibly promise repayment means that households
cannot pledge future income and hence households’ future net worth has to be at least
future labor income. Moreover durable goods purchases require some down payment per
unit of capital from the household and hence implicitly force households to shift additional
net worth to the next period. Both these aspects imply that if current household net worth
is relatively low, households shift resources to the present to the extent possible, that is,

borrow as much as possible against durable goods.
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Panel A of Figure 3 illustrates Proposition 6 in the case of an independent symmetric
two state Markov process for income. The consumption of both non-durables and durables
are concave in household net worth, consistent with one of the basic stylized facts of the
empirical consumption literature. Insurance is increasing in net worth; indeed, for low
net worth the household does not insure at all. The household insures the low state only
once net worth reaches a relatively high level, about the level of the high income in the
example. This is due to the financing needs for the purchases of durable goods, which
force the household to save. At the bottom of the stationary distribution (where w(s’)
intersects the 45-degree line), the household does not insure at all. This level of net worth
is also considerably above the low income. The financing needs for durable goods reduce
insurance. The behavior of the households in our model with durables is reminiscent of
the “hand-to-mouth” households in Kaplan, Violante, and Weidner (2014), who find that
as much as a third or more of U.S. households live effectively hand-to-mouth; two thirds
of these households are “wealthy hand-to-mouth” with sizable illiquid wealth, primarily
in the form of housing, but little or no liquid financial assets, as in our model.

Panel B of Figure 3 illustrates the effect of collateralizability by considering the ex-
ample from Panel A except with collateralizability 6 = 0.6 instead of 0.8. The effects are
striking. The household reduces consumption of non-durables and durables for given net
worth, which is intuitive as a given durable goods purchase now requires more net worth
(not shown in the figure). Moreover, the household drastically reduces insurance and does
not insure at all until a much higher level of net worth is reached and even then, insures
much less. Essentially, the household is forced to save so much to finance its durable
goods purchases that it chooses not to insure. At the same time, the stationary distribu-
tion of households’ net worth shifts to the right. This comparative statics result provides
an interesting perspective on the effects of financial development, which we interpret as
an increase in collateralizability. Financial development that allows households to lever
durable goods more, results in lower net worth accumulation, which all else equal would
leave households more susceptible to shocks. Thus, by enabling higher leverage, financial
development renders households’ insurance concerns more pertinent.

Panel C of Figure 3 illustrates the effect of persistence on insurance by considering the
example from Panel A except with a Markov process for income with autocorrelation 0.5
instead of 0. When income is persistent, the household consumes more non-durables and
durables in the high state than in the low state, holding net worth constant (not shown
in the figure). Moreover, the household insures the low state more, in particular when
the current state is high. Thus an increase in persistence increases insurance. That said,

the household saves less for the high state, in particular when the current state is low.
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This figure displays insurance with durable goods when income follows a two state Markov process with
independence (Panel A and B) and persistence (Panel C). The solid (dashed) lines plot the policies
for the low (high) state next period. In Panel C, the darker (and red) lines are associated with s and
the lighter (and green) lines with §. Top left: insurance h’; top right: net worth next period w’ and
45-degree line (dotted); bottom left (Panel A): consumption ¢; and bottom right (Panel A): durable
goods consumption k. Parameters are as in Figure 2 except that # = 0.80 in Panel A and C and 0 = 0.6
in Panel B and utility from durable goods g(k) = gk!=7/(1 —~) with v = 2 and g = 2. In Panel A and

Figure 3: Insurance with Durable Goods as Collateral
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3.3 Durable Goods Price Risk Management

In this section we consider households’ hedging of durable goods price risk in addition
to income risk. We show that financially constrained households choose not to hedge
durable goods price risk.?®

To consider durable goods price risk, suppose the price of durable goods ¢(s) is
stochastic, where the state s describes the joint evolution of income y(s) and ¢(s), and
the economy is otherwise the same as in Section 3.?° For simplicity, we take the price
process ¢(s) and the interest rate R as exogenously given here. As before, we assume
without loss of generality that the household levers durable assets fully, that is, borrows
V= R0 k(1 — 9) against state s’, Vs’ € S, and purchases Arrow securities b/, Vs’ € S.
The collateral constraints again reduce to short-sale constraints. Moreover, since the
household borrows as much as possible against durable assets, the household pays down
o(s) = q(s) — RT'OE[¢|s](1 — §) per unit of durable assets purchased only. We assume
that ¢(s) and p(s) are increasing in s, although some of our results obtain more generally.

The household’s problem, formulated recursively, is to choose (non-negative) con-
sumption ¢, (fully levered) durable goods k, and a portfolio of Arrow securities A’ for
each state s’ (and associated net worth w’) given the exogenous state s and the net
worth w (cum current income and durable goods net of borrowing), to maximize (8)

subject to the budget constraints for the current and next period, Vs’ € S,

w > c+p(s)k+ E[R7'H]s], (13)
Y+ (1—-0)dk(1=08)+h > (14)

and the short-sale constraints (4), Vs’ € S.
Defining the multipliers as before, the first-order conditions are (5) through (7) and

o(s)p = Bar(k) + E[Bu' (1 — 0)q' (1 — 0)]s]. (15)

The durable goods price affects the down payment @(s) in the current period and the
resale value of durable goods next period. If the household cannot pledge the full resale
value of durables, that is, if # < 1, then durable goods purchases force the household to

implicitly save. Moreover, the household is then exposed to the price risk of durables

28In Appendix D.4, we study households’ choice between owning and renting durable goods and its
interaction with the hedging of price risk. We find that households’ ability to rent durables leads them
to hedge due to the high implied leverage and indeed can affect the sign of the hedging demand. When
households can choose to rent durables as well as buy them, we show that households with low net worth

rent and that renters may hedge high durable goods prices.
2In Section 3, the price of durable goods is constant and normalized to 1.
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in two ways: first, the resale value of durable goods affects the household’s net worth
next period, and second, the durable goods price affects the down payment which in turn
affects the marginal value of net worth. If the household can pledge the full resale value
of durables, that is, if # = 1, the second term on the right hand side of (15) is zero, and
the first-order condition simplifies to p(s)u = Bgr(k). In this case, the durable goods
price only affects the household’s problem through the down payment. We are able to
characterize the solution explicitly in the case of isoelastic preferences with coefficient
of relative risk aversion v < 1: household risk management is increasing. Specifically,
we show that the economy is equivalent to an economy with income risk and preference
shocks. Remarkably, with logarithmic preferences, households do not hedge the durable
goods price risk at all, but may partially insure income risk. With v < 1, higher durable
goods prices, and hence higher down payments, reduce the marginal value of net worth
as the substitution effect dominates the income effect. And vice versa, lower house prices

amount to investment opportunities and raise the marginal value of net worth.

Proposition 7 (Durable goods price risk management). Assume 0 = 1 and preferences
satisfy u(c) = 77 /(1 —7) and g(k) = gk'~7/(1 —~) where v > 0 and g > 0. (i) Ify =1
(logarithmic preferences), then v(w,s) = (1 4+ Bg)v(w,s) + vy(s), where v(w,s) solves
the income risk management problem (without durable goods) in equations (1) through
(4) and v,(s) is an exogenous function defined in the proof. Household risk management
s increasing in the sense of Propositions 1 and 2 and the household does not hedge
durable goods price risk at all. (ii) For vy # 1, the problem is equivalent to an income
insurance problem in an economy with preference shocks where u(¢,s) = ¢(s)u(¢) with ¢
and ¢(s) defined in the proof. Household risk management is increasing in the sense of
Proposition 1. Moreover, if 11(s,s") is stochastically monotone, (s) is increasing in s,
and v < 1, then the marginal value of net worth v, (w, s) is decreasing in s, the household

hedges a lower set of states, and w', h', and Sy, are all increasing in w and s, Vs, s € S.

More generally, when 6 < 1, a drop in the durable goods price lowers the household’s
net worth and hence raises the marginal utility of net worth, and, when v < 1, the low
durable goods price may further raise the marginal utility of net worth. Thus, households
likely hedge low durable goods prices in this case. In contrast, when v > 1, a drop in the
durable goods price has two opposing effects, on the one hand lowering net worth and
on the other hand raising the marginal utility of net worth due to the price effect. This
additional effect reduces the household’s hedging demand. Under plausible parameteriza-
tions, the direct effect on net worth arguably dominates nonetheless, but this is of course

a quantitative question.?’

30This result is reminiscent of the results in the consumption based asset pricing literature that show
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Figure 4: Household Risk Management with Durable Goods Price Risk

This figure displays household risk management with durable goods price risk when household income
and durable goods prices follow a two state Markov process with independence. The solid (dashed) lines
plot the policies for the low (high) state next period. The darker (and red) lines are associated with s
and the lighter (and green) lines with 3. Top left: hedging h’; top right: net worth next period w’ and
45-degree line (dotted); bottom left: consumption ¢; and bottom right: durable goods consumption k.
Parameters are as in Figure 3 except that ¢(s) = 0.95 and ¢(8) = 1.05, and II(s, s) = II(5, ) = 0.50.
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Figure 4 illustrates the effect of durable goods price risk on the household’s consump-
tion and insurance problem. We consider an example in which income and the price of
durables are perfectly correlated, that is, there are two states only, one with high in-
come and a high durable goods price and one with low income and a low durable goods

32 For given

price,*! and assume that the Markov process is independent across time.
net worth, when the durable goods price is currently low, the household consumes more

non-durables and durables and hedges less. The household hedges less because the higher

that investors’ hedging demand in the presence of expected return variation depends in a similar way on
the coefficient of relative risk aversion +; investors hedge states with low expected returns when v > 1

and otherwise hedge high expected returns (see, for example, Campbell (1996)).
31'We analyze the case where income and durable goods price processes are independent of each other

in Appendix D.4.
32Persistence of the Markov process has quantitative but not qualitative effects on the solution.
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durable goods purchases force the household to save more resulting in a higher level of
net worth next period. At the bottom of the stationary distribution, and for levels of
net worth below that, the household does not hedge at all. This implies that sufficiently
constrained households choose not to hedge the price risk of durable goods.

Our results on durable goods price risk management lead to two important conclusions.
First, financial constraints may be at the heart of the absence of hedging of house prices.
Second, the sign of the hedging demand depends on households’ preferences, their ability

to borrow, and on whether households rent or buy.

4 Equilibrium and Effect of Collateral on Insurance

We now consider the general equilibrium in the economy with durable assets and id-
iosyncratic risk in which the interest rate R is determined to clear the market for state-
contingent claims. The market clearing condition for collateralized claims can be inter-
preted as the balance sheet of a representative insurance company. The insurer’s assets are
collateralized loans and its liabilities are a diversified portfolio of insurance claims. Hence,
our third main result is that the model provides a theory of insurance companies showing
that the asset-and-liability structure of insurers is a reflection of the intertemporal nature
of insurance. Our fourth main result shows that, when collateral is scarce, that is, € is
below some threshold, then SR < 1 in equilibrium, as we previously simply assumed.
The interest rate affects not just the cost of collateralized loans, that is, the supply of
collateralized claims, but also the price of state-contingent claims, that is, the demand
for collateralized claims. When collateral is scarce, state-contingent claims are in short
supply, lowering the equilibrium interest rate, which is equivalent to collateralized assets
trading at a premium as in Holmstrom and Tirole (1998, 2011).3* Collateral scarcity
results in less insurance in equilibrium and more consumption and wealth inequality. In
contrast, when the collateralizability is sufficiently high, SR = 1 and households are fully

insured.

4.1 Stationary Equilibrium and Theory of Insurance Firms

A stationary equilibrium is an allocation z(z) = {¢(z2), k(z), ' (2),w'(z)} for each house-
hold given z = {w, s}, an interest rate R, and a stationary distribution F(z) such that

x(z) solves each household’s problem stated in (8)-(10) and (4), given z, and the supply

33In contrast to their model, in our model collateral may be scarce in equilibrium even if the risk in

the economy is purely idiosyncratic.
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of collateralized claims equals the demand for state-contingent claims h’(z), that is,

/Hk )(1— 8)dF(z /Eh dF(z). (16)

Equation (16) states that the aggregate supply of collateralized claims equals the ag-
gregate demand for Arrow securities,** where we use the law of large numbers and the
assumption that risk is idiosyncratic and independent across agents.*

In terms of institutions, we can interpret the market clearing condition as a compet-
itive representative insurance firm with collateralized loans as assets and a diversified
portfolio of insurance claims as liabilities. The competitive insurer is owned by house-
holds, makes zero profits, and is perfectly diversified and hence prices the contingent
claims at their risk-neutral price given the equilibrium interest rate R. Insurers are thus
diversified financial intermediaries akin to the ones in Diamond (1984) and Boyd and
Prescott (1986). We emphasize that the insurance sector’s asset-and-liability structure
itself reflects the intertemporal nature of insurance, our third main result.

For simplicity, we restrict attention to the case in which households’ income is in-
dependent over time. To simplify notation, we define the aggregate quantities W =
[Lw(2)dF(z), C = [ c(z)dF(z), K = [ k(z)dF(z), and H = [ I(2)dF(z). In a sta-
tionary equilibrium, we can take the cross-sectional expectation of the budget constraints
for the current period and the expectation of the budget constraints for the next period,
Vs €S, (9) and (10), and write these as

W = C+pK+E[R'H, (17)
Ely)+(1—-0)K(1—6)+E[H] = W. (18)

Using the market clearing condition (16), 6K (1 —§) = E[H’], (17) and (18) imply that
W=C+K=E[y]+ K(1-9). (19)

In a stationary equilibrium, aggregate net worth equals aggregate consumption plus the

value of the aggregate durables stock and also equals the aggregate income plus the

34Notice that we are using the equivalent formulation in which households lever durables fully here,
that is, borrow &' = R~'0k(1 —6) and purchase Arrow securities h’ = k(1 —48) — RY; in this formulation,
households pay down pk in the current period (see (9)) and recover (1 — 6)k(1 — §) in the next period
net of the loan repayment (see (10)). Alternatively, we can rewrite (16) as [, E[b/(z)|s]dF(z) = 0, which
is the market clearing condition for state-contingent promises and reflects the fact that state-contingent

promises are in zero net supply.
#5The expression [, - dF(z) is a shorthand for Y ¢ [ - 7*(s)dF(w|s) where 7*(s) is the stationary

distribution associated with the transition matrix II(s, s )
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aggregate value of the depreciated durables stock. Rewriting the second equality we
conclude that the aggregate income equals aggregate consumption plus the aggregate

investment required to maintain the durables stock, that is,
Ely] = C + K. (20)

This is the resource constraint of the economy.

4.2 Full Insurance with Abundant Collateral

When the aggregate supply of collateralized assets is sufficiently large, a stationary equi-
librium obtains in which SR = 1. When SR = 1, the first-order condition for h', (7),
implies that u = ¢/ + X > p/, Vs’ € S, and thus in a stationary equilibrium p = ' = p*;
the marginal value of net worth is constant and equal for all households, that is, there
is full insurance. Equations (5), (6), and (11) imply that consumption ¢*, net worth w*,
and durable goods k* are constant as well. Using the notation R* = 37! and r* = R* — 1,

the investment Euler equation (12) simplifies to

: (21)

implying that the user cost of durable goods equals the marginal rate of substitution
between durables and consumption. Using p* = 1 — R*716(1 —d), the budget constraints
for the current and the next period, ¥Vs" € S, (9) and (10), can be written as

w* = ¢+ o'k + E[RR", (22)
v+ (1-0)k(1-0)+n* = w, Vses. (23)

Equations (19) and (20) reduce to w* = ¢* + k* = E[y'| + k*(1 —0) and Efy'] = ¢* + 0k*,
respectively. This last equation and (21) determine ¢* and k* uniquely.

So far we have ignored the restriction that A > 0, Vs’ € S. Using (19) to substitute
for w* in (23) we obtain h* = 0k*(1 — ) — (v — E[y']) > 0, Vs’ € S, which is satisfied for
all s € S as long as ) — By’

h_ Y\s)— Ly
120= T, 7
where y(5') is the income in the highest state. As long as pledgeability exceeds this lower
bound, which is strictly positive if income is not deterministic, collateral is not scarce and
there is full insurance in the steady state and SR = 1.°° In contrast, in the analogous

model with exogenously incomplete markets a la Huggett (1993) and Aiyagari (1994) the

36Note that it is possible that § > 1, in which case the condition is violated V8 € [0, 1).
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interest rate is below the rate of time preference in any equilibrium and the full-insurance

allocation cannot be attained. Further, we can conclude the following in our model:
Proposition 8 (Equilibrium interest rate). In equilibrium SR < 1 with equality iff 6 > 0.

We characterize the equilibrium when collateral is scarce below.

4.3 Effect of Collateral Scarcity on Interest Rate and Insurance

When the aggregate supply of collateralized assets is insufficient, that is, § < 8, collateral
is scarce and the interest rate that clears the market for contingent claims satisfies SR < 1,
as Proposition 8 implies. The intuition is that if SR equalled 1, the households would
fully insure, but then the demand for collateralized assets would strictly exceed the supply.
Appendix C shows that there exists a unique stationary equilibrium in this case.

We demonstrate the effect of the scarcity of collateral on the equilibrium interest rate
and insurance in Figure 5 by varying the collateralizability € from 0 to values above §. The
top left of Panel A shows that the lower the collateralizability, the lower the interest rate,
and that when the collateralizability exceeds 8, BR = 1. The top right of Panel A shows
that the aggregate demand for insurance claims E[H’] in equilibrium increases with the
collateralizability; when 6 = 0 the interest rate has to be sufficiently low so households
do not demand insurance claims; the demand for collateralized claims increases with
the collateralizability as the return on insurance claims increases.®” Since the supply
of collateralized claims equals the demand in equilibrium, the supply of collateralized
claims is also strictly increasing in the collateralizability. The bottom left of Panel A
displays the aggregate durable goods stock; lower collateralizability reduces the interest
rate and reduces the user cost of capital, increasing investment; when 6 > @, investment
is first-best efficient, in contrast to Aiyagari’s (1994) result in a model with exogenously
incomplete markets where investment is higher in any equilibrium.

The reduced equilibrium purchases of insurance claims mean that households are
less well insured, resulting in a welfare loss, as the bottom right of Panel A shows.®
Reduced insurance also implies more inequality, as Panel B illustrates. The top part
shows the net worth distribution associated with various levels of collateralizability. When

collateralizability exceeds 6, households are fully insured and the net worth distribution

3"The demand for collateralized claims is strictly increasing even when the collateralizability exceeds
6, but this is simply due to the fact that households start to purchase non-contingent claims in our

implementation, effectively reducing leverage.
38We measure the welfare loss as the equivalent reduction in expected income (in percent) in a deter-

ministic economy that achieves the same welfare.
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is degenerate at w*. The lower the collateralizability, the less well insured households
are and the more the wealth distribution fans out. Indeed, the standard deviation of net
worth and consumption increase as collateralizability goes down, as the bottom part of
Panel B illustrates. Collateral scarcity due to lower collateralizability reduces insurance
and increases inequality.

Remarkably, the scarcity of collateral can lower the equilibrium interest rate so much
that the frictionless Jorgensonian user cost of durable goods is negative. By rewriting
the investment Euler equation (12), we define the user cost of durable goods (given net

worth w) as

ww)=r+d86+FE {53%'] (1-6)(1-6) = ﬁng/(f),

that is, the user cost of durable assets to a household with net worth w has two compo-

nents. The first is the Jorgensonian user cost that would prevail in a frictionless economy,
u = r+9. The second component is the premium on internal funds, which is the internal
funds (1 —6)(1—4) that have to be put up by the household times the expectation of the
scaled multiplier on the collateral or, equivalently, short-sales constraint A’. The marginal
rate of substitution on the right hand side must be strictly positive, but the Jorgensonian
user cost r+ 0 could be negative in equilibrium, and indeed is negative in our example for
0 sufficiently low (see the top left of Panel A), because the premium on internal funds for
households is positive as they are not fully insured and SR < 1 in such an equilibrium.
Consider the economy with zero collateralizability, that is, # = 0, and denote the
equilibrium (shadow) interest rate by R(0). At this interest rate, any household must
choose not to buy any insurance claims, so 1 > B%R(O) with equality for at most one
state §'; therefore, 1 > E|[f %R(O)] Consider now households’ demand for non-contingent
claims; at R(0) that demand is zero and there exists a (shadow) interest rate R > R(0)
for which 1 > E[S %R] with equality for some households. The interest rate that reduces
the demand for insurance claims to zero for all households is therefore strictly lower
than the interest rate that reduces the demand for non-contingent claims to zero. In
this sense, the demand for state-contingent collateralized claims exceeds the demand
for non-contingent collateralized claims at § = 0. At the same time, state-contingent
collateralized claims conserve collateral and a finite supply of collateralized claims, 6 > 0,
suffices to accommodate the demand for such claims that allow households to fully insure,

in contrast to incomplete markets economies.
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Figure 5: Equilibrium and Effect of Collateral on Insurance

This figure displays equilibrium insurance as a function of collateralizability . Panel A displays the
equilibrium net interest rate r (top left), aggregate insurance H (top right), aggregate durable goods K
(bottom left), and the welfare loss (in terms of equivalent income reduction (percent)) (bottom right).
Panel B displays the equilibrium distribution of net worth for various levels of 8 (top) and inequality
measured by the cross-sectional standard deviation of consumption (bottom left) and net worth (bottom
right). Parameters are as in Panel A of Figure 3 except that g =1, § = 0.2, y(s) = 0.5, and y(5) = 1.5,
implying 6 = 0.4736.
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Observe that the economy with durable goods nests the economy with income risk
only which we considered in Section 2 by setting § = 1.3° Further, we can characterize
the equilibrium interest rate in the economy with income risk only as the limit of the
economy with durable goods when § — 1.4

In sum, the general equilibrium version of our model provides several novel insights in
addition to endogenizing the assumption that SR < 1 in the rest of the paper: collateral
can be scarce even with purely idiosyncratic risk; collateral scarcity reduces the interest
rate and insurance, increasing inequality; and a finite amount of collateral is sufficient
to achieve the first best, with SR = 1, when markets are complete except for collateral
constraints. Moreover, the market clearing condition can be interpreted as the balance
sheet of a representative insurance company, a diversified financial intermediary with

collateralized loans as assets and a diversified portfolio of insurance claims as liabilities.

5 Evidence on Insurance and Net Worth

The main empirical prediction of our theory is that insurance increases in net worth not
just at the extensive margin, but also importantly at the intensive margin, both across and
within households. Much of the existing evidence is on the extensive margin of insurance
— whether households do or do not have a particular type of coverage — and mostly
cross-sectional in nature with limited panel dimension. Evidence on the intensive margin
of insurance is limited to date and thus our model provides novel empirical predictions
on within-household variation at the intensive margin of insurance that are testable in
panel data on household insurance. Here we briefly discuss the extant evidence which
shows that poor (and more financially constrained) households are less well insured than
richer (and less financially constrained) households. This evidence is consistent with the

predictions of our theory, which emphasizes the intertemporal nature of insurance, and

39When 6 = 1, the budget constraints for the next period (10) reduce to (3) and, since the down
payment o = 1 and defining ¢ = ¢+ k, using this change of notation the budget constraint for the current
period (9) reduces to (2). Finally, defining @4(¢) = max.j u(c) + Bg(k) subject to ¢ > ¢+ k as before,
where ¢ is the consumption expenditure, the objective (8) is identical to (1) except for the change of

notation. The indirect utility function (-) inherits the properties of u(-) and g(-).
4OWhen § — 1, the supply of collateralized assets goes to zero and there is no insurance. The equilib-

rium interest rate therefore has to be such that the first-order condition for h', (7), is satisfied Vs’ € S
without insurance, and has to be just satisfied for a household with current income § who considers
buying claims for the worst state next period, y, that is, @.(y) = BRi.(y), implying that the equilibrium

=

N 1 o —
interest rate is R = (ﬁu—@) = B‘lu“—(y) < B7L. In our example, u(c) = > g(k) = g%, and the

e (7) c(y)
-
indirect utility function takes the form 4(é) = H§7;

where k is a constant; given the parameters in the

numerical illustration, r ~ —88%.
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stands in sharp contrast to the traditional theory of insurance, in which insurance is trade
across states and subject to a load, which predicts that wealthier households insure less
(see, for example, Mossin (1968) and Gollier (2003)).

FEvidence on extensive margin. Among U.S. households, health insurance coverage at
the extensive margin varies considerably with income and age: the percentage of people
without health insurance decreases monotonically across income categories, from 25% of
people with income less than $25,000 to 8% of people with income exceeding $75,000,
and decreases monotonically across age categories, from 28% for age group 18-24 to less
than 2% for age group 65 and up.*’ Brown and Finkelstein (2007) report that in the
U.S. 2000 Health and Retirement Survey participation in long-term care insurance by
individuals aged 60 and over also varies substantially by wealth, increasing from about
3% for the bottom wealth quartile to about 20% for the top quartile. Inkmann, Lopes,
and Michaelides (2011) find that annuity market participation among U.K. households
with at least one retired person increases substantially with financial wealth, from less
than 1% in the bottom 5% to almost 20% in the top 5% of the wealth distribution. Krebs,
Kuhn, and Wright (2015) find that the median young married household with children
insures only between 10% and 40% of the net present value loss associated with the death
of an adult family member, whereas older households are close to fully insured.*?:*

FEvidence on intensive margin. The recent evidence on the intensive margin of in-
surance using U.S. data is also consistent with our predictions. Armantier, Foncel, and
Treich (2020) study the intensive margin of car insurance by producing an index of cover-
age which aggregates seven characteristics, such as liability, collision, and comprehensive
coverage, and other add-ons; they find that coverage increases in measures of households’
wealth and liquidity. Interestingly, the effect of wealth is positive across all wealth quin-
tiles, so, perhaps surprisingly, there is no evidence of Mossin (1968)-type effects even
among the richest households in their data. Similarly, Gropper and Kuhnen (2021) find
that wealthier households are more likely to have term life insurance and various property-
related policies such as homeowners, renters, automobile, fire, boat, and valuable personal

property insurance, and have better term life and homeowners insurance coverage. They

41Gee the U.S. Census Bureau’s 2007 report on Income, Poverty, and Health Insurance Coverage.
42 According to the Consumer Federation of America’s 2013 report on Uninsured Drivers, the fraction

of uninsured drivers varies across quintiles by ZIP code median household income in California, from
30.3% in the bottom two quintiles to 6.2% in the top quintile. Browne and Hoyt (2000) find that flood
insurance coverage, both in terms of the number of policies per capita and the amount of coverage per

capita, is positively correlated with disposable personal income per capita using U.S. state level data.
43Koijen, Van Nieuwerburgh, and Yogo (2016) propose a new measure of households’ overall insurance

and find substantial welfare losses due to limited and heterogenous insurance of health and mortality

risk, concluding that wealthier households have stronger bequest motives.
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also find that wealthier households pay higher premia per unit of coverage, potentially
because their coverage is superior along various characteristics. Using Israeli data, Cohen
and Einav (2007) find that low car insurance deductibles are also positively related to
wealth and infer from their structural model that “proxies for income and wealth are
positively associated with absolute risk aversion” (p.745), a conclusion they deem sur-
prising. We note that this inference is based on a Mossin (1968)-type model, which does
not take into account that insurance premia are paid in advance, and that their evidence
on deductibles is not surprising from the perspective of our model.

Clearly, the extent to which households are insured varies substantially with house-
holds” income, wealth, and measures of financial constraints, consistent with the view
that insurance and financing are linked. That said, there are certainly other reasons why
insurance participation varies with income in the cross section, such as crowding out of
private insurance by public programs, as stressed, for example, by Brown and Finkelstein
(2008), financial literacy that varies with income, or fixed costs of obtaining insurance.
However, we now turn to data documenting a positive relation between insurance cov-
erage and income using within-household variation, which is consistent with our theory
but challenges explanations based on financial literacy or fixed costs.

Evidence on within variation. Fang and Kung (2021) use panel data for males from
a representative longitudinal survey of older Americans conducted every two years, the
Health and Retirement Survey. They find that income shocks are one of the important
determinants of whether individuals maintain or lapse life insurance coverage, along with
changes in health and marital status. The probability of buying life insurance increases
with income and importantly the probability of lapsing coverage decreases with income;
“individuals who experience negative income shocks are more likely to lapse all coverage.”
This within-household variation in insurance coverage is consistent with the predictions
of our model.*

FEvidence from developing economies. Relatedly, evidence on insurance by farmers in
developing economies suggests that financial constraints reduce insurance substantially.
Among farmers in rural India, Giné, Townsend, and Vickery (2008) find that participation

in rainfall insurance programs increases in wealth and decreases with measures of borrow-

4 Gottlieb and Smetters (2021) provide a behavioral interpretation of lapsation, which also features
liquidity shocks. Hendel and Lizzeri (2003) find that life insurance contracts that are more front-loaded
result in less lapsation and have a lower present value of premia over the period of coverage. They consider
a two-period model with one-sided commitment & la Harris and Holmstrom (1982) in which life-insurance
buyers face reclassification risk for the second period but are not able to commit to a contract; they show
that optimal contracts are front-loaded which is costly because of the absence of credit markets in their
model. Handel, Hendel, and Whinston (2015) find that reclassification risk is quantitatively significant.
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ing constraints. Cole, Giné, Tobacman, Topalova, Townsend, and Vickery (2013) provide
evidence on the importance of credit constraints for the adoption of rainfall insurance
using randomized field experiments in rural India. Farmers receiving random positive
liquidity shocks are much more likely to buy insurance. Farmers’ most frequently stated
reason for not purchasing insurance is “insufficient funds to buy insurance.”*® In a ran-
domized control trial in Kenya, Casaburi and Willis (2018) find that the take-up rate for
crop insurance rises dramatically when farmers are offered to pay for insurance at the
harvest rather than up front, with the largest difference among poorer farmers. They
conclude that these heterogeneous treatment effects suggest that liquidity constraints
matter, and provide evidence that “they ran deeper than simply not having the cash to
pay the premium.” They point out that enforcing the ex-post payment of premia may be
a challenge, which is at the heart of the trade-off we study.

Farmers might of course use other risk sharing mechanisms, including informal ones.
To overcome the limitation of analyzing specific risk sharing mechanisms in isolation,
Townsend (1994) studies data on Indian farmers’ household consumption directly in a
seminal paper, and finds that, while the full insurance model provides a remarkably good
benchmark, “the landless and small farmers in Aurepalle and the small and medium
farmers in Shirapur seem more vulnerable.” In a similar spirit, Blundell, Pistaferri, and
Preston (2008) study the extent of insurance by analyzing the income and consumption
distribution for U.S. households jointly. They find “some partial insurance of permanent
shocks, especially for the college educated and those near retirement. [They] find full
insurance of transitory shocks except among poor households.”

Overall, we conclude that there is a basic pattern in insurance consistent with our
theory: richer households are better insured than poorer households. Indeed, we think
this is part of a broader pattern applying to entrepreneurial households and firms as

well.*0

45Experimental evidence moreover shows that the availability of insurance affects production decisions:
Cole, Giné, and Vickery (2017) find that insurance provision increases investment in higher-return but
riskier cash crops among Indian farmers; Karlan, Osei, Osei-Akoto, and Udry (2014) find that insurance
leads to larger agricultural investment and riskier production choices among Ghanaian farmers; Cai,

Chen, Fang, and Zhou (2015) find that hog insurance increases hog investment among Chinese farmers.
46For firms, Rampini, Sufi, and Viswanathan (2014) find a strong positive relation between net worth

and risk management both in the cross section and within firms over time in data on fuel price risk
management by U.S. airlines. Relatedly, the corporate finance literature documents a strong size pattern
in risk management, when measured by participation of firms in derivatives markets, among U.S. corpo-
rations overall. Thus, the basic pattern for corporate insurance seems to be the same as for households:

better financed firms are better hedged than poorly financed firms.
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6 Conclusion

An explicit analysis of household risk management is provided in which households have
access to complete markets subject to collateral constraints. With limited enforcement,
insurance may be better viewed as state-contingent savings and hence insurance has an
intertemporal aspect. We argue that the intertemporal nature of insurance is at the
heart of the dynamics of insurance demand at the micro level and the asset-and-liability
structure of the insurance sector at the aggregate level.

At the micro level, our first main result is the optimality of globally monotone increas-
ing insurance, that is, insurance that increases in household net worth and income, under
quite general conditions. Our second main result is that insurance is precautionary in the
sense that an increase in uncertainty increases insurance. Remarkably, risk aversion alone
is sufficient for this result and assumptions on prudence, that is, the third derivative of
the utility function, are not required, in contrast to the classic results on precautionary
savings with risk-free assets. The main empirical predictions of our theory at the micro
level — that insurance increases in net worth at both the intensive and extensive margin,
across and within households — is consistent with the basic patterns documented in the
existing literature and recent experimental evidence. That said, the theory’s predictions
may serve as a guide for empirical work on the within-household dynamics of insurance
at the intensive and extensive margin, on which there is limited evidence to date.

At the aggregate level, our third main result is a theory of insurers as financial in-
termediaries with collateralized loans as assets and a diversified portfolio of insurance
claims as liabilities, consistent with the structure of insurers’ balance sheets in practice;
the insurance sector overall has positive assets because of the intertemporal nature of
insurance. Our fourth main result is that in equilibrium, when collateral is scarce, the
interest rate is below households’ rate of time preference, limiting households’ insurance
and resulting in wealth inequality.

In our theory, households’ intertemporal financing needs and collateral constraints
explain limited participation in insurance markets. Proposals to introduce new markets
providing household risk management tools are hence unlikely to be successful in our view,
as many households may not use such markets even if they existed. That household risk
management may require collateral in the form of margins has been recognized, but not
explicitly analyzed. For example, Athanasoulis and Shiller (2000) write that “[m]argin
requirements might deal with this [collection] problem, but only for people who have
sufficient assets as margin. We will disregard these kinds of ... problems.” Our work,
in contrast, suggests that these concerns are key to why household risk management

is limited and to understanding the basic patterns in insurance. That said, innovative
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InsurTech products that reduce the financing needs of insurance by allowing for insur-
ance over shorter horizons, including on-demand or pay-per-use insurance, may hold the

promise of allowing increased participation in some insurance markets.
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Appendix A: Proofs

Proof of Proposition 1. Part (i): Suppose 3§ € S}, such that & & Sj,,. Using (7),
(6), the envelope condition, and strict concavity of the value function we have

BRv,(w(8),5) = vy(w, s) > vy (wy,s) > BRu,(w, (§),5),

implying, again by strict concavity of the value function, that w(s') < w, (§). But w(§') =
y(&') + h(s") > y(§') = wi(§), a contradiction.

Part (ii): Note that w/ > w’, Vs’ € S, implies that v/ + b/, = v/, > w' =y + I/,
that is, b/, > R/, Vs’ € S, and hence E[h/ |s] > E[R'|s], and, using the envelope con-
dition, u.(c,) = ve(w,s) < vy(w',s") = u(c'), implying that ¢/, > ¢. To see that
w, > w', Vs’ € S, suppose not, that is, suppose 35" € S, such that wy(5') < w(¥),
that is, hy(8') < h(§). Proceeding as in part (i), since h(§') > 0, fRu,(w(§),5) =
Vw(w, 8) > vy(wy, s) > BRu,(wy(8),5), implying that wy(s) > w(s'), a contradiction.
Finally, for ¢, § € S, using (7), (6), and the envelope condition for next period, we
have SRu.(c(s")) = vy(w, s) = fRu.(c(5)), that is, ¢(s') = ¢(§') = ¢p,. By strict concav-
ity of the value and utility function, ¢, is strictly increasing in w when S}, is non-empty. O

Proof of Proposition 2. Part (i) & (ii) Define the operator T as

Tv(w,s) = max  u(c)+ BE[v(w',s")]s]

c,h w' €Ry xR2S

subject to equations (2) through (4). We show that if v is a weakly concave function in
w and has the property that Vs, s, s, > s,

U(’(Z),S+) —v(w,s+) < U(QZ)7 S) —’U(’IU,S)
A — A )
w j—

w—w

Y, w,

then Tw inherits this property. Since the set S of bounded, continuous, and weakly
concave functions which satisfy the property is closed under the sup norm, the fixed
point has the property, too.

Recall that for any concave function, the left and right derivatives exist and denote
these by v, (w,s) and v} (w,s), respectively; by concavity, v, (w,s) > v} (w,s). For
veS, v,(ws) < vy(ws) and v (w,s)) < vl(w,s). Let the set S° of bounded,
continuous, strictly concave, and differentiable functions which satisfy the property that
Vs' s, s > 8 vy(w, s ) < v,(w,s'), Yw. The set S° is not a closed set under the sup
norm, but §° C §. We show that 7'(S) C §° C S and use Corollary 1 to Theorem 3.2 of
Stokey, Lucas, and Prescott (1989) to conclude that v = Tv € §°.

Using an argument similar to the proof of Theorem 9.8 in Stokey, Lucas, and Prescott
(1989), one can show that T'w(w, s) is strictly concave and using Benveniste and Scheinkman
(1979) Tw(w, s) is differentiable (see footnote 16). Suppose v € S. For given w and s,
suppose s’ > s’ such that h(s’) > h(s’). Note that the first-order condition with
respect to h' can be written as Tv,(w,s) > BRu,(w',s') if A’ = 0 and Tv,(w,s) €
[BRu} (W', s"), BRu, (w', s")] if i > 0. Then SRv, (w(s',),s’,) > vy(w,s) > fRu, (w(s'),s'),
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implying, given the assumed property, that w(s’ ) < w(s’). But w(s’,) = y(s',) + h(s,) >
y(s') + h(s') = w(s'), a contradiction. Therefore, h(s',) < h(s'), Vs, > ¢, that is, the
household insures lower income realizations (weakly) more. Hence, the household insures
a lower set of states, if at all.

Denote the set of states that the household insures by Sy, = {s’ € S : h(s') > 0}. Take
sy > s and let S,y be associated with s, (and similarly for other variables). Suppose
ds, > s, such that Tv,(w,s;) > Tv,(w,s) and, using the envelope condition, ¢y < c.
Since h' is decreasing in §', stochastic monotonicity implies that E[h'|s] > E[h|s;] and
hence (2) implies that the solution at s, {c, h',w'}, is feasible at s;. Since we assumed
that ¢y < ¢, there must exist an § € S such that h,(§) > h($’) since otherwise the
household would not spend all its net worth. Using the first-order condition stated above
and the envelope condition, we have

Tv,(w,s1) < BRu, (wy (§),8) < BRuf (w(§),8) < BRu} (w(§),s) < Tv,(w,s),

a contradiction. Thus Tv inherits the property that Vs, s, s > s, Tu,(w,s;) <
Tvy,(w, s); moreover, Tv(w,s) is a strictly concave differentiable function, and hence
T(S)cS°cCS.

As a corollary of Proposition 1, w’, b/, S, and ¢; are increasing in w given s, Vs’ € S.
To see that S, is increasing in s given w, take s, > s and suppose instead that 3§
such that h(s") > 0 but hy(s) = 0. Then SRv,(y(5),5) < vy(w,sy) < vy(w,s) =
BRv,(w(§),s") which implies w(§') < y(§'), contradicting w(§') = y(8') + h(s') > y(§).
Thus, any state that the household insures at s, the household insures at s, > s, that
is, S, is increasing in s. If the household insures s’ at s, but not at s, then clearly
w!, > w" and A/, > /. If the household insures s’ at both s, and s, then SRv, (v, ,s") =
Vyw(w, s4) < vy(w,s) = BRu,(w',s") and hence w’. > w’ and A/, > h'. Thus, w' and A/
are increasing in s. Moreover, since w’ is increasing in s, the envelope condition for next
period v, (W', ") = u.(c’) implies that ¢/, and ¢, are increasing in s as well.

Part (iii): Take w; > w and denote with a subscript + the optimal policy associated
with wy. Let @' = w' — E[w'], W, = wp, — E[w'], (and ¥ = y' — E[w’],) and analogously for
W', , Wy, and ', We need to show that var(@’,) < var(w'). Note that @' = max{w, §'}
and analogously for @', . If W, = Wy, then @/ = " and the result is obvious. Otherwise,
noting that E[w’,| — Ew'] < wpy — wy, we have wy4 > Wy, and hence E[w',| > Elw’].
Moreover, @, < @', Vs’ € S such that @' > 0 and E[@/ [/ > 0] < E[@'|w" > 0]. We
construct a random variable @f}jr such that @’ is a mean preserving spread of ﬁ)ﬁr and
W', is in turn a mean preserving spread of @,. Let @/, = max{d’,,0}, Vs’ € S such

that @' > 0 and @/, = max{wy,§'} otherwise, where wj, such that E[w] = 0. Note
that Jwy, € (wn, W] since B[’ )@’ > 0] > EW,|@/, > 0] = E[W'|@" > 0] and thus
E[@ |0, < 0] = B[/, @' < 0] > E[@'|#/ < 0]. Since |0/,| < [@'|, Vs' € S, with strict
inequality for some s’ € S, var(w,) < var(@w'). Moreover, B[/ — @',] = 0 and @',

is a mean preserving spread of @', that is, var(w) < var(@') < var(@'). Moreover,
consumption c is monotone and strictly increasing in net worth w and, defining &, ¢, &,
and ¢, analogously, we can proceed in a similar fashion for consumption. O
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Proof of Proposition 3. Part (i): Using (6) and the envelope condition, equation (7)
evaluated at w = y and s = s implies that SRA(s") = vu(y,s) — BRu,(w(s),s) >
(1 — BR)vy(y,s) > 0 where we used the fact that w(s’) > y. But then Part (ii) o
Proposition 2 implies that S, = 0. a

Part (ii): At w = g, using (7) and the envelope condition, we have v, (y,s) =
BRu,(w(s'),5) + FRA(S'), which implies that A(s") > 0 since w(s') > y and hence, by
strict concavity of v and the fact that v, (w, s) is decreasing in s (see Part (i) of Propo-
sition 2), BRA(8") = vy(y,s) — BRu,(w(5),5) > (1 — BR)vy(y,s) > 0. By Part (ii) of

Proposition 2, S, is increasing in w and thus Vw < g, state §' is not insured. O

=

Proof of Proposition 4. Part (i): We first argue that levels of net worth below y and
above wynq(s), Vs € S, defined below, are transient. Using (3) which holds with equality
and (4) we have w’ > ¢’ > y and hence levels of net worth below y are transient, Vs € S.
Using part (ii) of Proposition 3, Vw < 7, A(5) > 0, Vs € S. Suppose S, = 0 at (7, 5),
then since insurance is increasing, S, = ), V(w, s) with w < §. Therefore, once w < 7,
net worth never exceeds g again. Suppose S;, # 0 at (w, 3); then v,(7, 5) = fRv,(w', s'),
Vs € Sy, and let wy,q(s") solve this equation Vs' € S,. Moreover, define wy,q(s’) = y(s'),
Vs’ € S\ Sy. By part (i) of Proposition 2, v, (w’, s') is decreasing in s and hence wpy,q(s)
is decreasing in s, Vs’ € Sp,, and wpnq(s') = maxges, Wpna(s'). Note that for any s € S,
Y < wppa(s), W' < wppa(s’), Vs € S. To see this, suppose instead that 3§’ such that
w > wWppa(8'). If w < g, both w and s are smaller than or equal y§ and §, respectively,
and the fact that w’ is increasing in w and s (see part (ii) of Proposition 2) implies
w' < Wppa(8'), a contradiction. Therefore, w > § and wepuqa(s) > y(s); moreover,

vy(w, s) = BRuy, (W', 8') + BRA(8') < BRuy(wpna(8), §)
vw(ga g) = 5va(wbnd<8)7 S) < Uw(wbnd(s)> S)?

Vw (wbnd(s), 8)

IA A

a contradiction. Thus, for any s € S, once w < Wypa(s), W < wpa(s'), Vs € S, and let
Wyng = max{y, Wyna(s')}.

To show that net worth levels above wy,q are transient, suppose net worth w(s;) at
time ¢ in state s; is such that w(s;) > wyug. Any path which reaches a state s;,,, against
which the household is constrained at time ¢+n results in a household net worth w(s;,,) =
Y(St+n) < g and indeed net worth is bounded above by wy,q from then onwards. Consider
a path along which the household is never constrained; since v, (w,s) = SBRu,(w',s’)
along such a path, In < oo, such that v, (Wi, Sien) = (BR) vy (wy, $¢) > vw(Y, Stan)
and hence again w;;, < ¥ at time ¢t + n and net worth is less than wy,q thereafter.

To prove that the existence of a unique stationary distribution, define Z* as the set of
(w, s) such that either (w,s) = (y(s),s), any s € S, or for any § € S, s € S, (w, s) solves
w(Y(8),8) = (BR)™ vy (w, s), for n > 1, and w > y(s). Let Z = Uses([y, wpna(s)] x {s}).
For any z = (w,s) € Z, vy(w,s) > BRv,(y(5)=7,5), as the household does not insure
the highest state. So Vz € Z, P(z,(y,5)) > 0, where P(z,Z) is the induced transition
function, and hence (7, 5) is a consequent Vz € Z. Next we show that (7, 5) is recurrent,
and indeed that all z € Z* are recurrent, whereas all z € Z \ Z* are transient. For (y, 5)
pick s € S and solve for v, (7, §) = (BR)"vy(w, s) for each n > 1 such that w > y(s). Each
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such (w, s) € Z* is a consequent of (g, §) and so is (y(s), s), Vs € S, since the household
stops insuring state s in state s after a finite n. Hence for each 3, (y(3), §), Vs < §, solve
for v, (7, 8) = (BR)™vy(w, s), for each n > 1, such that w > y(s). Each such (w,s) € Z*
is a consequent of (y(s),s) and hence of (g,5). Hence, Vz € Z*, P((y,5),z) > 0, that
is, all z € Z* are consequent for (y,5). Therefore, (y,5) is recurrent and so are all
z € Z*. In contrast, for any z € Z \ Z*, (y,5) is a consequent of z but not vice versa,
that is, P((y,8),z) = 0 for z € Z \ Z*, and such z are transient. Since P(z,(y,3)) >
minge s I1(s, 5) > 0, Theorem 11.2 in Stokey, Lucas, and Prescott (1989) implies that there
exists a unique invariant distribution. For each z € Z*, define €, = minzcz« P(Z, z) and
note that ;5) = mingegIl(s,5) > 0. Hence, let € =3~ _ . e, > €55 > 0. Theorem 11.4
in Stokey, Lucas, and Prescott (1989) implies that there exists a unique ergodic set with
no cyclically moving subsets and the rate of convergence is geometric.

Part (ii): See the proof of part (i) for a proof that net worth levels below y and above
Wyng are transient. When II(s, s') = 7(s’), Vs, s’ € S, denote the net worth at the upper
bound of the stationary distribution by wy,q and using (7) and the envelope condition,
we have v, (Wpna) = LRUw(Whna) + FRA(S"), implying that A(5") > 0 and hence since w' is
weakly increasing in w and ', wy,q = w(§') = 7.

Part (iii): Insurance is increasing by Proposition 1. Insurance is incomplete with
probability 1 since the stationary distribution of net worth is bounded above by wy,,q and
at Wpna(s) for s € Sy, we have wy,q(s) > y(s) and

Vo (Wena(s),8) = BRu,(w(s),s) + BRA(F)
< BRuy(7,5) + BRA(F) = (BR)*vy(wpna(s), s) + BRA(F)

implying that A\(5') > 0, and at wy,q(s) for s € S\ S, we have wy,q(s) = y(s) and
V(9 5) < vu(Wona(s), s) = BRuw(w(5), 5) + SRA(S) < BRow(y,5') + BRA(S)

and again \(5) > 0. Therefore, since insurance is increasing, A(5") > 0 for all w < wp,q($),
Vs € S. By Part (i) of Proposition 3, insurance is completely absent at w = y and s; by
continuity, 3¢ > 0 such that for w > w with |w — w| < ¢, vy(w, s) > BRvy(y, s), which
means that the household does not insure at all in this neighborhood. Clearly, w = §
has positive probability under the stationary distribution since household income 7 has
positive probability under the stationary distribution of income. If the household does
not insure s’ at ¢, then w has strictly positive probability. Consider instead a path along
which the household continues to insure the lowest income realization the following pe-
riod, then 3In < oo such that v, (Wiin, St4n) = (BR) "0y (¥, 5) > vy (Y, St1n) and hence
Wysn < y, which is not possible. So the household must stop insuring the lowest state
after a finite sequence of lowest income realizations, that is, the household does not insure
at all with positive probability under the stationary distribution. O

Proof of Proposition 5. Let S be the set of bounded, continuous, and weakly concave

functions and S° be the set of bounded, continuous, strictly concave, and differentiable
functions. Using a proof similar to that in Proposition 2 and defining the operator T

39



analogously, we conclude that T(S) € S° € § so v € S, and similarly for @ (using 7)),
which denotes the value function (and operator, respectively) associated with 7(s’).

Consider some o € §°. We show that if T"0,(w) > T"0,(w), then T, (w) >
T 19, (w), which in turn implies that the value functions v and o satisfy 0, (w) > v, (w),
Yw, too. Suppose that T, (w) > T, (w), but that E[A/] < E[h'], which, from the
budget constraint, implies that ¢ > ¢. Moreover, S # () and using the first-order condition
with respect to h and the envelope condition we have

BRuc(cp) = BRT 0(wy) = T" 0, (w) = uc(c)
> (&) = T" Yo, (w) > BRT ™0y (10y) = BRu(é),

and therefore ¢, > ¢;. Further, T%w(wh) = u.(Ch) < uc(ep) = T™0(wp,), which in turns
implies that @, > wy,. Then, since max{-,0} is convex,

E[h'] = E[max{w;, —y',0}] < E[max{w, —y',0}] < E[max{w, —y',0}] = E[}],

a contradiction. Hence, E[h/] > E[h], which implies that ¢ < ¢ and (T, (w) =
u.(¢) > ue(e) = (T"19),(w), so the value function 779 and T 19 satisfy the prop-
erty, too. U

Proof of Corollary 1. The fact that ¢ < ¢ is an immediate consequence of Proposition 5.
To see that & < ¢, suppose not, that is, suppose 33" such that ¢(s') > ¢(8'), which can
only be true if w(8") > w(s') and therefore h(s") > 0. But then

BRu.(E(3)) = (&) 2 u.lc) > BRuc(c()),

which in turn implies that ¢(§') < ¢(§), a contradiction.
Proceeding analogously, suppose 35" such that ¢(8”) > ¢(8”), which can only be true
if w(8") > w(s") and therefore h(5”) > 0. But then

BRuc(6(8")) = uc(e(s')) > uce(s)) > BRuc(c(5")),

where s’ is the state preceding §” and where we used the fact that & < ¢, Vs’ € S. This
in turn implies that ¢(8”) < ¢(§”), a contradiction. By induction, ¢(s*) < ¢(s') for any
subsequent history s* and time ¢. O

Proof of Proposition 6. Part (i): The proof is in a similar spirit to the Proof of
Part (i) of Proposition 2. We show that if the properties that v(w, s) is increasing in s
and v, (w, s) is decreasing in s are satisfied by v next period, then T'v satisfies these same
properties this period, and conclude that the fixed point satisfies these properties as well.
Moreover, as before, we observe that if the properties are satisfied next period, then the
household insures a lower set of states and A’ is decreasing in s'.

Now suppose that Js, > s, such that Tv,(w,sy) > Tv,(w,s), implying by the
envelope condition that ¢; < ¢. From the budget constraint(2) we have

cr + pky + ZH(8+,S/)}LI_~_ =w=c+ pk+ ZH(S,S’)h’,

s'eS s'es
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and given stochastic monotonicity and the fact that A’ is decreasing in s’ we have
Yowes (sq, s ) < 57 o II(s,s")', which implies that © = {c,k,h'} is feasible at s,
and, since v(w, s) is increasing in w and s, Tv(w, sy) > Tv(w, s).

Suppose ki < k. There must exist an § such that w,(8') > w(§'), since otherwise
consumption of goods and durables and the net worth next period are all lower at s
than s, contradicting the optimality of x, since x is feasible. But then h(s) > 0 and
therefore SRu, (8') = py > p > BRu(8") implying w, (8') < w(§'), a contradiction.

Now suppose ki > k. For s € S, N Spy, B/ = R = B!, Jus. For & € S\
SpNS\ Shy, B/ /i > B /py. For " € S, NS\ Sy, B’ /= R~ > By, /py. Finally
Sp NS\ Spe = 0, since for such s’ we would have SRy, = py > p > SRy, implying
w, < w', whereas v/, = ¢y’ + (1 — )k (1 =90)+h, >y +(1 -0kl -9) =, a
contradiction. Recalling that R~ > Su’/u and that the right hand side is decreasing in
', the Euler equation for durables (12) implies

L /AGO N { M(s.,s )R~ +}w
o T S;i (54 *Sg\;h (5808 o
< 5gk(k)l+ [ Z M(sy,s )R~ + Z H(sy,s )ﬁu}—(l—é)(l—@
P s'€Sy, s'€S\S, a v
)1 [ 1 (1—0)(1—-9)
< — (s, s") R + — =1,
P s;h SG;\S}L H P

a contradiction.

Part (ii): Arguing analogously to Part (i) of Proposition 2, since the property in
Part (i) above is satisfied, the household insures a lower set of states and w’ and A’ is
decreasing in s’ since for two states s’ > s’ which are insured we have v, (v, s, ) =
vy (W', ") > vy, (w', '), that is, w’ > w! , and ' > b/ as y' < y/.

Using the envelope condition and (5) we have v, (w, s) = u.(c), and given the strict
concavity of the value function, if w, > w, v,(wy,s) < v,(w, s) and hence ¢, > ¢, that
is, ¢ is strictly increasing in w, given s, and since v,,(w, s) is decreasing in s, ¢ is increasing
in s.

To see that k is strictly increasing in w given s, take w, > w and note that by strict
concavity of v, uy < p. Suppose that ky < k, then gx(k) < gr(k1). Rewriting the Euler
equation for durable goods purchases (12) we have

125@?—1— > H(s,s’)R’lw+ > s, 5)5uw_

s'eSy p SIGS\Sh p

Assume, without loss of generality, that S, = Sp. Since gx(k+)/pus > gp(k)/p, it must
be the case that 35" € S\ Sy such that puy(8')/us < u(8)/p and hence py(8) < p(s),
that is, wi(§') > w(§). But since § € S\ Sy, wi(§) = y(§) + (1 — k(1 —9) <
y(§8)+ (1 —0)k(1 —0) = w(8'), we have a contradiction.

To see that w' is strictly increasing in w given s, Vs’ € S, assume again w.l.o.g.
that S, = Spy. On Sy, vy (w,s) = BRu,(w',s') and hence w, > w’. On S\ Sp, v/, =
v+1-0k(1-0)>y+(1—-0)k(1—-90)=u'
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Part (iii): The budget constraint (9) implies that w > ¢; thus, as w goes to 0,
¢ goes to 0 and using the envelope condition v, (w,s) = u.(c) goes to +00. Since w' >
Y +(1-0)k(1—0) >y’ > y and v,(y, s') is bounded for all &, v, (W', ") < vy, (y, s') < +o0,
and hence for sufficiently low w, X' > 0, Vs’ € S. a

Part (iv): If II(s,s") = w(s'), Vs, s, then for any two states s’ > s’ that are insured
we have v, (w',) = v, (w'), that is, w' = w/, = wy,.

Since w is the highest wealth level that is attained under the (unique) stationary
distribution, we have at w that v,(w) = SRv,(w") + BRA(5'), so A(5') > 0. Now sup-
pose Jw < w such that the household insures all states at w implying that v, (w) =
BRu,(w(s")), Vs € S, that is, net worth next period must be lower than net worth
this period in all states. But then there would have to exist a w_ < w such that
w_(8") > w(§') (since otherwise w could not be attained from below @), which implies
that w(5") < w_(3) =y(5)+(1—0)k_(1—0)+h_(5'), so h_(5') > 0. This in turn implies
that vy, (w_) = BRu,(w_(5")), that is, v, (w_) < v, (), a contradiction. O

Proof of Proposition 8. If SR > 1, then p > p’ by (7). Hence p > E[y] and the
supermartingale theorem (see Chamberlain and Rothschild (1984) for example) implies
that there is a limit x> with E[u®°] = 0 and since ©> must be weakly positive, u> = 0.
From the envelope condition p> = u.(¢*) = 0 and thus consumption is infinite, which
violates the resource constraint (20).

If R = 1, the argument above implies that we have full insurance but then in gen-
eral equilibrium there must be sufficient collateralizability to ensure that these insurance
claims can be issued, that is, § > 6.

Suppose that # < @ but nevertheless SR = 1. Then households are fully insured and
(21) holds. Using (22) and the expectation of (23) we obtain

Ely] = c" + 0k + (1 — R 1Y) (0k*(1 — ) — E[h™]). (24)

Subtracting (23) at § from (23) at s yields h*(s') = y(5') — y(s') + h*(§') and E[h™*] =
y(8)—Ely ] +h*(3") > y(5)— E[y]. At 0 = 0, h*(5') = 0, so indexing variables associated
with @ and § we conclude E[h*(6)] > E[h'*(6)]. Moreover, market clearing at # implies
that 0k*(9)(1 — &) = E[h™*()]. Suppose there is (weakly) positive excess supply of collat-
eralized claims at 6, that is, 0k*(0)(1 — 0) > E[h'*(#)]; combined with market clearing at
0, this implies that k*(8) > k*(#), and, using (21), ¢*(f) > ¢*(). But substituting into
(24) yields a contradiction. Thus, if § < §, then SR = 1 implies strictly positive excess
demand. O

Proof of Proposition 7. Part (i): When 6 = 1, the investment Euler equation for
durable goods (15) simplifies to

p(s)n = Bge(k), (25)
which in the case of logarithmic utility further simplifies to k = (8¢g/p(s))c. Define the

s
total expenditure on consumption and durable goods as ¢ = ¢ + p(s)k = (1 + Bg)c.
Substituting for ¢ and k in the return function we have

(¢, s) = u(c) + Bg(k) = (1 + Bg)u(é) + »(s),
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where ¢(s) = —(14Bg) log(1+Bg)+ Bglog(Bg) — Bglog(p(s)). The problem with durable
goods can then be written as an income insurance problem with preference shocks

= nG E(w', s 2
v(w,s)= | max  a(és) +BE(w!,5)s (26)
subject to
w> ¢+ E[RHs], (27)
(3), and (4).

Let 0(w, s) solve the following income insurance problem without preference shocks

~ _ ~ Elo(w'. s
)= max ul@)+ BE(, )]s

subject to (27), (3), and (4). This is in fact the problem considered in Section 3. Not-

ing that the preference shock component of utility ¢(s) is separable and defining v,(s)

recursively as

vo(s) = @(s) + BE[v,(s)]s],

we have v(w, s) = (1+ 89)0(w, s) +v,(s) as can be verified by substituting into equation
(26).

Part (ii): With isoelastic preferences, (25) simplifies to k = (Bg/p(s))/7c. De-
fine the total expenditure on consumption and durable goods as ¢ = ¢ + p(s)k =
(1+ o(s)(Bg/p(s))7)c. Substituting for ¢ and k in the return function we have

(¢, s) = u(c) + By(k) = ¢(s)u(c),

where ¢(s) = (14(Bg)7p(s)~1/7)7. The proof of Proposition 1 applies without change.

Suppose I1(s, s’) is stochastically monotone and g(s) is increasing in s. To prove that
v (w, s) is decreasing in s when v < 1, first observe that ¢(s) is decreasing in s in that
case (whereas it is increasing in s if v > 1). We can now proceed as in the proof of the
first part of Part (ii) of Proposition 2, that is, we assume that the property is satisfied
by v(-) next period and then show that it has to be satisfied by Tw(-) in the current
period as well. As before, note that if the property is satisfied next period, the household
hedges a lower set of states and h’ decreases in s’. Suppose the opposite, that is, suppose
ds. > s, such that Tv,(w,sy) > Tv,(w,s), implying by the envelope condition that
d(s)u(éy) = py > 1= ¢(s)u(é) and therefore u(éy) > ¢(s)/od(s4)u(é) > u(é), which
further implies that ¢, < ¢. Since R’ is decreasing in s, E[R™'I|s] < E[R™'h/|sy] and
{¢,h',w'} is feasible at s;. Since ¢y < ¢, 3§’ such that w, (8') > w(§') since otherwise
{¢4, b ,w! } would achieve lower utility than switching to {¢, A/, w'}, contradicting opti-
mality. But then y(8') + hi(§') = wy(8') > w(§) = y(8') + h(§) and h(8") > h(s') > 0,
so BRuy(wy(8),8) = py > p > BR(w(S),8), implying w, (8') < w(§'), a contradiction.
Therefore v, (w, s) is decreasing in s, and the rest of the proposition obtains from the
proof of Part (ii) of Proposition 2 without change. O
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Appendix B: Equivalence of Economies with Limited
Enforcement and Collateral Constraints

This appendix shows the equivalence of the optimal dynamic contract with limited en-
forcement without exclusion and an economy with one-period state-contingent claims
subject to collateral constraints. For simplicity we consider the case without durable
goods. The household’s problem with limited enforcement at time 7 > 0 given net
worth w(s™), which we denote P,(w(s7)), is to choose a sequence of consumption choices
and net payments {c(s'), p(s") }i>, where s = {so,..., s}, to maximize

£ [t .

subject to

(AVARVS

E; {Z R“”pt} >0, (31)

the limited enforcement constraint

Bo| Y80 ute| 2 B[ L0 @] vz ez @)

t=1'

where {¢(s)}22, together with {p(s')}2_, solve P (w(s™)) with w(s™) = y(s™). We
say a sequence of net payments is implementable if it satisfies the lender’s participation
constraint and the limited enforcement constraints.

Proposition 9 (Equivalence of limited enforcement and collateral constraints). (i) Any
sequence of net payments {p(s")}2. is implementable in problem P, (w(s™)) iff

0>FE. [Z R(tT/)pt} . V' > (33)
t=1/

that is, the present value of the remaining payments is never positive. (ii) The set of
sequences of net payments satisfying (33) is equivalent to the set of sequences of one-period
state-contingent claims {h(s")}2_ that satisfy the short-sale constraints

h(s") >0, vt > T, (34)
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Proof of Proposition 9. Part (i): (=) Suppose not, that is, suppose that {p(s")}2_is
such that (33) is violated for some s™, 7/ > 7, that is

Ey [ZR_(t_H)pt} > 0.
t=r1'

W.lo.g. let 7 = 7+ 1. The household could default in state s™*! at time 7 4 1 and
issue new payments {p(s')}2 ., such that p(s') = p(s'), t > 7+ 1, and p(s™t') =
—FE, [Z?iwrz R*(t*(”l))ﬁt] , and hence by construction E, [Zf;“ Rf(tf(”l))ﬁt)} =
0. Clearly, p(s™") < p(s™™!) and ¢(s') = c(s'), for all t > 7 + 2, but

é(ST+1) — C(S‘r+1> +p(8T+1) _p(s‘r+1) _ C<ST+1) + E‘r+1|: Z Rf(tf(‘r+1))pt
t=7+1

> C(ST+1),

which would be an improvement and hence a contradiction. We prove the other direction
after proving part (ii).
Part (ii): Take any sequence of net payments {p(s*)}:2_ that satisfies (33) and define

hs™)=—E. {Z R—“—T’)pt] >0, Vr'>r1,
t=1'

then h(s™) = —p(s”) + R'E[hyy] or p(s7) = —h(s™) + R Ep[hyi1]. We can
therefore rewrite (30) as
y(s') + h(s') > e(s") + R Eyfhgyd], Vt>T1+1, (35)
and (29) as
w(ST> > C<ST) + R_IET[hT—I-I]v (36)

where h(s7) =0 as (31) holds with equality.
Moreover, any sequence {h(s")};2 ., with h(s') >0, Vt > 7, satisfies (33) as

ET’ |:Z R_(t_T/)pt:| - ET’ |:Z R_(t_T/){—ht + R_lEt[ht+1]}:|
t=r1'

t=1'
— _ET,{ZR—(t_Tf)ht} +ET[ Z R—(t—q—’)ht:| — (s <0.
t=T1' t=1'+1

Finally, to complete part (i), (<), the household would never default on a sequence
{h(s")}22, 1 with h(s) > 0,Vt > 7, establishing that if (33) is satisfied, the sequence {p(s")}:2.
is implementable. O

The problem with limited enforcement P,(w(s")) in equations (28) to (32) is therefore
equivalent to maximizing (28) subject to (36), (35), and (34), which can be written re-
cursively as in equations (1) to (4). Moreover, the proof can be extended to the case with
durable goods by adapting the proof in Rampini and Viswanathan (2013).
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Appendix C: Existence of a Stationary Equilibrium

This appendix shows first that, for given R such that SR < 1, a unique bounded stationary
distribution of net worth exists, and second that when # < 6, an equilibrium with an
interest rate satisfying SR < 1 exists. Proposition 10 provides a sufficient condition for
the existence of a bounded stationary distribution, in particular a unique lower bound w
for the stationary distribution via a restriction on the slope of the growth of wealth in

the lowest state next period.*

Proposition 10. Assume that SR < 1. If %p(l*‘s)(l — cw(w)) < 1 for all w, then
there is an unique stationary distribution on [w,w] where w is the unique solution to
y(§’)+%p(l_5)(w—c(w)) = w and w is the lowest solution to y(5')+(1—0)(1—0)k(w) =
w.

Proof of Proposition 10. Consider the function G(w) = y(s') + %(w — c(w))
which gives the wealth next period in the lowest state assuming that A(s’) = 0 (and hence
h(s') =0 for all s € S). Since G(0) > 0 and the function G(w) has a slope less than
one, it must intersect the 45-degree line from above. Further since W(l — cyp(w))
< 1, the function G(w) does not have any more intersections with the 45-degree line.
Thus a unique intersection w exists. Consider now the wealth next period in the low
state w(s')(w). At any intersection where w(s')(w) = w, we must have h(s’) = 0 from
p(w) > BRu(w) = SR (w(s")(w)), thus h(s’) = 0, Vs’ € S (no state is insured). Thus
at such an intersection, we must have w(s')(w) = G(w), which implies that w(s")(w)
intersects the 45-degree line only once at w. Further w(s’)(0) > 0, hence for w < w,
w(s')(w) > w and for w > w, w(s')(w) < w.

Consider the function G(w) = y(3') + %{fl_é)(w — c(w)). Since G(w) only differs
from G(w) by the constant y(s') — y(s'), there is a unique intersection point with 45-
degree line at w. Now consider the wealth in the highest state w(s')(w). At w = 0,
w(s)(0) > w(s')(0) > 0. Further at any intersection point w where w(s')(w) = w (if such
a point exists), p(w) > FRu(w) = SRy (w(§')(w)) and thus h(s") = 0, the high state
cannot be insured. But then at such an intersection w,

Glw) = y(s) + =)

which implies that any intersection w must have w < w. If there are multiple intersections,
we pick the lowest one and call this @ (at this intersection as we have already argued the
high state is not insured). It follows by construction that w(s")(w) > w for all w < w.
Immediately, for w < w, p(w) > p'(w(s")(w)) and hence the highest state is not insured.
Hence insurance is incomplete on |[w, w].

Any w ¢ [w,w] is transient. For any w < w, create the sequence, w§ = w, w} =

w(s)(wg), wy = w(§)(wl),...,wt = w(§)(wi_,),..., and w¥ < w. This is a strictly

(w = c(w)) 2 y(5) + (1 — 6)(1 - §)k(w) = w(s)(w) =

é

4TFor R > 6_7;(177)5), this slope condition automatically obtains. The bound of the proposition allows

0(1—
verification of a unique intersection at interest rates lower than 51(01(;2), though these interest rates are

far from the equilibrium interest rate in our numerical illustration.
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increasing bounded sequence that must converge to a limit that is less than or equal to
w; in fact the limit is w. But then 3N, > 0 such that for n > N,,w! > w and we
never go below w once we cross w as for n > N, w(s')(w?) > w(s')(w) = w as w(s') is
strictly increasing in w. Similarly, if w > @, create the sequence wg = w, w¢ = w(s')(w),
wd = w(s)(w}),...,wl=w(s)(wl_,),.... By construction this is a decreasing bounded
sequence as w(s’') < w for w > w; hence it must converge to a limit. But this sequence
lives between the 45-degree line and the function G(w) = y(s') + %(w — c(w))
(which assumes no insurance of the lowest state). Hence it must converge to w (since at
any intersection with the 45-degree line, there is no insurance of the lowest state). But
then 3N, > 0 such that for n > Ny, w? < w and we never go above @ once we cross @ as
for n > Ny, w(5)(w) < w(3")(w) = w since w(s') is strictly increasing in w.**

We show existence of a unique stationary distribution as follows. We consider all right
continuous distribution functions on the interval [w, w]. Given two distribution functions
Fi(w) and Fy(w) we say that F} = Fy if Fi(w) < Fy(w) for all w (and Fy; > F; if
Fi(w) < Fy(w) for all w with strict inequality for a positive interval of w). Given this
partial order, min{ F}(w), Fy(w)} and max{F;(w), Fo(w)} are also distribution functions
and are the greatest lower bound and least upper bound for the pair {F(w), Fo(w)}.
Thus the set F = {F|F is a distribution on [w,w]} has as its least upper bound the
distribution F(w), F(w) = 0 for w < @ and F(w) = 1 and as its greatest lower bound
the distribution F(w), F(w) =1 for w € [w, w]; hence the set F is a complete lattice.

Further the equilibrium mapping w(s’)(w) implies the adjoint map 7% : F — F by
T*(F(w)) = S25_, 7(s)F(w(s') " (w)); this is a monotone map in the following sense: if
F1 t FQ, then T*(Fl) t T*<F2) as

S S
T (Fi(w) = ) w(s)Fy(w(s) " (w)) < Y () Fa(w(s) " (w)) = T*(Fy(w)).

By Knaster-Tarski’s theorem, there exists a fixed point in the space of distribution func-
tions. We show next that this fixed point is unique. Start with the least upper bound
F(w), then T*"(F) converges downwards to the highest fixed point. Similarly start with
the greatest lower bound F'(w), then T*"(F) converges upwards to the lowest fixed point.
Since these two limiting distributions are identical, the stationary distribution is unique.

Define w(s™)(w) as the random wealth that occurs starting with wealth w where s
is the subsequent history of states for the next n periods. Let w, € (w,w) and create
the strictly increasing sequence w® starting at w and the strictly decreasing sequence w?
starting at @ (as before in this proof). Since w® — w and w? — w, there exists N, and
Ny such that for n > N, w" > w, and for n > Ny, w? < w,. Take N = max{N,, N;}
and & = min{(7(5))™«, (r(s'))¥}. Since w(s') is increasing in w, it follows that ¥n > N
and Yw € [w, w], P*"(w,w(s™)(w) < w,) > ¢ and P"(w,w(5")(w) > w,) > €, where s
(8") corresponds to the lowest (highest) state occurring n times. Hence the monotone
mixing condition in Theorem 2 in Hopenhayn and Prescott (1992) and in Theorem 2.1 in

48This proves that even though there may be multiple intersections of net worth in the highest state
next period w(§)(w) with the 45-degree line, only the first intersection @ is relevant as any w > w is
transient. The uniqueness of the intersection of G(w) with the 45-degree line is critical here.
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Bhattacharya and Lee (1988) is satisfied and a unique invariant distribution exists; fur-
ther starting from any initial distribution, the convergence to the invariant distribution
is exponential. O

For § < 6, we now prove the existence of an equilibrium interest rate R, with AR < 1,
such that the excess demand for collateralized claims equals zero, that is, rewriting (16),

@(R) w(R)
/ E[N (w|R)|dF(w|R) — / 0k(w|R)(1 — §)dF(w|R) = 0. (37)
w(R) w(R)

From the proof of Proposition 8, we know that at SR = 1 there must be strict excess
demand for collateralized claims, that is, the left-hand side of (37) is strictly positive.
Suppose 7, = Y, cq 7(s") Where S, is a potential set of states to be insured. Then if

(- 9)(1 %) > 5= 11 , households do not insure this set of states. This follows from the fact

that the return to insuring these states is less than the marginal return in terms of net
resale value of investing in the durable good in these states and purchasing the durable
good yields additional positive marginal utility in terms of housing services as well as a
payoff in the other states. Hence if (179;(176) > 5= . - ,), no household insures any state.
We can rewrite this inequality as R < [r(s) + (1 — w(s'))](1 — 0); at such interest rates,
the left-hand side of (37) must be strictly less than zero.

Proposition 11. Assume that 6 < 0. If for R € [0(1 — 3) + w(s')(1 — 0)(1 — 6), 8371,

W(l — cp(w)) < 1 for all w, then there exists an R such that R < 1 that solves

(37), that is, clears the market for collateralized claims.

Proof of Proposition 11. We have already shown that at R = (1 —(5)+7T(§’)(1 —0)(1—
§), the left-hand side of (37) is strictly greater than zero and at R = 37! (37) is strictly
less than zero. Also from Proposition 10, for all R € [#(1 —§) +7(s')(1 —6)(1 —40), 57,
a unique stationary distribution F'(w|R) on [w(R),w(R)] exists. It is immediately clear
that both w(R) and w(R) are continuous in R since ¢(w|R) is continuous in w and R by
the theorem of the maximum. Further the net worth next period w(s'|R)(w) is continuous
in w and R. Hence, we take w; = min w(R) and w, = max w(R) for R € [#(1 —J) +
7(s')(1 —0)(1 —6),57"] (these exist since w(R) and w(R) are continuous functions on a
compact set), and for each R, P(w, W'|R) is induced by the function w(s'|R)(w) where
W' C [wy,w,]. Then if (w,, R,) — (w, R), the sequence P(w,, W'|R,) — P(w, W'|R)
using the continuity of w(R), w(R) and w(s'|R)(w). Further for each R, there is an unique
stationary distribution, and hence following the argument in Theorem 12.13 in Stokey,
Lucas, and Prescott (1989), the stationary distribution is continuous in the parameter R.
Integrating against this stationary distribution we conclude that the left-hand side of (37)
must be continuous in R. Hence by the intermediate value theorem, there exists an R for
which (37) is zero, that is, an interest rate at which the market for collateralized claims
clears. O

48



References

AGUIAR, M., M. AMADOR, AND G. GOPINATH (2009): “Investment cycles and sovereign
debt overhang,” Review of Economic Studies, 76, 1-31.

A1, H., anp R. L1 (2015): “Investment and CEO compensation under limited commit-
ment,” Journal of Financial Economics, 116, 452-472.

ATYAGARI, S. (1994): “Uninsured idiosyncratic risk and aggregate saving,” Quarterly
Journal of Economics, 109, 659-684.

ALVAREZ, F., anDp U. JERMANN (2000): “Efficiency, equilibrium and asset pricing with
risk of default,” Econometrica, 68, 775-797.

ARMANTIER, O., J. FONCEL, aND N. TREICH (2020): “Insurance and portfolio deci-
sions: A wealth effect puzzle,” Working paper, Federal Reserve Bank of New York.

ATHANASOULIS, S., AND R. SHILLER (2000): “The significance of the market portfolio,”
Review of Financial Studies, 13, 301-329.

BENVENISTE, L., AND J. SCHEINKMAN (1979): “On the differentiability of the value
function in dynamic models of economics,” Fconometrica, 47, 727-732.

BEwLEY, T. (1977): “The permanent income hypothesis: A theoretical formulation,”
Journal of Economic Theory, 16, 252-292.

(1980): “The optimum quantity of money,” in Models of Monetary Economies,

ed. by J. Kareken, and N. Wallace.

BHATTACHARYA, R., AND O. LEE (1988): “Asymptotics of a class of Markov processes
which are not in general irreducible,” Annals of Probability, 16, 1333-1347.

BLUNDELL, R., L. PISTAFERRI, AND I. PRESTON (2008): “Consumption inequality and
partial insurance,” American Economic Review, 98, 1887-1921.

Boyp, J. H., anp E. C. PRESCOTT (1986): “Financial intermediary-coalitions,” Jour-
nal of Economic Theory, 38, 211-232.

BROWN, J., AND A. FINKELSTEIN (2007): “Why is the market for long-term care insur-
ance so small?” Journal of Public Economics, 91, 1967-1991.

(2008): “The interaction of public and private insurance: Medicaid and the

long-term care insurance market,” American Economic Review, 98, 1083-1102.

BrROWNE, M., anp R. HoyT (2000): “The demand for flood insurance: Empirical
evidence,” Journal of Risk and Uncertainty, 20, 291-306.

Burow, J., anp K. ROGOFF (1989): “Sovereign debt: Is to forgive to forget?,” American
Economic Review, 79, 43-50.

Car, H., Y. CHEN, H. FANG, axD L. ZHOU (2015): “The effect of microinsurance on
economic activities: Evidence from a randomized field experiment,” Review of Eco-
nomics and Statistics, 97, 287-300.

CAMPBELL, J. (1996): “Understanding risk and return,” Journal of Political Economy,
104, 298-345.

CAMPBELL, J., anxp J. Cocco (2003): “Household risk management and optimal mort-

49



gage choice,” Quarterly Journal of Economics, 118, 1449-1494.

CASABURI, L., anp J. WILLIS (2018): “Time versus state in insurance: Experimental
evidence from contract farming in Kenya,” American Economic Review, 108, 3778—
3813.

CASTANEDA, A., J. DiaAz-GIMENEZ, anD J.-V. Rios-RULL (2003): “Accounting for
the U.S. earnings and wealth inequality,” Journal of Political Economy, 111, 818-857.

CHAMBERLAIN, G., axnD C. WILSON (2000): “Optimal intertemporal consumption un-
der uncertainty,” Review of Economic Dynamics, 3, 365-395.

CHIEN, Y., anp H. LusTiG (2010): “The market price of aggregate risk and the wealth
distribution,” Review of Financial Studies, 23, 1596-1650.

COHEN, A., anD L. EINAV (2007): “Estimating risk preferences from deductible choice,”
American Economic Review, 3, T45-788.

CoLE, S., X. GINE, J. TOBACMAN, P. ToraLOVA, R. TOWNSEND, AND J. VICKERY
(2013): “Barriers to household risk management: Evidence from India,” American
Economic Journal: Applied Economics, 5, 104—135.

CoLE, S., X. GINE, anD J. VICKERY (2017): “How does risk management influence
production decisions? Evidence from a field experiment,” Review of Financial Studies,
30, 1935-1970.

CONSTANTINIDES, G., AND D. DUFFIE (1996): “Asset pricing with heterogeneous con-
sumers,” Journal of Political Economy, 104, 219-240.

DEATON, A. (1991): “Saving and liquidity constraints,” Econometrica, 59, 1221-1248.

DiaMoND, D. (1984): “Financial intermediation and delegated monitoring,” Review of
FEconomic Studies, 51, 393-414.

EISFELDT, A., aND A. RAMPINI (2009): “Leasing, ability to repossess, and debt capac-
ity,” Review of Financial Studies, 22, 1621-1657.

Errur, A., C. JOTIKASTHIRA, AND C. LUNDBLAD (2011): “Regulatory pressure and
fire sales in the corporate bond market,” Journal of Financial Economics, 101, 596-620.

Errur, A., C. JOTIKASTHIRA, C. LUNDBLAD, AND Y. WANG (2015): “Is historical
cost accounting a panacea? Market stress, incentive distortions, and gains trading,”
Journal of Finance, 70, 2489-2538.

Fana, H., anp E. Kuna (2021): “Why do life insurance policyholders lapse? The roles
of income, health, and bequest motive shocks,” Journal of Risk and Insurance, 88,
937-970.

FRIEDMAN, M. (1957): A Theory of the Consumption Function. Princeton University
Press, Princeton, NJ.

FUSTER, A., axD P. WILLEN (2011): “Insuring consumption using income-linked as-
sets,” Review of Finance, 15, 835-873.

GINE, X., R. TOWNSEND, AND J. VICKERY (2008): “Patterns of rainfall insurance
participation in rural India,” World Bank Economic Review, 22, 539-566.

GOLLIER, C. (2003): “To insure or not to insure?: An insurance puzzle,” Geneva Papers

20



on Risk and Insurance Theory, 28, 5-24.
GOTTLIEB, D., anD K. SMETTERS (2021): “Lapse-Based Insurance,” Discussion paper.

GRON, A. (1994): “Evidence of capacity constraints in insurance markets,” Journal of
Law and Economics, 37, 349-377.

GROPPER, M., aND C. KUHNEN (2021): “Wealth and insurance choices: Evidence from
US households,” NBER Working Paper 29069.

GUVENEN, F., S. OzKAN, AND J. SONG (2014): “The nature of countercyclical income
risk,” Journal of Political Economy, 122, 621-660.

HANDEL, B., I. HENDEL, AND M. WHINSTON (2015): “Equilibria in health exchanges:
Adverse selection versus reclassification risk,” Fconometrica, 83, 1261-1313.

HARRIS, M., axD B. HOLMSTROM (1982): “A theory of wage dynamics,” Review of
Economic Studies, 49, 315-333.

HENDEL, 1., anD A. Li1zzERI (2003): “The Role of Commitment in Dynamic Contracts:
Evidence from Life Insurance,” Quarterly Journal of Economics, 118, 299-327.

HIRSHLEIFER, J. (1971): “The private and social value of information and the reward to
inventive activity,” American Economic Review, 61, 561-574.

HoLMSTROM, B. (1979): “Moral hazard and observability,” Bell Journal of Economics,
10, 74-91.

HOLMSTROM, B., anp J. TIROLE (1998): “Private and public supply of liquidity,”
Journal of Political Economy, 106, 1-40.

(2011): Inside and Outside Liquidity. MIT Press, Cambridge, MA.

HoPENHAYN, H., anD E. PRESCOTT (1992): “Stochastic monotonicity and stationary
distributions for dynamic economies,” Econometrica, 60, 1387-1406.

HucGeETT, M. (1993): “The risk free rate in heterogeneous-agent, incomplete-insurance
economies,” Journal of Economic Dynamics and Control, 17, 953-969.

INKMANN, J., P. LOPES, anD A. MICHAELIDES (2011): “How deep is the annuity
market participation puzzle?,” Review of Financial Studies, 24, 279-319.

JORGENSON, D. (1963): “Capital theory and investment behavior,” American Economic
Review Papers and Proceedings, 53, 247-259.

KAPLAN, G., aAND G. VIOLANTE (2010): “How much consumption insurance beyond
self-insurance?,” American Economic Journals: Macroeconomics, 2, 53-87.

KapLAN, G., G. VIOLANTE, AND J. WEIDNER (2014): “The wealthy hand-to-mouth,”
Brookings Papers on Economic Activity, Spring, 77-138.

KARrLAN, D.; R. OsEgl, I. OSEI-AKOTO, AND C. UDRY (2014): “Agricultural decisions
after relaxing credit and risk constraints,” Quarterly Journal of Economics, 129, 597—
652.

KEHOE, T., anD D. LEVINE (1993): “Debt-constrained asset markets,” Review of Eco-
nomaic Studies, 60, 865—888.

KiMBALL, M. (1990): “Precautionary saving in the small and in the large,” Economet-
rica, b8, 53-73.

51



KryoTaki, N., anp J. MOORE (1997): “Credit cycles,” Journal of Political Economy,
105, 211-248.

KOCHERLAKOTA, N. (1996): “Implications of efficient risk sharing without commit-
ment,” Review of Economic Studies, 63, 595-609.

KowEN, R., S. VAN NIEUWERBURGH, AND M. YOGO (2016): “Health and mortality
delta: Assessing the welfare cost of household insurance choice,” Journal of Finance,
71, 957-1010.

KowEN, R., axnD M. YOGO (2015): “The cost of financial frictions for life insurers,”
American Economic Review, 105, 445-475.

KreBs, T., M. KunN, anp M. WRIGHT (2015): “Human capital risk, contract enforce-
ment, and the macroeconomy,” American Economic Review, 105, 3223-3272.

KRUEGER, D., axnp H. UHLIG (2006): “Competitive risk sharing contracts with one-
sided commitment,” Journal of Monetary Economics, 53, 1661-1691.

LELAND, H. (1968): “Saving and uncertainty: The precautionary demand for saving,”
Quarterly Journal of Economics, 82, 465-473.

Li, S., T. WHITED, aND Y. WU (2016): “Collateral, taxes, and leverage,” Review of
Financial Studies, 29, 1453-1500.

LiuNngqQvisT, L., anp T. SARGENT (2012): Recursive Macroeconomic Theory. MIT
Press, Cambridge, MA.

Lustic, H., axnp S. VAN NIEUWERBURGH (2005): “Housing collateral, consumption
insurance, and risk premia: An empirical perspective,” Journal of Finance, 60, 1167—
1219.

ManNkIw, N. (1986): “The equity premium and the concentration of aggregate shocks,”
Journal of Financial Economics, 17, 211-219.

MossiN, J. (1968): “Aspects or rational insurance purchasing,” Journal of Political
Economy, 76, 533-568.

P1azzesi, M., M. SCHNEIDER, AND S. TUZEL (2007): “Housing, consumption and asset
pricing,” Journal of Financial Economics, 83, 531-569.

RAMPINI, A. (2004): “Entrepreneurial activity, risk, and the business cycle,” Journal of
Monetary Economics, 51, 555-573.

RAMPINI, A., A. SUFI, AND S. VISWANATHAN (2014): “Dynamic risk management,”
Journal of Financial Economics, 111, 271-296.

RAMPINI, A.,; AND S. VISWANATHAN (2010): “Collateral, risk management, and the
distribution of debt capacity,” Journal of Finance, 65, 2293-2322.

(2013): “Collateral and capital structure,” Journal of Financial Economics, 109,
466-492.

ROTHSCHILD, M., AND J. STIGLITZ (1976): “Equilibrium in competitive insurance mar-
kets: An essay on the economics of imperfect information,” Quarterly Journal of Eco-
nomics, 90, 629-649.

SANDMO, A. (1970): “The effect of uncertainty on saving decisions,” Review of Economic

52



Studies, 37, 353-360.

SCHECHTMAN, J. (1976): “An income fluctuation problem,” Journal of Economic The-
ory, 12, 218-241.

SCHECHTMAN, J., AND V. ESCUDERO (1977): “Some results on ‘An income fluctuation
problem’.” Journal of Economic Theory, 16, 151-166.

SHILLER, R. (1993): Macro Markets: Creating Institutions for Managing Society’s
Largest Economic Risks. Oxford University Press, New York, NY.

(2008): “Derivatives markets for home prices,” NBER Working Paper 13962.

SIBLEY, D. (1975): “Permanent and transitory income effects in a model of optimal
consumption with wage income uncertainty,” Journal of Economic Theory, 11, 68-82.

SINAL, T., anD N. SOULELES (2005): “Owner-occupied housing as a hedge against rent
risk,” Quarterly Journal of Economics, 120, 763-789.

STOKEY, N., R. Lucas, anp E. PRESCOTT (1989): Recursive Methods in Economic
Dynamics. Harvard University Press, Cambridge, MA.

STORESLETTEN, K., C. TELMER, AND A. YARON (2004): “Cyclical dynamics in id-
iosyncratic labor-market risk,” Journal of Political Economy, 112, 695-717.

TOWNSEND, R. (1994): “Risk and insurance in village India,” Econometrica, 65, 539—
092.

YAARI, M. (1976): “A law of large numbers in the theory of consumer’s choice under
uncertainty,” Journal of Economic Theory, 12, 202-217.

93



Appendix -- For Online Publication

Online Appendix

Appendix D: Extensions

In this appendix we first compare our results from Section 2 to the savings behavior
in the standard buffer stock savings model. We show that buffer stock savings are not
monotone increasing in the state s and that convexity of the marginal utility is required
to guarantee precautionary behavior of household savings. Moreover, we compare the
limiting behavior of our model and the buffer stock savings model as SR — 1. Finally,

we extend the model to consider the financing of investment in human capital.

Appendix D.1: Comparison to Buffer Stock Savings Models

Consider the standard incomplete markets model of Bewley (1977), Aiyagari (1994), and
others.* The household solves the following recursive problem by choosing (non-negative)
consumption ¢ and (gross) savings h which do not vary with the state s’ next period (and
associated net worth w’) given the exogenous state s and the net worth w (cum current

income),

v(w, s) = max u(c) + BE(w', s')|s] (D.1)

c,h,w'€ERy xRS+1

subject to the budget constraints for the current and next period, Vs’ € S,

w > c+ R, (D.2)
y+h > W (D.3)

and the short-sale constraint
h > 0. (D.4)

While this canonical model behaves similarly to ours in some ways, we stress that
household savings are not monotone increasing in the Bewley model, in the sense that
savings are decreasing in the current state s, which means that the household’s consump-

tion is lower in some states next period when the current state s is higher.

Proposition D.1 (Savings in Bewley model not increasing). Assume Il(s, s') is stochasti-
cally monotone. (1) The marginal value of net worth v,(w, s) is decreasing in net worth w
and in the state s. (ii) The household’s savings h are increasing in w given s, but de-
creasing in s given w; therefore, net worth and consumption next period w' and ¢ are

decreasing in the current state s.

49Gee Ljungqvist and Sargent (2012) for an authoritative treatise of savings behavior in incomplete

markets models.
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Proof of Proposition D.1. Part (i): The proof proceeds analogously to the proof of
Part (i) of Proposition 2.

To(w,s) = max u(c) + BE[v(w', s")|s]

c,hw' €Ry xRS+

subject to equations (D.2) through (D.4). Define the sets S and S° as before. We show
that T(S) € §° C S and hence v € §° has the required property.

Suppose that v € S, but that s, > s, such that Tv,(w,sy) > Tv,(w,s), that is
Tv ¢ §°. Using the envelope condition, ¢, < ¢ which implies, using the budget constraint
(D.2), that hy > hand W/, = ¢+ hy >y +h = w, Vs’ € S. The Euler equation for
savings can be written as

> BRE[v, (w',s")]s] ifth=0

Tv,(w,s) > BREv, (w', s")|s]
Nsl, BRE[v,, (w',s")|s]] if h > 0.

|s
Tv,(w.5) € [BRE[ (w9 (D:5)
Using (D.5) and the envelope condition, we have

BRE[vy, (W', s")]s1] > Tv,(w, s4) > Tv,(w,s) > BREv, (W', s)|s].
However, since w/, > w’, Vs’ € S, and given stochastic monotonicity, we also have that

Elv, (', 8')|s] = Elv, (w', §')|s4] > Elv,, (W}, s")]s4],

w

a contradiction. Therefore, Tv € S°.
Part (ii): Since v € §° by part (i), it is differentiable and v,,(w, s) is decreasing in s.
Suppose that, given s, wy > w and hy < h, then

ue(c) = vw(w, s) = BREvw(w', 8)[s] < BRE[vw (W, §')|s] < vi(ws, s) = ue(cs),

whereas ¢y > ¢ implies that u.(cy) < u.(c), a contradiction. Thus, h is increasing in w
given s.

Let s, > s and suppose that h, > h for given w. Then ¢y < c and v/, > w', Vs' € S.
Then

uc(c) < ue(cy) = vy(w, s4) = BRE[v, (W, §')|s+] < BRE[v,(w', s")|s1] < BREv,(w',s)|s]

since vy, (w, s) is decreasing in s by part (i) and w’ is increasing in §', contradicting (D.5).
So for s; > s, hy < h and thus w/, < w'. Moreover, using the envelope condition,
Ue(c') = vy (W', 8") < vy(w,,8") = uc(cy) and thus ¢, <. O

The parallels between our model and the Bewley economy are that since v, (w, s) is
decreasing in w and s in both cases, the envelope condition implies that current con-
sumption c is increasing in w and s in both economies as well. Therefore, both insurance
expenditures F[R~'h/|s] in our model and savings h in the Bewley economy increase in

w given s and decrease in s given w. The key distinction however is that insurance A’
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in our model increases in s, for all s’ € S, although as stated before the total insurance
expenditures E[R™'H|s| decrease in s; in other words, w’ and ¢ increase in s, and insur-
ance is increasing in s in this sense. In contrast, savings h decrease in s implying that
net worth and consumption next period w’ and ¢’ decrease in s; again, household savings
are thus not increasing in s in the Bewley economy.

The critical difference is the following. If the future is brighter, the household in
the Bewley economy consumes more and saves less, making it less well off state-by-
state next period; in contrast, the household in our economy consumes more and buys
more state-contingent claims, which are now cheaper, making it better off state-by-state
next period, too. The incompleteness of markets has significant consequences for the
qualitative behavior of the economy.

In contrast to the precautionary nature of state-contingent savings in our model (see
Proposition 5), in the Bewley model convexity of marginal utility u.(c) is required to

guarantee precautionary savings.

Proposition D.2 (Precautionary saving in Bewley model). Assume Il(s,s’) = w(s'),
Vs € S. (1) If uc(c) is (weakly) convez in consumption c, the marginal value of net worth
vw(w) is convexr in net worth w. (ii) Suppose w(s') is a mean-preserving spread of w(s').

If uc(c) is (weakly) convex in ¢, then household’s savings h>h.

Proof of Proposition D.2. Part (i): Suppose u.(c) is (weakly) convex. Take wq, w; >
wp, and ¢ € (0,1), and define w, = (1 — p)wy + pw; and analogously for other variables.
Consider operator T defined analogously to the one in the proof of Proposition D.1. By
the same argument, S° C S and we can restrict our attention to functions in §°. Assume
that savings are strictly positive at wy and note that this implies that they are strictly
positive at w; and indeed for any w > wy as savings are increasing in w by part (ii) of
Proposition D.1. From the first-order condition for savings we have

TUU,<?,U0) = uc(wo — R_lho) = BRE[Uw<y/ + ho)]

and analogously for hy at w; and h(w,) at w,. Suppose v € S° and v, (w) is convex,
Yw € R, but that Tv,(w) is not convex, that is,

ue(wy, — R_lh(w<p>) = Twy(wy) > (1= @)Tvy(wo) + ¢Tvy(w1)
= (1 —)u.(wy — R he) + puc(wy — R hy) > u.(w, — R hy,),

and, thus, h(wy) > h,. But then, using the fact that v, (w) is convex, we have
(1= @) Elw(y’ + ho)l + eEw(y' + h1)] = Elvw(y’ + hy)] > Elve(y' + h(w,))]

and combining the two results, Tv,,(w,) > SRE[v,(y" + h(w,))], a contradiction. When
savings are zero at wi, then Tv,(w) = u.(w) in the relevant range which is convex by

3
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assumption. Let w* = inf,{h > 0}. The above shows that T'v,,(w) is convex on [0, w*|
and [w*, 00). Next we consider the case where wy < w* < wy.

Note that for w < w*, T, (w) = u.(w), and for w > w*, ¢ < w as h > 0 and hence
T, (w) = uc(c) > u.(w). First, consider ¢ € (0, 1) such that w, = (1—p)wy+pw; < w*;
then

(1 = @) Tow(wo) + @Tow(wr) > (1 = @)uc(wo) + puc(wr) = uc(wy) = Tow(wy).

If instead w, > w*, then define ¢* and ¢ implicitly by w* = (1 — ¢*)wy + ¢*w; and
w, = (1 — @)w* + ¢w, which implies that ¢ = (1 — @)¢* + ¢; then by the previous
argument

(1 — ") Ty (wo) + @ Ty (wy) > T, (w")

and hence

(1 = )Ty (wo) + Tvy(wr) = (1 —=@)[(1 — ") Tvy(wo) + @ Tvy(w1)] + ST vy (wr)
> (1 —@)Tv(w") + @Tv,(wy) > T, (wy,),

where the last inequality follows from the convexity above w*. Therefore, Tv,(w) is
convex with strict convexity at w*.

We already know that v € §° and for any v € §°, T"0 — v. But by above if we start
with © such that 0, (w,s) is convex, then T"v is convex; moreover, T"0,,(w, s) = u.(¢)
and the policy function converges, and hence so does the marginal value of net worth.
Thus, v, (w, s) is convex, too.

Part (ii): Define S and S° as in the proof of Proposition 5. Define the operator
T as in the proof of Proposition D.1 and define the operator T associated with 7(s')
analogously. Proceeding along the lines of the proof of part (i) of Proposition D.1, one
can show that T(S) € 8° € § and analogously for T'.

Pick & € S° such that o,(w) is convex. We show that if 770, (w) > T"0,(w), then
T (w) > T, (w). Suppose that T, (w) > T™0,(w), but that i < h, and hence
¢ > cand @' < w'. Using the first-order condition for savings, we have

uc(c) = E[BRT™v,(y + h)] < E[BRT™ vy (i + h)] < E[BRT™vy(0")] < ue(),

and thus ¢ > ¢, a contradiction. Thus, h > h, ¢ < ¢, and T, (w) > T"*10,, (w).
Since T"v — v and T"0,(w,s) = u.(c) (and analogously for 7'0), and the policy
functions converge, the value functions v and v satisfy the property, too. O

While this result is well-understood (see Leland (1968), Sandmo (1970), Sibley (1975),
and Kimball (1990)), we provide a simple and to the best of our knowledge novel proof
using a similar recursive approach to the one in the proof of Proposition 2. Again, we
emphasize that risk aversion is sufficient for state-contingent savings to be precautionary
in our model, in contrast to savings in incomplete markets models which require further
assumptions about preferences, in particular prudence, to guarantee precautionary be-
havior. Note that the presence of borrowing constraints strengthens the precautionary

4
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Figure D.1: Risk and Precautionary Behavior of Insurance and Saving

This figure displays the effect of an increase in risk on the precautionary behavior of insurance in our
model (top two panels) and of saving in a Bewley (1977) economy with convex u.(c). Household income
follows an independent three state Markov process with y(s’') € {y —o,y,y+ o} and 7(s') = 7, 1 — 27,,
and 7, respectively, with y = 1, o = 0.2, and 7, taking the values 0 (solid (black) — deterministic case),
0.2 (dash-dotted (green)), and 0.5 (dashed (red) — two state case as in Figure 2). For our model, the
top left panel displays insurance expenditures E[R~'h'] and the top right panel insurance for each state
next period h(s’) as a function of net worth for various values of m,. For the Bewley (1977) economy,
the bottom left panel displays saving h as a function of net worth for various values of 7,. The other
parameter values are as in Figure 2.
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demand for saving by inducing local convexity in the marginal utility of net worth (see
Deaton (1991)), but additional assumptions about preferences are required to guarantee
precautionary behavior globally.

Figure D.1 illustrates the effect of an increase in risk (that is, a mean-preserving
spread) on insurance in our model and on saving in the incomplete markets model when
the marginal utility is convex. The top left panel shows that in our model the expenditure
on state-contingent savings is precautionary (see Proposition 5). The bottom left panel
shows that, when u.(c) is convex, saving is precautionary in the Bewley economy (see
Proposition D.2). The example has an independent income process with three states.
Specifically, y(s') € {y — 0,y,y + o} with probabilities n(s") = mn,, 1 — 27,, and 7,
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respectively. We study an increase in risk in the sense of a mean-preserving spread by
considering values of 7, equal to 0 (in which case the economy is deterministic), 0.2, and
0.5 (which is the example studied in Figure 2).

Notice that the deterministic limit of our economy and the Bewley economy coincide
and hence the solid (black) line denoting “insurance” expenditure R~ in our model in
the top left panel is identical to the solid (black) line denoting saving R~'h in the Bewley
economy in the bottom left panel. In a deterministic economy, there is no “insurance” or
saving in the steady state, but for higher (and transitory) levels of net worth “insurance”
or saving is clearly positive as households dissave slowly.

In our model, insurance expenditures are increasing in risk (see the top left panel),
but the behavior of insurance for each state h(s’) is not monotone in risk. Indeed, one
can prove that inf,,{h(s’) > 0} is the same for all values of 7, and that in a neighborhood
above that threshold h(s') is decreasing in m,. But the top right panel shows that this
pattern reverses for higher levels of net worth. In contrast, in the example h(s') is
monotone increasing in 7,. In comparison, in the Bewley economy with convex marginal
utility, an increase in risk increases saving (as the bottom left panel shows), that is,
households save more for a given level of wealth than they would in the deterministic

economy.

Appendix D.2: Insurance when Households are Eventually Un-

constrained

Consider the limit of the economy in Section 2 where SR = 1, which means that house-
holds are eventually unconstrained.”® We show that the economy displays full insurance
under the stationary distribution in the limit and that household net worth is nevertheless
bounded in the limit. These results are related to results for the classic class of income fluc-
tuations problems studied among others by Yaari (1976), Schechtman (1976), Schechtman
and Escudero (1977), Bewley (1977, 1980), Aiyagari (1994), and especially Chamberlain
and Wilson (2000), in which households solve a consumption savings problem with non-
contingent debt and borrowing constraints, that is, have access to incomplete markets

52

only.”” Our results are similar in that there is complete consumption insurance in the

%0In the model with incomplete markets, Schechtman and Escudero (1977) provide conditions under

which households run out of buffer stock savings with positive probability.
! Aguiar, Amador, and Gopinath (2009) discuss the effect of impatience on the long run behavior of

models with limited commitment.
52In a calibrated life-cycle model with incomplete markets, Fuster and Willen (2011) study the trade-off

between insuring consumption across states and intertemporal smoothing quantitatively.
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limit, but they are rather different in that net worth is bounded in the limit whereas it
grows without bound in these related papers. Thus, our model features substantially less
asset accumulation than the canonical model with incomplete markets.

We emphasize that for net worth levels below the upper bound of net worth under
the stationary distribution wp,q(s), Vs € S (see the proof of Proposition 4 for an exact
definition), insurance is incomplete and increasing in current net worth even when SR = 1,
although such levels of net worth are transient. The main result of our paper hence obtains
even in this case, albeit only in the transition.

When income is independent over time and SR = 1, we know from equation (7) and
the envelope condition that v, (w) = v,(w') + X and therefore v, (w) is non-increasing
and w is non-decreasing.”® Denoting the upper bound of net worth under the stationary
distribution by w, we hence have v,,(w) > v, (w’), but by strict concavity v, () < v, (w'),
and thus w = w’, Vs’ € S, that is, w is absorbing. Note that for w < g, A(5') > 0 and
w(§') = y. Moreover, suppose 35’ € S, such that w' > g, then v,(y) > v,(w') and
A >0, that is, w’ = ¢ <y, a contradiction. Therefore, w’ = g, for all s € S. Thus, the
stationary net worth distribution collapses to unit mass at w = .

Proposition D.3 states that the full insurance result is general, that is, does not re-
quire independence of the income process. Moreover, as SR goes to 1, the stationary
distribution converges to the stationary distribution given SR = 1 and, when the income
process is independent, the stationary distribution for higher § first-order stochastically

dominates the distribution for lower j3.

Proposition D.3 (Full insurance under the stationary distribution in the limit). (%)
When BR = 1, the household engages in full insurance under the stationary distribution.
(ii) Let p*(B) be the stationary distribution of net worth for given 5. As 8 R71,
p*(B) = p*(R™'); moreover, when 1l(s,s') = n(s'), Vs,s' € S, if B+ > B, then p*(B;)
FOSD p*(5).

Proof of Proposition D.3. Part (i): From equation (7) and the envelope condition
that v,(w,s) = v,(w',s") + N and therefore v, (w, s) is non-increasing. Consider the
marginal value of net worth at the upper bound of the stationary distribution for some
state s, v, (w(s), s); suppose there exists some state, say, w.l.o.g., next period, such that
U (W(8),8) > vy,(w,s). But v,(w',s) > v,(w”, "), Vs € S, including s” = s. But
then, by concavity, v, (w(s), s) < v,(w”,s), a contradiction. Thus, v, (w, s) = v, (W', s),
Y(w,s), (w',s") in the support of the stationary distribution.

Part (ii): We first prove that as 3 R™!, p*(8) — p*(R™'). From the proof of
Proposition 4 and Theorem 11.4 in Stokey, Lucas, and Prescott (1989), we know that

lpoP(8)" = P (B)lla < (1= €)*llpo — p*(B)lla < (1 —€)*2,

3This result is reminiscent of the downward rigidity of wage contracts in Harris and Holmstrom (1982).
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where py and p*(() are defined in the proof of Proposition 4 and || - || denotes the total
variation norm, and we use the fact that the total variation norm is bounded by 2. Note
that € = £(;5) does not depend on 3.

Let 6, > 0, 6, \, 0. Given 4, there exists k, such that ||poP(B)* — p*(B)||a < 0,/2,
Vp3. Further, pick £, such that V5 > f,,

v3(5,5) = (BR)WE (w] (s), 5), w] (s) > y(s), and |w) () —w*(s)| < p, 1 <1 < ky, Vs # 5,

where vg_l(g, 5) = vﬁ_l(w*(s), s), Vs # 5. Note that by continuity of the optimal policy
in 8 we can ensure that there is such a (,. Essentially, for all 8 > (,, the household
insures all states (except the highest one) for the first k&, periods.

Define Ho(8) = {z € Z*(8)poP(B)" () > 0}, RalB) = {= € Z*(8)lmoP(B) (2) =
0} = Z*(8) \ Ha(B), and H,(8,s) = {z € Z*(B)|z = (w](s),5),1 <1 < k,}, Vs # 5, and
H,(8,5) = (5, 5)}. By construction, we have poP(8)" (Ho (8, 5)) = po PR ({(w*(s), 5)})
and poP(B)* (H,(8)) = poP(R™")*(Z*(R™")) = 1. For § > B,

| < 1" (B)(Ha(B, 5)) = poP(R™H)* ({(w"(s), 5)})]
w*(s),5)})]

w (), 8)})| < 80/2 + 60/2 = b,

which follows from the convergence in the total variation norm given any 3. Moreover,
Ha (5, 5) = {((s), 5)}, Vs £ 5, and p*(8)(Ra(5)) — 0 and p*(8) (Ha(5)) — 1.

We now prove that when Il(s, s") = n(s'), Vs,s' € S, if g, > , then p*(5,) FOSD
p*(8). We follow a proof strategy similar to the one used in Part (i) of Proposition 5.
Define the operator 7" as in the proof of Proposition 2. Let f, > f and denote variables
associate with 3, with a subscript +. As before, T(S) C §° C S and analogously for T

Pick & € 8°. We show that if T70,(w,s) > T",(w,s), then T 0, (w,s) >
T oy, (w, s). Suppose T70,(w, s) > T, (w, s), but that T7 o, (w, s) < T o, (w, s),
and hence by the envelope condition u.(c;) < u.(c), implying that ¢, > c and E[h/ |s] <
E[h'|s]. If so, there must exist a state s’ for which 0 < h,(s') < h(s') and wy(s") < w(s'),
but then

tel(es) < we(c) = BRT" 0, (w(s'), s') < BRI v, (w.(s'), ') < B RTTvu(ws (), ') < ucley).

a contradiction. Hence, T} 1'%, (w, s) > T4, (w, s), ¢y < ¢, and E[I, |s] > E[N|s].
Since T"0 — v and T"0,(w, s) = u.(c) (and analogously for T',v), and the policy
functions converge, the value functions v and v, satisfy the property, too.
Note that if II(s,s’) = w(s’), Vs,s’ € S, then net worth in the insured states wy, is
constant and E[h/,] > E[l'] implies wj; > wj. In this case we can follow the proof of
Part (i) of Proposition 4 and start at (¢, s), a recurrent state, with the distribution
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Let P(f) denote the transition matrix on the induced state space z = (w,s) € Z*(8).
Then poP(B34)* FOSD poP(8)* and hence p*(3;) FOSD p*(8). O

In the case of a symmetric two state Markov chain for income, we can solve for the
stationary distribution of net worth in closed form. Specifically, say S = {sr, sy} with
sp, < sy, and H(sg, sy) = (s, sp) = p. We use subscripts L and H where convenient.
Using the fact that the stationary distribution of y is (1/2,1/2) and that wy = yy since
the household does not insure the highest state next period given stochastic monotonicity
(see Proposition 3), wr, = yr + hr, cg = wg — (1 — p)R™'hy, cp = wy — pR~'hy, and

cy = cr, that is, full insurance, we obtain

R 1 r

= _R — p(yH_yL)7 WL,—wyg = L(yH_yL)’ Cg=¢C=cCc= E[y]—i_éR — p

h
L R—p

(yH—yL)

where p =2p —1 > 0 and r = R — 1. When income is independent over time, p = 1/2
and p = 0, we have hy = yg — yr, wg = wy, = yg, and ¢ = Ely] +r/R(yg — Ely]).

Note that wy > wgy and that the difference wy —wy is increasing in the persistence p.
So net worth as we defined it is higher in the low state than in the high state. To see why
this is, denote the present value of income (ex current income), that is, human capital,
by PV, and note that

PVy = R '(p(ym + PVi) + (1 —p)(yr + PVL))
PV, = R N(1—p)(yg + PVe) +plyr + PV0))

which implies that PVy — PV, = w;, — wy or wyg + PVyg = wy + PV}, that is, total
wealth, (financial) net worth plus human capital, is constant across states. When the
household has low current income, his (financial) net worth is high to compensate for the
reduction in present value of future labor income. When income is independent over time,
the present value of future labor income is constant across states and so is the household’s
(financial) net worth.

To sum up, when SR = 1, households are eventually unconstrained and fully insured,
but their net worth remains finite, in contrast to the models with incomplete markets in

which households accumulate infinite buffer stocks to smooth consumption in the limit.>*

Appendix D.3: Financing Human Capital

Age-income profiles are upward sloping on average partly because of economic growth

and partly presumably because of learning by doing, that is, skill accumulation with ex-

*That said, assuming B3R < 1, Castafieda, Diaz-Giménez, and Rios-Rull (2003) and the subsequent
literature are able to match the wealth accumulation in calibrated incomplete markets models.
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perience. These properties of the labor income process give households further incentives
to borrow as much as they can against their durable goods, such as housing, and thus
exhaust their debt capacity and do not purchase insurance.””

Suppose moreover that households are able to invest in human capital (or education) e.
An amount of human capital e invested in the current period, which includes both foregone
labor income and direct costs, results in income A’f(e) in state s’ next period, where f
is strictly increasing and strictly concave, lim, .o f.(e) = +oo, and lim, ,, fo(e) = 0,
and the productivity of human capital A" > 0, for all &' € S, is described by a Markov
process also summarized by state s. Human capital depreciates at a rate d. € (0,1).
Note that households in our model can borrow against neither future labor income nor
human capital, as education capital is inalienable, and can only borrow against durable
goods. The household’s problem is to choose (non-negative) consumption ¢, (fully levered)
durable goods k, human capital e, and a portfolio of Arrow securities A’ (with associated
net worth w’) for each state s’ given the exogenous state s and net worth w (cum current
income, durable goods net of borrowing, and human capital) to maximize (8) subject to

the budget constraints for the current and next period, Vs’ € S,

w > c+pk+e+ E[RT'W|s], (D.6)
Afe) +e(1—6)+ (01— k(=) + 1 > w (D.7)

and the short-sale constraints (4), Vs’ € S. Note that the household’s problem is still

well behaved, that is, the constraint set is convex.

Proposition D.4 (Insurance and human capital investment). In the problem with in-
vestment in human capital, if a household’s current net worth w is sufficiently low, the
household is constrained against all states next period and hence does not engage in in-

surance.

Proof of Proposition D.4. The household’s Euler equation for investment in human
capital can be written as

R ﬂ%m’ﬂf(e) s ]
> H(s,s’)ﬁM(A(S’)fe(e) +(1-46.)), Vs, ses.

U (w, $)

The budget constraint (D.6) implies that w > e and hence as w goes to zero, so does e
implying that f.(e) goes to +00. But then Sv,(w’, s") /v, (w, s) must go to zero, Vs’ € S,
using the Euler equation for investment in education, and, using equation (7), SA’'/p must

55Such age-income profiles can be captured by specifying the Markov chain for income appropriately.
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go to R~! implying that the multipliers on the short-sale constraints X > 0, Vs’ € S. O

The intuition is that if the household’s net worth is sufficiently low, then the house-
hold’s human capital has to be very low, too, and thus the marginal rate of transformation
on investment in human capital must exceed the return on saving net worth for state s,
for all states. Thus, investment in education is an additional reason why households are
likely to have higher net worth later in life, giving them further incentives to finance as
much of their durable goods purchases as they can, rather than using their limited ability

to pledge to shift funds across states later on.

Appendix D.4: Risk Management and the Rent vs. Buy Decision

In the analysis so far we have not considered households’ ability to rent durable goods.
If there were a frictionless rental market, ownership of a durable good and the use of its
services would be separable. The need to collateralize claims might still limit risk sharing,
but tenure choice would not affect households’ portfolio choice. Moreover, households’
demand for housing services would not induce a substantial financing need in that case.

We consider a rental market that is not frictionless. Renting durable goods is possi-
ble, albeit costly, but relaxes collateral constraints as landlords or lessors can more easily

56

repossess rented durables.”® Sufficiently constrained households choose to rent, which
affects their risk management or portfolio choice. Because renting housing is costly,
households will continue to have a strong incentive to own housing and hence face consid-
erable financing needs for housing. We are able to characterize the interaction between
risk management and home ownership since in our model markets are complete, although
subject to collateral constraints. In contrast the literature typically studies the interaction
of the risk of home ownership and portfolio choice under the assumption that markets
are incomplete. Sinai and Souleles (2005) argue that both home ownership and renting
are risky when households do not have access to complete markets.®”

The household can purchase durable goods as before as well as rent them. We denote
the total amount of durable goods of the household by k, owned durables by k, and rented
durables by k;, where k = k, + k;. Given the current price of durables ¢(s) in state s, the

user cost of rented capital is u(s) = rq(s) — (E[¢'|s] —q(s)) + E[¢'|s] (6 +m) where m is the

*0Eisfeldt and Rampini (2009) and Rampini and Viswanathan (2013) analyze a similar market for

rented capital in a corporate finance context.
5TOur model may also provide a useful framework to study household interest rate risk management,

which Campbell and Cocco (2003) model as the choice of mortgage type, specifically the choice between
adjustable rate mortgages (ARMs) and fixed rate mortgages.
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landlord’s or lessor’s monitoring cost per unit of durable asset, which we assume is paid
in terms of durable goods at the end of the period.”® Because of limited enforcement, the
household has to pay the rental fee up front, in present value terms, that is, R~1u;(s).
The household’s problem with renting, formulated recursively, is to choose (non-
negative) consumption ¢, (fully levered) owned and rented durable goods k, and k; and a
portfolio of Arrow securities A’ for each state s’ (and associated net worth w’) given the
exogenous state s and the net worth w (cum current income and owned durable goods
net of borrowing), to maximize (8) subject to the budget constraints for the current and

next period, Vs’ € S,

w > c+ p(s)k, + R 'w(s)ky + E[R7'R|s],  (D.8)
Y+ (1—0)dko(1—=06)+h > (D.9)

the non-negativity constraints on owned and rented durables,
ko, k; > 0, (D.10)

and the short-sale constraints (4), Vs’ € S.
Defining the multipliers as before, the first-order conditions are (5) through (7) and

v

p(s)p = Bor(k) + E[Bp'(1 - 0)q'(1 - 9)]s], (D.11)
RMwy(s)p > Bge(k). (D.12)

Using (D.11) and (D.12) one can show that a necessary condition for the household to rent
some durables is that the down payment required to purchase durables exceeds the rental
cost, that is, p(s) — R~ 1uy(s) > 0, as renting is otherwise dominated. Moreover, when the
household is severely constrained, the household rents all its durable assets; the intuition
is that renting durables allows the household to borrow more. Such households also
typically do not hedge as noted throughout. There is an interesting interaction between
the rent vs. buy decision and hedging. Since renting allows higher leverage, renters’ net
worth becomes rather volatile, and hence renters with sufficient net worth may partially
hedge until they reach net worth levels where they start to own their durables. Households
with higher net worth on the other hand own some or all of their durables, and may hedge
income and durable goods price risk. This implies that household risk management may

no longer be monotone in household net worth.

58Note that if the price of durable goods were constant and normalized to 1, then u; = 7+ +m which
is the sum of Jorgenson’s (1963) frictionless user cost r 4+ § plus the monitoring cost m. The additional

term adjusts the user cost for the expected capital gain or loss E[¢'|s] — ¢(s).
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Figure D.2: Rent vs. Buy and Durable Goods Price Risk Management

This figure displays household risk management with durable goods price risk when households can
choose to rent as well as buy durables and where income and durable goods prices each follow an
independent two state Markov process which is independent over time. The solid (dashed) lines plot
the policies for the low (high) price state next period (except where noted otherwise). The darker (and
red) lines are associated with s and the lighter (and green) lines with 5. Top left: hedging h’; top right:
net worth next period w’ and 45-degree line (dotted); bottom left: consumption ¢; and bottom right:
consumption of durable goods, total k (dotted), owned k, (solid), and rented k; (dashed). Parameters
are as in Figure 4 except that the monitoring cost m = 0.02.

087 -
2
5 06 [ 8
x
S g
8 04r c
T 5
s
027 ~ 5 0.5
S z
/ N
0~ : : : 0 : : :
1 1.5 2 1 15 2
Current net worth (w) Current net worth (w)
- 3
- 06 /
g g
[oN =
Eo04f 82
[%2]
S a
o2t 1 1
0 : : : 0 : : :
1 1.5 2 1 1.5 2
Current net worth (w) Current net worth (w)

Interestingly, renters’ hedging demand for durable goods price risk may have the
opposite sign from that of households who own most of their durables. That said, since
renting is endogenous and more constrained households rent, the demand from renters
for hedging claims which pay off in high durable goods price states may be low.

Figure D.2 illustrates risk management when households can rent and buy durables,
say housing. We assume that the income and price processes are independent of each
other and independent across time. This allows us to separate hedging of income and
price risk. The bottom right panel shows that households rent when their net worth is
low but substitute to owning houses as net worth increases. Rented houses are smaller
than owned houses because renters are low net worth households. Households rent and

buy smaller houses, and consume fewer non-durables, when the price of housing is high.
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Moreover, households start to own housing at higher levels of net worth, so rent longer,
when the price of housing is high, as high house prices imply larger down payments and
hence households are more constrained all else equal, that is, for given net worth.

The top left panel shows households’ risk management which displays the by now
familiar properties with two noteworthy changes: since renting allows higher leverage,
households are more inclined to hedge when they rent; indeed, for moderate levels of net
worth households are hedging but switch back to not hedging at all at higher levels of
net worth. Thus, hedging is no longer monotone increasing in net worth. Moreover, the
house price affects the level of hedging as households purchase larger houses when the
price is low forcing them to save more and in turn reducing their incentives to save, and
hedge, using financial assets.

The other main additional insight regards the sign of the hedging demand: households,
in particular renters, hedge the high house price state. Note that when income and the
price of housing are independent, there are four states next period that households could
hedge. As before, households primarily hedge the low income state, except for households
with very high net worth. More interestingly, households hedge the high price state, that
is, buy more claims for the state with low income and high house prices than for the state
with low income and low house prices; to see this in the figure, note that the dashed lines
(associated with high house prices) are above the corresponding solid lines (associated
with low house prices). Here it is important to keep in mind that the example features
isoelastic preferences with v = 2. Renting has implied collateralization one and hence the
fact that renters hedge the high house price state is related to the results in Proposition 7
for v > 1; high house prices increase the marginal value of net worth, all else equal. For
owners there is an additional effect, that is, all else is not equal: owners’ home equity
(1 —0)d'k(1 — 0) is worth more when house prices are high. This effect reduces the
marginal utility of net worth when prices are high, but in the example the first effect
dominates and even home owners hedge the high price state somewhat more.

As emphasized in the main paper, our results on durable goods price risk management
imply that financial constraints may be at the heart of the absence of hedging of house
prices, and that the sign of the hedging demand depends on whether households rent or

buy as well as on households’ preferences and their ability to borrow.
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