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Abstract

We propose a dynamic theory of financial intermediaries that are better able
to collateralize claims than households, that is, have a collateralization advantage.
Intermediaries require capital as they have to finance the additional amount that
they can lend out of their own net worth. The net worth of financial intermediaries
and the corporate sector are both state variables affecting the spread between in-
termediated and direct finance and the dynamics of real economic activity, such as
investment, and financing. The accumulation of net worth of intermediaries is slow
relative to that of the corporate sector. The model is consistent with key stylized
facts about macroeconomic downturns associated with a credit crunch, namely, their
severity, their protractedness, and the fact that the severity of the credit crunch
itself affects the severity and persistence of downturns. The model captures the
tentative and halting nature of recoveries from crises.
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1 Introduction

The capitalization of financial intermediaries is arguably critical for economic fluctua-
tions and growth. We provide a dynamic theory of financial intermediaries that have
a collateralization advantage, that is, are better able to collateralize claims than house-
holds. Financial intermediaries require net worth as their ability to refinance their loans
to firms by borrowing from households is limited, as intermediaries need to collateralize
their promises as well. Importantly, since both intermediaries and firms are subject to
collateral constraints, the net worth of both plays a role in our model, in contrast to most
previous work, and these two state variables jointly determine the dynamics of economic
activity, investment, financing, and loan spreads. A key feature of our model is that the
accumulation of the net worth of intermediaries is slow relative to that of the corporate
sector. The slow-moving nature of intermediary capital results in economic dynamics
that are consistent with key stylized facts about macroeconomic downturns associated
with a credit crunch, namely, their severity, their protractedness, and the fact that the
severity of the credit crunch itself affects the severity and persistence of downturns. Most
uniquely, the model captures the tentative and halting nature of recoveries from crises.

In the model firms need to finance investment and can raise financing from both inter-
mediaries and households. Firm financing needs to be collateralize with tangible assets
and is subject to two types of collateral constraints, one for loans from households and
one for loans from intermediaries. Firms require net worth as collateral constraints limit
financing. Intermediaries are better able to enforce collateralized claims and thus can
lend more to firms than households can. However, intermediaries have to collateralize
their promises as well, and can borrow against their corporate loans only to the extent
that households themselves can collateralize the assets backing these loans. Thus, in-
termediaries need to finance the additional amount that they can lend out of their own
net worth, giving a role to financial intermediary capital. We show that these collateral
constraints can be derived from an economy with limited enforcement that constrains
firms’ and intermediaries’ ability to make credible promises.*

We focus our analysis on the deterministic version of the economy and start by ana-
lyzing the steady state. In the steady state, intermediaries are essential in our economy
in the sense that allocations can be achieved with financial intermediaries, which cannot
be achieved otherwise. Since intermediary net worth is limited, intermediated finance
commands a positive spread over the interest rate charged by households. Moreover,

'We model limited enforcement & la Kehoe and Levine (1993) but without exclusion, as in Chien
and Lustig (2010) and Rampini and Viswanathan (2010, 2013), and extend their results by introducing
limited participation as well. Intermediaries, but not households, participate in markets at all times which
affords intermediaries with an advantage in enforcing claims. This economy with limited enforcement
without exclusion and with limited participation is equivalent to our economy with collateral constraints.



in the steady state, the equilibrium capitalization of both the representative firm and
intermediary are positive. Steady state firm net worth is determined by the fraction of
tangible assets that firms cannot pledge to intermediaries or households and thus have
to finance internally, while steady state intermediary net worth is determined by the
fraction of investment that intermediaries have to finance due to their collateralization
advantage, that is, by the difference in the ability to enforce collateralized claims between
intermediaries and households.

Away from the steady state, the equilibrium spread on intermediated finance is de-
termined by firm and intermediary net worth jointly. Intermediary net worth increases
intermediated loan supply and hence reduces the spread all else equal. In contrast, firm
net worth has two opposing effects on intermediated loan demand: on the one hand,
firm net worth increases investment, lowering the levered marginal product of capital,
reducing firms’ willingness to pay, and lowering the spread; on the other hand, firm net
worth, by increasing investment, increases firms’ collateralizable assets, which in turn
raises loan demand, raising the spread. Hence, the spread can be high or low when firm
net worth is low as it depends on the relative capitalization of firms and intermediaries.
When intermediary net worth is relatively scarce, the collateral constraint on interme-
diated finance is slack and firm net worth reduces the spread. When firm net worth
is relatively scarce instead, the collateral constraint on intermediated finance binds and
firm net worth increases the spread as it increases firms’ ability to pledge and hence loan
demand. This interaction of loan supply and demand results in rich and subtle dynamics
for intermediated finance and its spread.

In the dynamics of our model, two state variables, the net worth of firms and interme-
diaries, jointly determine the dynamic supply and demand for intermediated loans and
the equilibrium intermediary interest rate. A key feature of the equilibrium dynamics is
that intermediary net worth accumulation is slow relative to corporate net worth accumu-
lation, at least early in a recovery; the reason is that intermediary net worth grows at the
intermediary interest rate, which is at most the marginal levered product of capital, and
may be lower than that when the collateral constraint on intermediated finance binds;
in contrast, firms accumulate net worth at the average levered product of capital, which
exceeds the marginal levered product of capital.

Several aspects of the dynamic response of the economy to drops in the net worth of
firms, intermediaries, or both are noteworthy. First, consider the response of the economy
to a drop in corporate net worth only. In such a downturn, corporate investment drops
and the collateral constraints on intermediated finance implies a reduction in firms’ loan
demand for intermediated loans. Facing reduced corporate loan demand, intermediaries
respond by paying dividends and may lend to households at an interest rate less than
their rate of time preference, that is, hold “cash;” thus, initially, the intermediary interest



rate drops. The reason that intermediaries conserve net worth despite temporarily low
interest rates is that, since firms reaccumulate net worth faster, corporate loan demand
is expected to recover relatively quickly and intermediary capital becomes scarce again,
raising the intermediary interest rate.

Second, the recovery from a drop in intermediary net worth (a “credit crunch”) is
relatively slow making such episodes protracted. In a credit crunch, the spread on in-
termediary finance rises and investment drops even if the corporate sector remains well
capitalized, as firms are forced to delever due to the limited supply of intermediated loans
and thus have to finance a larger part of their investment internally. Indeed, deleveraging
may mean that firms temporarily accumulate more net worth then they retain in the
steady state. Moreover, and importantly, a credit crunch can have persistent real effects
as corporate investment may not recover for a prolonged period of time, due to the slow
recovery of intermediary capital.

Third, a drop in both corporate and intermediary net worth (a downturn associated
with a credit crunch) makes the downturn more severe and the recovery more protracted,
featuring a higher spread on intermediated finance. Moreover, the recovery can stall,
after an initial relatively swift recovery, when firm net worth has partially recovered
while intermediaries have yet to recover. When the economy stalls, firms may seem
to be well capitalized because they are paying dividends, but the economy nevertheless
has not fully recovered. The severity of the credit crunch itself significantly affects the
depth and protractedness of the macroeconomic downturn and the spike in the spread
on intermediary finance; indeed, the recovery from a downturn associated with a more
severe credit crunch is especially slow and halting, with output depressed and the spread
elevated for a prolonged period of time. Finally, our theory predicts that in a bank-
oriented economy downturns associated with a credit crunch are more severe and more
protracted, with longer stalls of the recovery at lower levels of investment. Thus, the
recovery from crises in bank-oriented economies may be more sluggish than in economies
with more market-oriented financial systems.

We revisit the evidence on the effect of financial crises from the vantage point of our
theory. There are three main stylized facts about downturns associated with financial
crises that emerge from prior empirical work: (i) downturns associated with financial crises
are more severe; (ii) recoveries from financial crises are protracted and often tentative; and
(iii) the severity of the financial crises itself affects the severity and protractedness of the
downturn. Consistent with this evidence, our model predicts that the effects of a credit
crunch on economic activity is protracted due to the slow accumulation of intermediary
net worth. But perhaps most uniquely, our model captures the tentative and halting
nature of recoveries from such episodes emphasized by Reinhart and Rogoff (2014) and
allows the analysis of the severity of the credit crunch itself on the recovery. Thus, our



model implies empirically plausible dynamics.

Few extant theories of financial intermediaries provide a role for intermediary capital.
Notable is in particular Holmstrém and Tirole (1997) who model intermediaries as moni-
tors that cannot commit to monitoring and hence need to have their own capital at stake
to have incentives to monitor. In their static analysis, firm and intermediary capital are
exogenous and the comparative statics with respect to these are analyzed. Holmstrom
and Tirole conclude that “[a] proper investigation ... must take into account the feedback
from interest rates to capital values. This will require an explicitly dynamic model, for
instance, along the lines of Kiyotaki and Moore [1997a].” We provide a dynamic model
in which the joint evolution of firm and intermediary net worth and the interest rate on
intermediated finance are endogenously determined. Diamond and Rajan (2001) and Dia-
mond (2007) model intermediaries as lenders which are better able to enforce their claims
due to their specific liquidation or monitoring ability in a similar spirit to our model, but
do not consider equilibrium dynamics. In contrast, the capitalization of intermediaries
plays essentially no role in liquidity provision theories of financial intermediation (Dia-
mond and Dybvig (1983)), in theories of financial intermediaries as delegated, diversified
monitors (Diamond (1984), Ramakrishnan and Thakor (1984), and Williamson (1986))
or in coalition based theories (Townsend (1978) and Boyd and Prescott (1986)).

Dynamic models in which net worth plays a role, such as Bernanke and Gertler (1989)
and Kiyotaki and Moore (1997a), typically consider the role of firm net worth only,
although dynamic models in which intermediary net worth matters have recently been
considered (see, for example, Gertler and Kiyotaki (2010) and Brunnermeier and Sannikov
(2014)).2 However, to the best of our knowledge, we are the first to consider a dynamic
contracting model in which both firm and intermediary net worth are critical and jointly
affect the dynamics of financing, spreads, and economic activity.

In Section 2 we describe the model with two types of collateral constraints, for inter-
mediated and direct finance, respectively, and discuss how these collateral constraints can
be derived in an economy with limited enforcement and limited participation. Section 3
shows that intermediation is essential in our economy and determines the capitalization
of intermediaries and spreads on intermediated finance in the steady state. The dynamics
of intermediary capital are analyzed in Section 4, focusing on the dynamic interaction
between corporate and intermediary net worth, the two state variables in the model;
specifically, we consider the effects of a downturn, a credit crunch, and a downturn asso-
ciated with a credit crunch. In Section 5 we use the model to revisit three main stylized
facts about downturns associated with financial crises. Section 6 considers risk manage-

ment of financial intermediary capital. Section 7 concludes. All proofs are in Appendix A.

2Gromb and Vayanos (2002) and He and Krishnamurthy (2012) study the asset pricing implications
of intermediary net worth in dynamic models.



2 Collateralized finance with intermediation

We propose a dynamic model of financial intermediaries that have a collateralization
advantage, that is, are better able to collateralize claims than households. In the model
firms can borrow from both intermediaries and households, and all financing needs to be
collateralized. Firm financing is subject to two types of collateral constraints, one for
loans from households and one for loans from intermediaries. Since intermediaries are
better able to enforce collateralized claims, they can lend more than households, but the
additional amount that they can lend has to be financed out of their own net worth,
giving a role to financial intermediary capital. Thus, the net worth of both intermediaries
and firms are state variables and jointly determine economic activity.

We show that these collateral constraints can be derived from an economy with limited
enforcement that constrains firms’ and intermediaries’ ability to make credible promises.
Intermediaries, but not households, participate in markets at all times which affords inter-
mediaries with an advantage in enforcing claims. This economy with limited enforcement
and limited participation is equivalent to our economy with collateral constraints.

2.1 Environment

Time is discrete and the horizon infinite. We focus on a deterministic environment here
and study a stochastic environment in Section 6. There are three types of agents: en-
trepreneurs, financial intermediaries, and households; we discuss these in turn.

There is a continuum of entrepreneurs or firms with measure one which are risk neutral
and subject to limited liability and discount the future at rate 5 € (0,1). We consider an
environment with a representative firm. The representative firm (which we at times refer
to simply as the firm or the corporate sector) has limited net worth wy > 0 at time 0 and
has access to a standard neoclassical production technology; an investment of capital k;
at time ¢ yields output Af(k;) at time ¢ + 1 where A > 0 is the total factor productivity
and f(-) is the production function, which is strictly increasing and strictly concave and
satisfies the Inada condition limy_,q fx(k) = +o00. Capital depreciates at rate 6 € (0,1).
The firm can raise financing from both intermediaries and households as we discuss below.

There is a continuum of financial intermediaries with measure one which are risk
neutral, subject to limited liability, and discount future payoffs at 5; € (0,1). We consider
the problem of a representative financial intermediary with limited net worth w;y > 0 at
time 0. Intermediaries can lend to and borrow from firms and households as described
in more detail below.

3There is a representative intermediary in our model since intermediaries have constant returns to
scale, making the distribution of intermediaries’ net worth irrelevant and aggregation in the intermedia-
tion sector straightforward, and thus only the aggregate capital of the intermediation sector matters.



There is a continuum of households with measure one which are risk neutral and
discount future payoffs at a rate R~! € (0,1). Households have a large endowment of
funds and collateral in all dates, and hence are not subject to enforcement problems but
rather are able to commit to deliver on their promises. They are willing to provide any
claim at a rate of return R as long as the claims satisfy the firms’ and intermediaries’
collateral constraints.

We assume that 8 < 3; < R™!, that is, households are more patient than intermedi-
aries which in turn are more patient than the firms. Since firms and intermediaries are
financially constrained, they would have an incentive to accumulate net worth and save
themselves out of their constraints. Assuming that firms and intermediaries are impatient
relative to households is a simple way to ensure that their net worth matters even in the
long run. Moreover, assuming that intermediaries are somewhat more patient than firms
implies that the net worth of both the corporate sector and the intermediary sector are
uniquely determined in the long run, too. We think these features are desirable properties
of a dynamic model of intermediation and are empirically plausible.

Financial intermediaries in this economy have a collateralization advantage. Specifi-
cally, intermediaries are better able to collateralize claims than households; intermediaries
can seize up to fraction 6; € (0,1) of the (resale value of) collateral backing promises is-
sued to them whereas households can to seize only fraction 6 < 6;, where 6 > 0.

One interpretation of the environment is that there are three types of capital, working
capital, equipment (fraction 6; — 6), and structures (fraction 6) (see Figure 1). Firms
have to finance working capital entirely out of their own net worth. Only intermediaries
can lend against equipment, but both households and intermediaries can lend against
structures. Equipment loans have to be extended by intermediaries and have to be finance
out of financial intermediary capital. We refer to these loans as intermediated finance.
In contrast, structure loans can be provided by either intermediaries or households. We
assume that these loans are provided by households and refer to such loans as direct
finance. This is without loss of generality and we could equivalently assume that all
corporate loans are extended by the intermediary who in turn borrows from households,
which we refer to as the indirect implementation. However, we focus on the (equivalent)
direct implementation in which households extend all structure loans directly throughout
as it simplifies the notation and analysis.*

We assume that loans are one-period and the economy has markets in two types
of one-period ahead claims, claims provided by intermediaries and claims provided by
households, each subject to a collateral constraint. These collateral constraints are similar
to the ones in Kiyotaki and Moore (1997a), except that there are different collateral

YHolmstrém and Tirole’s (1997) model of financial intermediation also has two implementations — a
direct one and an indirect one — which are equivalent and they, too, focus on the direct implementation.



constraints for promises to pay intermediaries and households.

Here we simply assume that there are only one-period ahead claims and that inter-
mediaries provide the equipment loans, and only the equipment loans, and must finance
these out of their own net worth. In Section 2.3 we provide an environment with limited
enforcement and limited participation which is equivalent to the economy with collat-
eral constraints described here. In that environment each period has two subperiods,
morning and afternoon, and equipment can serve as collateral only in the morning. The
key assumption affording intermediaries an enforcement advantage is that intermediaries,
but not households, participate in markets at all times; thus, equipment loans must be
provided by intermediaries. Moreover, limited enforcement of intermediaries’ liabilities
implies that intermediaries must finance such loans out of their own funds. Thus, the
properties we assume here are in fact endogenous properties of optimal dynamic contracts.

2.2 Economy with collateral constraints

We write the firm’s and intermediary’s problems recursively by defining an appropriate
state variable, net worth, for the firm (w) and intermediary (w;).> The state of the
economy z = {w, w;} comprises these two endogenous state variables, the net worth of the
corporate sector w and of the intermediary sector w;. The interest rate on intermediated
finance R! depends on the state z of the economy, as shown below, but we suppress the
argument for notational simplicity.

The firm’s problem stated recursively is, for given net worth w and aggregate state z,
to maximize the discounted expected value of future dividends by choosing a dividend
payout policy d, capital k, promises 0’ and b, to households and intermediaries, and net
worth w’ for the next period, taking the interest rate on intermediated finance R, and its
law of motion as given, to solve

/ /
v(w, z) = {d7kr£1%z<7w/} d+ pu(w', 2" (1)

subject to the budget constraints for the current and next period

w > d+k—V -, 2)
Af(k)+k(1—-6) > w +RY+ RY, (3)

the collateral constraints for loans from intermediaries and households

(0, — 0)k(1—06) > R, (4)

171

0k(1—0) > R, (5)

5Tn our model with collateral constraints net worth, properly defined, turns out to be the most con-
venient state variable, whereas the state variable is typically continuation utility in dynamic contracting
models in the literature.



and the non-negativity constraints
d,k,b; > 0. (6)

Next period the firm repays Rb’ to households and R}b, to financial intermediaries as the
budget constraint for the next period, equation (3), shows. While equation (3) is stated as

an inequality, which allows for free disposal, it binds at an optimal solution, and hence we
can define the net worth of the firm (next period) as w' = A'f (k) + k(1 —§) — RV — Rb,
that is, cash flows plus assets (net of depreciation) minus liabilities. The budget constraint
for this period, equation (2), states that current net worth can be spent on dividends and
purchases of capital net of the proceeds of the loans from households and intermediaries.
The interest rate on loans from households R is constant as discussed above.

In the direct implementation which we focus on, equipment loans are provided by
intermediaries and all structure loans are provided by households. Our economy has two
types of collateral constraints (4) and (5), illustrated in Figure 1; these state that repay-
ments to intermediaries and households cannot exceed the residual value of equipment
and structures, respectively.® These collateral constraints are inequality constraints and
may or may not bind.

The intermediary’s problem stated recursively is, for given net worth w;, to maximize
the discounted value of future dividends by choosing a dividend payout policy d;, loans
to households !, intermediated loans to firms I}, and net worth w, next period to solve

i iy = dl iVl /'7 ' 7
) = e do Bt ) @

subject to the budget constraints for the current and next period

w; > di + 141, (8)
RI'+ Rl > W) (9)

and the non-negativity constraints
di, ', 1; > 0. (10)

We can define the net worth of the intermediary (next period) as w} = Rl’' + R;l}, that
is, the sum of the proceeds from loans to households and firms (as equation (9) binds
at an optimal solution). Recall that we focus on the direct implementation in which the

intermediary only lends the additional amount that it can take as collateral from firms to

A model with two types of collateral constraints is also studied by Caballero and Krishna-
murthy (2001) who consider international financing in a model in which firms can raise funds from
domestic and international financiers subject to separate collateral constraints.



simplify the analysis (but this is without loss of generality). In this direct implementation,
the intermediary can lend to households but not borrow from them (I’ > 0); thus, the
intermediary’s collateral constraint reduces to a short-sale constraint.”

We now define an equilibrium for our economy which determines both aggregate eco-

nomic activity and the cost of intermediated finance.

Definition 1 (Equilibrium). An equilibrium is an allocation x = [d, k,b', b}, w'] for the
representative firm and x; = [d;, U, I}, w}] for the representative intermediary for all dates
and an interest rate process R for intermediated finance such that (i) x solves the firm’s
problem in (1)-(6) and z; solves the intermediary’s problem in (7)-(10) and (ii) the market

for intermediated finance clears in all dates, that is, l; = b..

Note that equilibrium promises are default free, as the promises satisfy the collateral
constraints (4) and (5), which ensure that neither firms nor financial intermediaries are
able to issue promises on which it is not credible to deliver.

The first-order conditions of the firm’s problem in equations (1) to (6), which are
necessary and sufficient, can be written as

wo= 14y, (11)
po= B [Afi(k)+ (1=0)]+ N0+ X(0; —0)](1-0)), (12)
pw = RBu + RAN, (13)
po= Rpu + RpN — Ripv, (14)
poo= v(w 2, (15)

where the multipliers on the constraints (2) through (5) are p, Su/, SN, and S, and v,
and R;Sv] are the multipliers on the non-negativity constraints on dividends and inter-
mediated borrowing.® The envelope condition is v, (w, z) = p, the marginal value of firm
net worth, which by equation (11) exceeds 1 and equals 1 when the firm pays dividends,
as does the marginal value of net worth next period, denoted p' (see equation (15)).
Define the down payment @ when the firm borrows the maximum amount it can from
households only as p = 1 — R7'6(1 — §). Similarly, define the down payment when the
firm borrows the maximum amount it can from both households (at interest rate R)
and intermediaries (at interest rate R}) as g;(R}) = 1 — [R710 + (R))~Y(0; — 0)](1 — )
(illustrated at the bottom of Figure 1). Note that the down payment, at times referred

"In the indirect implementation, the intermediary’s collateral constraint implies that the intermediary
can borrow from households up to the value of corporate loans the intermediary has extended against
structures (see Section 2.3 and Appendix B, especially equation (B.24), for details).

8We ignore the constraints that k& > 0 and w’ > 0 as they are redundant, due to the Inada condition
and the fact that the firms can never credibly promise their entire net worth in next period (which can
be seen by combining (3) at equality with (4) and (5)).

9



to as the margin requirement, is endogenous in our model. Using this definition and
equations (12) through (14) the firm’s investment Euler equation can be written as

1> ﬁ%/ A/fk (k) +pf(1R_;>91)(1 — 5)’ (16)

which obtains whether or not the collateral constraints bind.

The first-order conditions of the intermediary’s problem in equations (7) to (10), which

are necessary and sufficient, can be written as

i = 1+ng,
wi = RBiu;+ RBi,
wi = RS + RiGm.,

M; = in(wzl"zl)?

where the multipliers on the constraints (8) and (9) are u; and f;u;, and 14, RB;1', and
R;;n; are the multipliers on the non-negativity constraints on dividends and direct and
intermediated lending. The envelope condition is v;,,(w;, 2) = p;, the marginal value of
intermediary net worth, which exceeds 1 by equation (17) and equals 1 when dividends are
paid, as does the marginal value of net worth next period, denoted 1 (see equation (20)).

Equations (18) and (19) imply that intermediaries lend to households only when R, = R.

2.3 Deriving collateral constraints from limited enforcement

This section describes an economy with limited enforcement which is equivalent to the
economy with collateral constraints described above. We first describe the environment
with limited enforcement, allowing for long-term contracts, and then sketch our equiv-
alence result which we formally state and prove in Appendix B.? This equivalence is
significant for three reasons; it shows that (i) intermediaries must provide equipment
loans, that is, loans against the additional amount of collateral they can seize; (ii) inter-
mediaries must finance these loans out of their own net worth; and (iii) the restriction to
one-period ahead contracts is without loss of generality. Thus, the economy with limited
enforcement endogenizes three key properties of the model with collateral constraints
that we have simply assumed so far. That said, a reader, who is primarily interested in
the dynamic implications of our model, may choose to skip this derivation and proceed
directly to Section 3.

9 Appendix B establishes this equivalence in an economy with stochastic total factor productivity, as
described in Section 6, of which the economy considered here is a special case. In online Appendix C, we
establish this result and characterize the equilibrium in a static economy, which simplifies the analysis.

10



Suppose that the environment is as before, but that each period has two subperiods
which we refer to as morning and afternoon. The economy has limited participation by
households. All types of agents participate in markets in the afternoon. In the morning,
however, only entrepreneurs and intermediaries participate in markets but not households.
This is the key assumption affording intermediaries an enforcement advantage.

The economy has limited enforcement in the spirit of Kehoe and Levine (1993) ex-
cept that firms or intermediaries that default cannot be excluded from participating in
financial and real asset markets going forward. Rampini and Viswanathan (2010, 2013)
study this class of economies but consider an economy with only one type of lender with
deep pockets and hence take the interest rate as given. We build on their work by con-
sidering an economy with two types of lenders, intermediaries and households, of which
one has limited net worth, and extend their analysis by determining the interest rates on
intermediated finance in dynamic general equilibrium with aggregate fluctuations.

Specifically, enforcement is limited as follows: Firms can abscond both in the morning
and in the afternoon. In the morning, after cash flows are realized, firms can abscond
with all cash flows and a fraction 1 — 6; of depreciated capital, where 6; € (0,1). In
the afternoon, firms can abscond with cash flows net of payments made in the morning
and a fraction 1 — @ of depreciated capital, where 6 € (0,1). Critically, we assume that
0; > 0, which means that firms can abscond with less capital in the morning than in
the afternoon. Intermediaries, too, can abscond in both subperiods, although there is
no temptation for intermediaries to do so in the morning, as they will at best receive
payments, and so we can ignore this constraint and focus just on the afternoon. In the
afternoon, intermediaries can abscond with any payments received in the morning. To
reiterate, neither firms nor intermediaries are excluded from markets after default.

The timing is summarized as follows (see Figure 2): Each afternoon, firms and inter-
mediaries first decide whether to make their promised payments or default. Then, firms,
intermediaries, and households consume, invest, and borrow and lend. The next morning,
cash flows are realized. Firms decide whether to make their promised morning payments
or default. Firms carry over the cash flows net of payments made and intermediaries
carry over any funds received until the afternoon.

Loans backed by the additional amount of collateral that can be seized in the morning,
that is, 6; — 6, must be repaid in the morning, as by the afternoon firms can abscond
with that additional amount of capital and these payments are no longer enforceable.
This implies property (i); such loans must be extended by intermediaries, as only they
participate in markets in the morning when the claims need to be enforced. Moreover,
it means that intermediaries must finance such loans out of their own net worth, that is,
property (ii), as they cannot in turn finance them by borrowing from households because
they could simply default on promises to repay the households in the afternoon and

11



abscond with the payments received in the morning.'® In contrast, financial intermediaries
could refinance corporate loans that they make to firms, which are repaid in the afternoon,
up to a fraction 6 of collateral by borrowing from households. Loans beyond that, for
fraction 6; — 0, have to be financed out of financial intermediary capital.

The limits on enforcement for the three types of capital (see Figure 1) are as follows:
firms can always abscond with working capital; firms cannot abscond with equipment
in the morning, but can abscond with equipment in the afternoon; and firms can never
abscond with structures. Structure loans can be provided by either intermediaries or
households. In contrast, equipment loans have to be extended by intermediaries, have to
be repaid in the morning, and have to be finance out of intermediary net worth.

Finally, let us sketch our main equivalence result (see Appendix B for the formal
statement and proof). The economic intuition for the equivalence of the economy with
limited enforcement and the economy with collateral constraints, both described in detail
in Appendix B, is based on two main insights. First, limited enforcement implies that
the present value of any sequence of promises, that is, long-term contract, can never
exceed the current value of collateral, as otherwise delivering on these promises would
not be optimal and the borrower would default. Indeed, limited enforcement constraints
are equivalent to a type of collateral constraint on the present value of sequences of
promises (see Theorem B.1). Second, any sequence of promises satisfying these collateral
constraints on present values can be implemented with one-period ahead morning and
afternoon claims subject to collateral constraints for the firm and the intermediary (see
Theorem B.2). Hence, the economy with collateral constraints is tractable, in part because
we can restrict attention, without loss of generality, to complete markets in one-period
ahead morning and afternoon Arrow securities, that is, property (iii).

This economy with limited enforcement and limited participation therefore endoge-
nizes three key properties that we previously simply assumed in the economy with col-
lateral constraints. Henceforth, we work with the equivalent, recursive formulation of the
economy with collateral constraints.

10T imited participation is essential as a foundation for the economy with two types of collateral con-
straints. If households participated in the morning as well, they would have the same ability to enforce
claims as intermediaries, and since households have deep pockets, there would be no role for intermedi-
aries. If instead there were no subperiods and default decisions were simultaneous, and intermediaries
nevertheless retained their repossession advantage, intermediaries would have no incentive to default be-
fore receiving any payments, and thus could finance all corporate loans, including equipment loans, with
loans from households, obviating the need for intermediary capital.
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3 Intermediary capital and steady state

Intermediary capital is scarce in the model. We first show that, as a consequence, inter-
mediated finance carries a premium or spread and that this spread affects investment and
real economic activity. We then show that intermediaries are essential in our economy,
that is, allow the economy to achieve allocations that would not be achievable in their
absence. Finally, we show that in a steady state intermediary finance carries a positive

spread over direct finance and determine the steady state capitalization of intermediaries.

3.1 Cost of intermediated finance

Internal funds and intermediated finance are both scarce in our model and command
a premium as collateral constraints drive a wedge between the cost of different types
of finance. Since the firm would never be willing to pay more for intermediated finance
than the shadow cost of internal funds, the premium on internal finance is higher than the
premium on intermediated finance. Define the premium on internal funds p as 1/(R+p) =
B/, where the right-hand side is the firm’s discount factor. Define the premium on
intermediated finance p; as 1/(R + p;) = (R;)™', so pi = R, — R, the spread over the
household interest rate. In equilibrium, intermediaries lend at the intermediary interest
rate R} and thus, using equations (18) and (19), it must be that R, > R, and since firms
borrow from intermediaries, equation (14) implies that R, < (8y//u)~!; therefore:

Proposition 1 (Premia on internal and intermediated finance). The premium on internal
finance p (weakly) exceeds the premium on intermediated finance p;, that is, p > p; > 0,
and the two premia are equal, p = p;, iff the collateral constraint for intermediated finance
does not bind, that is, \; = 0. Moreover, the premium on internal finance is strictly

positive, p > 0, iff the collateral constraint for direct finance binds, that is, N > 0.

When all collateral constraints are slack, there is no premium on either type of finance,
but typically the inequalities are strict and both premia are strictly positive, with the
premium on internal finance strictly exceeding the premium on intermediated finance.
The scarcity of internal and intermediated finance affects investment and in turn real
economic activity. To see this, we can adapt Jorgenson’s (1963) definition of the user
cost of capital to our model with intermediated finance, and rewrite the investment Euler
equation (16) as u = Rf %’A’ fr(k), where we define the user cost of capital u as

= P Pi
WSS (1= 0)(1=0) + (- 0)(1-9), (21)

where r + ¢ is the frictionless user cost derived by Jorgenson and » = R — 1. The user
cost of capital exceeds the user cost in the frictionless model, because part of investment
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needs to be financed with internal funds at premium p (the second term on the right
hand side) and part is financed with intermediated finance at premium p; (the last term
on the right hand side). The premium on intermediated finance thus affects investment;

scarcer intermediary capital reduces corporate investment.

3.2 Intermediation is essential

Intermediary capital is positive in equilibrium, that is, intermediaries always keep strictly

positive net worth and never choose to pay out their entire net worth as dividends.

Proposition 2 (Positive intermediary net worth). Financial intermediaries always have
strictly positive net worth in equilibrium.

The intuition is that if intermediary net worth went to zero, the marginal value of inter-
mediary net worth in equilibrium would go to infinity, because intermediaries would earn
a positive spread forever; thus, intermediaries never pay out all their net worth.

Since intermediaries always have positive net worth, in equilibrium the intermediary
interest rate R] must be such that the representative firm would never want to lend at
that rate (that is, v/ = 0 in equation (14)), as otherwise there would be no demand for

intermediated finance, as the following lemma shows:

Lemma 1. In any equilibrium, (i) the cost of intermediated funds (weakly) exceeds the
cost of direct finance, that is, R, > R; (it) the multiplier on the collateral constraint for
direct finance (weakly) exceeds the multiplier on the collateral constraint for intermediated
finance, that is, X' > X.; (iii) the constraint that the representative firm cannot lend
at R never binds, that is, v, = 0 w.lo.g.; (iv) the constraint that the representative
intermediary cannot borrow at R} never binds, that is, n, = 0; and (v) the collateral

constraint for direct financing always binds, that is, N > 0.
We define the essentiality of intermediaries as follows:

Definition 2 (Essentiality of intermediaries). Intermediaries are essential if an alloca-

tion can be supported with financial intermediaries but not without.*!

The above results together imply that financial intermediaries must always be essen-
tial. First note that firms are always borrowing the maximal amount from households,
since direct finance is relatively cheap. If firms moreover always borrow a positive amount
from intermediaries, then they must achieve an allocation that would not otherwise be
feasible. If R, = R, then the firm must be collateral constrained in terms of intermedi-

ated finance, too, that is, borrow a positive amount. If R, > R, then intermediaries lend

"This definition is analogous to the definition of essentiality of money (see Hahn (1973)).
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all their funds to the corporate sector and in equilibrium firms must be borrowing from
intermediaries. We have proved that intermediation always plays a role in our economy:

Proposition 3 (Essentiality of intermediaries). Financial intermediaries are always es-
sential 1n equiltbrium.

3.3 Intermediary capitalization and spreads in steady state

Consider a steady state defined as follows:

Definition 3 (Steady state). A steady state equilibrium is an equilibrium with constant
allocations, that is, x* = [d* k*, 0", b, w"™| and xf = [df, ", /*,w}*], and a constant

r Y ) 77

interest rate on intermediated finance R

In a steady state, intermediary capital and the spread on intermediated finance are posi-

tive:

Proposition 4 (Steady state). There exists a unique steady state with the following prop-
erties: Intermediaries are essential, have positive net worth, and pay positive dividends.
The spread on intermediated finance is strictly positive: pf = R — R = 3;' — R > 0.
Firms’ collateral constraint for intermediated finance binds. The relative (ex dividend)
intermediary capitalization is

i Gl - 0)(1-6)

w* ei(B)

The relative (ex dividend) intermediary capitalization, that is, the ratio of the repre-

sentative intermediary’s net worth (ex dividend) relative to the representative firm’s net
worth (ex dividend), is the ratio of the intermediary’s financing (per unit of capital) to
the firm’s down payment requirement (per unit of capital). In a steady state, the shadow
cost of internal funds of the firm is S~! while the interest rate on intermediated finance
R = B;!, the shadow cost of internal funds of the intermediary. Since 3; > /3, intermedi-
ated finance is cheaper than internal funds for firms in the steady state, and firms borrow
as much as they can from intermediaries. The spread on intermediated finance is strictly
positive in the steady state because intermediaries are less patient than households. In
the analysis of the equilibrium dynamics in the next section we find that the spread on
intermediated finance depends on the net worth of both firms and intermediaries, and
can be higher or lower than the steady state spread.

In a steady state equilibrium, financial intermediaries have positive capital and pay
out the steady state interest income as dividends df = (R — 1)l)*. Both firms and
intermediaries have positive net worth in the steady state despite the fact that their rates
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of time preference differ and both are less patient than households. The reason is that
firms have access to investment opportunities, but face collateral constraints and hence
need to finance part of their investment internally, and intermediaries can finance part of
firms’ investment more cheaply, but face collateral constraints themselves.

The determinants of the capital structure of firms and intermediaries are distinct. In a
steady state, firm leverage, that is, the total value of debt relative to total tangible assets,
is 1—;(R¥) = (R7'0+(R)~1(0;—0))(1—0) and is determined by the extent to which the
firm can collateralize tangible assets, as emphasized in Rampini and Viswanathan (2013).
In contrast, intermediary leverage can be defined in our indirect implementation as the
value of total direct finance divided by the total value of debt, that is, R~'0(1—4) divided
by (R0 + (R*)=*(6; — 0))(1 — §), which is approximately equal to 6/6;. Intermediary
leverage is therefore determined by the relative enforcement ability of households and
intermediaries. The substantial difference in leverage between firms and intermediaries
in practice may simply be a consequence of their different determining factors. Thus, the
model provides consistent guidance on the financial structure of firms and intermediaries.

Financial intermediaries are essential in our economy. Intermediated finance is costly
and the spread on intermediated finance affects investment and aggregate economic out-
put. Equilibrium determines the capitalization of both firms and intermediaries as well
as the spread on intermediated finance; in a steady state equilibrium financial interme-
diary capital is positive as is the spread on intermediated finance. Next we consider the
dynamics of our economy with intermediated finance, including the dynamics of firm and

intermediary net worth and the spread on intermediated finance.

4 Dynamics of intermediary capital

Our model allows the analysis of the joint dynamics of the capitalization of the corporate
and intermediary sector. The net worth of firms and intermediaries are the key state
variables determining dynamic intermediated loan demand and supply and the interest
rate on intermediated finance. The interaction between firms and intermediaries which
are both subject to financial constraints leads to subtle dynamics with several compelling
features. For example, spreads on intermediated finance are high when both firms’ and
intermediaries’ net worth is low and intermediaries are poorly capitalized even relative
to firms. A key feature is that intermediary capital accumulation is slow relative to
corporate net worth accumulation, at least early in a recovery. Omne reflection of this
is that the recovery from a credit crunch, that is, a drop in intermediary net worth, is
relatively slow. Another reflection is that a simultaneous drop in the net worth of both
firms and intermediaries, that is, a downturn associated with a credit crunch, results

in an especially slow recovery, and that such recoveries can stall, with firm investment
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and output remaining depressed for an extended period of time. We relate the dynamic
properties of our economy to stylized facts in the next section.

4.1 Dynamics of intermediary capital and spreads

To characterize the deterministic dynamics in an equilibrium converging to the steady
state in general, consider the recovery of the economy from an initial, low level of net
worth of firms and/or intermediaries, say after a downturn or credit crunch. We show
that the equilibrium dynamics evolve in two main phases, an initial one in which the
corporate sector pays no dividends and a second one in which the corporate sector pays
dividends. Intermediaries do not pay dividends until the steady state is reached, except
for an initial dividend, if they are initially well capitalized relative to the corporate sector.

Before stating these results formally (see Proposition 5 below, illustrated in Figure 3),
we provide an intuitive discussion. Suppose both firms and intermediaries are constrained,
that is, the marginal value of net worth strictly exceeds 1; then neither firms nor inter-
mediaries pay dividends (Region ND in the proposition below). If the firms’ collateral
constraint on intermediated finance is slack, the intermediary interest rate equals firms’
marginal levered return on capital (and exceeds the corporate discount rate 571), that is,

o A 000 )
o

(k)+(1-0;)(1-9)
pi(R})
substitute out the discount factor using equation (14) and the fact that the collateral

where we use the investment Euler equation (16), that is, 1 = 8 %A/f E , and
constraint for intermediated finance is slack, which implies that 6% = (R))™!, and then
rearrange. This case obtains when corporate net worth is sufficiently high so that firms’
loan demand exceeds intermediaries loan supply, which is constrained by intermediary net
worth. Intermediaries then lend their entire net worth w; to firms, which in turn use their
own net worth w plus loans from intermediaries to finance the fraction of investment not
financed by households, that is, k = %. We observe that in this case the intermediary
interest rate decreases in both firm and intermediary net worth since increased investment
reduces the marginal return on capital.

If the firms’ collateral constraint on intermediated finance binds instead, that con-
straint determines the interest rate which is then strictly lower than firms’ marginal
levered return on capital; specifically,

w

w4
Rgz(ei—ﬁ)“’ip (1-19),

where we use the collateral constraint (4) at equality, that is, Rb, = (0, — 0)k(1 — 0)
together with the fact that k = % and in equilibrium b, = I; = w;. Notice that in this
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case, the ratio of the net worth of firms relative to intermediaries matters, and remarkably
the intermediary interest rate increases in firms’ net worth keeping intermediary net worth
the same; the economic intuition is that higher firm net worth raises investment and thus
the collateral firms are able to pledge, increasing the equilibrium interest rate.

If the ratio wﬂl is sufficiently low, loan demand can be so low that the interest rate on
intermediated finance is below not just the firms’ discount rate but also intermediaries’
discount rate (8;'). Indeed, the interest rate on intermediated finance can be as low
as R, the discount rate of households; this can happen when intermediaries save net
worth by lending to households, because current corporate loan demand is very low but
expected to increase as firms recover. Throughout Region ND, firm net worth must
accumulate faster than intermediary net worth because firms’ net worth grows at their
average levered return on capital (which exceeds their marginal levered return on capital)
whereas intermediaries accumulate net worth at the intermediary interest rate, which, as
just argued, is weakly below firms’ marginal levered return on capital.

Suppose now that firms pay dividends but not intermediaries (Region D in the propo-
sition below). If the firms’ collateral constraint on intermediated finance is slack, the
intermediary interest rate must again equal firms’ marginal levered return on capital

which in this case equals firms’ discount rate, that is,

'\ 1 A fio(k 1-0)(1—-90

Bo (3) " g - A 020020
H £

as u = y' = 1 since firms pay dividends. This case obtains when firms’ net worth is

I

relatively high while intermediaries’ net worth does not suffice to meet the corporate loan
demand at the intermediary interest rate R, = 3~!. In this phase, investment is constant
at k and financed with firms’ ex dividend net worth w,, and intermediary loans, that is,
pl% = We, +w;; as intermediaries accumulate net worth with the law of motion w} = B~ w;
and progressively meet the corporate loan demand, firms gradually relever and draw down
their (ex dividend) net worth by paying dividends. Therefore, Z—, =p31>1> Z’)—/;, as
intermediaries accumulate net worth while firms draw it down; this is the time when
financial intermediaries are “catching up.” If firms’ collateral constraint binds, which
happens once intermediaries’ net worth is sufficient to meet loan demand at 37!, the
collateral constraint (4) and firms’ investment Euler equation (16) jointly determine the
intermediary interest rate, and, as intermediary net worth increases, the intermediary

interest rate falls and investment increases. From the collateral constraint (4), R, =
U!e:q: +1

(0; — 0)—=—(1 =), we see that as the intermediary interest rate falls, the (ex dividend)

net worth of firms relative to intermediaries must fall, too. Thus, in this phase, while

firms’ and intermediaries both accumulate net worth, intermediaries accumulate net worth
faster than firms, as firms continue to relever; intermediaries continue to “catch up” until

the steady state is reached.
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Intermediaries do not pay dividends until the steady state is reached with one excep-
tion. If the initial corporate net worth is so low, that intermediaries are well capitalized
relative to the corporate sector and the interest rate is below intermediaries’ discount
rate due to the limited corporate loan demand, then intermediaries may pay an initial
dividend if they expect corporate loan demand to be depressed for an extended period
of time. But after such an initial dividend, intermediaries do not resume payout until
such time as the steady state is reached. We emphasize, however, that, in contrast, firms
do initiate payout before the economy reaches the steady state. The firm and interme-
diary’s first-order conditions for intermediated borrowing and lending, respectively, (14)
and (19), imply that as long as R, > 87, u > Rifu' >y > 1, so u > 1, and similarly
when R} > ;' y; > 1; thus, firms do not pay dividends until the intermediary inter-
est rate reaches 37!, while intermediaries wait to pay dividends until the intermediary
interest rate reaches ;' < 571

The following proposition and lemma state these results formally and Figure 3 illus-
trates the pertinent regions of firm net worth w and intermediary net worth w;:

Proposition 5 (Dynamics). Given w and w;, there exists a unique deterministic dynamic
equilibrium which converges to the steady state characterized by a no dividend region (ND)
and a dividend region (D) (which is absorbing) as follows:

Region ND w; < w} (w.l.o.g.) and w < w(w;), and (i) d =0 (u> 1), (ii) the cost of
intermediated finance is

woq A () (1-0)1-0)

R, = max { R, min 91-—0”_1' 1—9), ,
( ) 5 (1-9) .

(111) investment k = (w + w;)/p if R, > R and k = w/p;(R) if R, = R, and
() ' jw; > w/w;, that is, firm net worth increases faster than intermediary net
worth.

Region D w > w(w;) and (1) d >0 (p=1).
For w; € (0,w;), (i) R, = 871, (iii) k = k which solves 1 = B[A fr.(k) + (1 —0)(1 —
N/, (iv) wl,/w: < we,/w;, that is, firm net worth (ex dividend) increases more
slowly than intermediary net worth, and (v) w(w;) = pk — w;.
For w; € [w;,w}), (1) R, = (6; —0)(1 — 0)k/w;, (iii) k solves 1 = B[A fr(k) + (1 —
0)(1 —0)]/(p —wi/k), (iv) we, /w; < Wez/wi, that is, firm net worth (ex dividend)
increases more slowly than intermediary net worth, and (v) w(w;) = p;(R})k.

For w; > w}, w(w;) = w* and the steady state of Proposition 4 is reached with

d=w—w" and d; = w; — w;.
K3
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The representative intermediary’s dividend policy is characterized as follows:

Lemma 2 (Initial intermediary dividend). The representative intermediary pays at most
an initial dividend and no further dividends until the steady state is reached. If w; > wy,
the initial dividend is strictly positive.

It is worth emphasizing the predictions of our model for the relative speed of adjust-
ment of the two endogenous state variables. In Region ND firm net worth accumulation is
faster while in Region D, when firms pay dividends, intermediaries accumulate net worth
more quickly. Both of these features are in a sense a consequence of the fact that inter-
mediaries accumulate net worth more slowly in our model. To understand the economic
intuition consider Region ND when both firms and intermediaries are constrained and
do not pay dividends. The dynamics of financial intermediary net worth are relatively
simple, since as long as they do not pay dividends (which is the case until the steady
state is reached), the intermediaries’ net worth evolves according to the law of motion
w; = Riw;, that is, intermediary net worth next period is simply intermediary net worth
this period plus interest income. When no dividends are paid, intermediaries lend out all
their funds at the (equilibrium) intermediary interest rate R, and hence their net worth
grows at the (gross) rate R]. Moreover, the intermediary interest rate is (weakly) less
than firms’ marginal levered return on capital, which in turn in less than firms’ average
levered return on capital which equals the growth rate of firms’ net worth, that is,

w ,SA’fk(k)+(1—9)(1—5)<w’

!
— =R
w; © w

This is why the net worth of the corporate sector grows faster than the net worth of the
intermediary sector in this phase.

One reflection of this difference in net worth growth is that the corporate sector
recovers faster, in the sense that firms initiate dividends before intermediaries do. Once
firms pay dividends (in Region D), it is now the intermediary sector that accumulates net
worth faster as it catches up; so the difference in the growth rate of net worth accumulation
across the two sectors switches sign. Indeed, as the intermediaries continue to accumulate
net worth, the corporate sector relevers and its net worth may temporarily shrink.

Below we use this analytical characterization of the dynamic equilibrium to study
the dynamics of the economy in response to an initial drop in corporate net worth (a
“downturn,” see Section 4.2), an initial drop in the net worth of financial intermediaries
(a “credit crunch,” see Section 4.3), and a downturn associated with a credit crunch, that

is, a simultaneous drop in both corporate and intermediary net worth (see Section 4.4).
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4.2 Dynamics of a downturn without credit crunch

Suppose the economy experiences a downturn, which we model as an unanticipated one-
time drop in corporate net worth w. In this subsection, we consider a downturn without a
credit crunch, that is, assume that intermediaries’ net worth remains unchanged at its ex-
dividend steady state level. Figure 4 illustrates the dynamics of firm and intermediary net
worth, the interest rate on intermediated finance, intermediary lending, and investment
following such a downturn (at time 0). In terms of Proposition 5, the recovery evolves in
several phases, as the net worths of the two sectors transit through various parts of first
Region ND and then Region D.

On impact the drop in corporate net worth results in a drop in corporate loan de-
mand, leaving intermediaries initially relatively well capitalized. Indeed, as can be seen in
Panel A and Panel B2 of Figure 4, intermediaries respond by paying an initial dividend,
as their previous net worth is much more than firms’ reduced loan demand can accom-
modate. Moreover, intermediaries do not pay out all excess funds but conserve some net
worth to meet future loan demand by lending some of their funds to households; in fact,
the intermediaries’ lending to households exceeds their lending to the corporate sector
early on (see Panel B3). Because intermediaries lend to households at the margin, the
equilibrium spread on intermediated finance is zero, that is, R, = R (see Panel Bl); in
this sense, intermediaries are holding “cash” at an interest rate below their discount rate
for some time. The reason why intermediaries are willing to hold cash at a rate of re-
turn below their rate of time preference is because they anticipate an eventual rise in the
intermediary interest rate above their rate of time preference, at least for some time.

Intermediaries accumulate net worth at rate R in this phase while the corporate sector
accumulates net worth at a faster rate, given the high marginal levered return on capital;
thus, the net worth of the corporate sector rises relative to the net worth of intermediaries.
As firms’ net worth rises, so do corporate investment k = w/p;(R) as well as corporate
loan demand. In Figure 4, this phase last from time 0 to time 4.

Eventually, the increased net worth of the corporate sector raises loan demand to
the point where intermediated finance becomes scarce and the intermediary interest rate
rises (time 5 in the figure). In the case considered in Figure 4, since the initial drop
in net worth is not too large, it turns out that the cost of intermediated finance stays
below S~! and firms happen to initiate dividend payments at the same time; that is,
the economy reaches Region D at time 5. Firms’ collateral constraint continues to bind
and, together with firms’ investment Euler equation, jointly determines the intermediary
interest rate and investment. Although firms are paying dividends from time 5 onwards,
neither investment nor intermediaries have fully recovered. As intermediaries continue to

accumulate net worth between time 5 and time 8, intermediary loan supply increases and
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the intermediary interest rate drops. In response, firms continue to increase investment.
Intermediaries’ net worth reaches its (ex dividend) steady state value at time 8 and the
economy is back in steady state (as described in Proposition 4) from then on, with the
cost of intermediated finance equal to 3; ! the unconstrained intermediaries’ shadow cost
for providing corporate loans.

We emphasize two key aspects of the dynamics of intermediary capital illustrated by
the recovery from a downturn traced out here, beyond the fact that intermediary and
firm net worth affect the dynamics jointly. First, intermediary capital accumulates more
slowly than corporate net worth as long as both firms and intermediaries are constrained.
Second, when the corporate sector is temporarily relatively poorly capitalized, the interest
rate on intermediated finance is low and intermediaries conserve net worth by lending to
households at a low interest rate to meet the higher subsequent corporate loan demand.
Of course, the second observation is a reflection of the relatively slow pace of intermediary

capital accumulation as well.

4.3 Dynamics of a credit crunch

Suppose the economy experiences a credit crunch, which we model here as an unantici-
pated one-time drop in intermediary net worth w;. In this subsection, we consider a pure
credit crunch and assume that the economy is in steady state when the credit crunch
hits with corporate net worth at its (ex-dividend) steady state value. Figure 5 illustrates
the effects of such a credit crunch on interest rates, net worth, intermediary lending, and
investment. The drop in intermediary net worth results in a reduction in lending and
an increase in the spread on intermediated finance on impact (see time 0 in Panel B1).2
Moreover, the higher cost of intermediated finance increases the user cost of capital (21)
as the premium on internal finance increases as well and so the investment Euler equation
implies that investment drops (see Panel B4). Hence, a credit crunch has real effects in
our model. Due to the limited supply of intermediated finance firms are forced to delever
at time 0, replacing reduced intermediary loans with internal funds. Given their limited
internal funds, firms are moreover forced to downsize.

At time 1, the corporate sector reaccumulates net worth leading to an initial partial
recovery in investment and output; indeed, firms reinitiate dividend payments at time 1.
However, the economy and especially intermediaries have not fully recovered at this point,
as intermediary net worth remains well below its steady state level. The recovery stalls,
potentially for a long time (from time 1 to time 14 in Figure 5), in the sense that the

interest rate on intermediated finance remains elevated at R, = 37! > R* = ;! and

2f the credit crunch would hit before dividends are paid, then firms and intermediaries could absorb
the shock by cutting dividends, at least partially, reducing its impact.
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investment remains constant below its steady state level at k < k*. The reason is that
firms’ user cost of capital remains elevated despite the fact that the corporate sector is
well capitalized and paying dividends, as intermediaries’ capacity to extend relatively
cheap financing is reduced. Thus, the real effects in our model are persistent, even if the
corporate sector recapitalizes relatively quickly, and the full recovery of the real economy
is delayed. We emphasize that while firms seem to be well capitalized because they are
paying dividends at this point, the economy has not fully recovered.

The recovery only resumes once intermediaries accumulate sufficient capital to meet
corporate loan demand at R, = S~'. At that point, intermediary interest rates start
to fall and investment begins to recover further (time 15 to 18); as the interest rate on
intermediated finance is now below the shadow cost of internal funds of the corporate
sector, the collateral constraint binds again. Investment increases due to the reduced
cost of intermediated financing and the recovery resumes. Eventually (at time 18), inter-
mediaries accumulate their steady state level of net worth and the cost of intermediated
finance reaches 8; ', the unconstrained intermediaries’ shadow cost of providing loans,
and investment recovers fully; and finally the steady state is reached (at time 19).

We emphasize two key additional aspects of the dynamics of our economy. First,
the recovery from a credit crunch can be much delayed, or can stall, due to the slow
accumulation of intermediary net worth; thus, one feature of a credit crunch in our model
is the persistence of the real effects. Second, the response of firms’ to a credit crunch is
also striking. In response to a credit crunch, firms cut dividends to substitute retained
earnings for intermediated loans. That is, firms delever and temporarily accumulate more
net worth than they retain in the steady state, and only as the intermediaries recover, do
firms gradually relever. The interaction between the two sectors which are both subject

to financial constraint leads to rich implications for economic dynamics.

4.4 Effects of severity of credit crunch

Suppose the economy simultaneously experiences a downturn in corporate net worth and
a credit crunch. This subsection examines the effect of the severity of the credit crunch
itself on the depth and protractedness of the macroeconomic downturn, the joint dynamics
of corporate and intermediary net worth accumulation, and spreads on intermediated
finance. We find that downturns associated with a credit crunch are more severe and more
protracted, and feature higher spreads and slower corporate net worth accumulation.
Figure 6 traces out three scenarios: a downturn in corporate net worth without a credit
crunch (solid), and downturns in corporate net worth associated with a moderate and a
severe credit crunch (dotted and dashed, respectively). The downturn in corporate net
worth without a credit crunch is the baseline scenario analyzed in Section 4.2 and Figure 4
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above. As noted there, in this scenario, the intermediary is initially well-capitalized and
can hence accommodate the reduced corporate loan demand easily; spreads are initially
low, as intermediaries conserve net worth by lending to households. As corporate loan
demand increases and the economy recovers, spreads begin to rise and eventually fall
back to the steady state level. The corporate sector accumulates net worth faster and
reinitiates dividends sooner than the intermediary sector (corporate and intermediary
dividend initiations are marked with triangles pointing up and down, respectively).

A moderate credit crunch slows the recovery of intermediary lending and investment
(see Panel B3 and B4, respectively), and raises spreads earlier and to a higher level (see
Panel B1).!3 Corporate net worth accumulation is also slowed somewhat and the reiniti-
ation of corporate dividends is delayed; moreover, the corporate sector first accumulates
net worth, and then partially draws down its net worth as intermediaries recover (see
Panel B2). In addition, the recovery stalls, albeit briefly, when the corporate sector has
recovered to the point where it initiates dividends, but the intermediary sector still has
not accumulated sufficient net worth to meet loan demand at R, = 7' (see the leveling
off of spreads and investment from time 6 to 8 in Panels B1 and B4). Once intermediaries
accumulate enough net worth to accommodate loan demand at an interest rate equal to
the corporate sector’s discount rate, the recovery resumes.

A severe credit crunch magnifies all these effects, amplifying the downturn, making it
more protracted, leading to longer stalls in the recovery, and raising spreads. Investment
initially drops more, and then recovers more slowly, stalling for an extend period of
time (time 7 through 16) before eventually recovering (see Panel B4). The spread on
intermediated finance shoots up on impact, because intermediated finance is limited not
by corporate loan demand but by the supply of intermediated funds;'* the spread is
hence determined by the levered marginal product of capital, which is high because the
corporate sector is financially constrained.'® As both sectors accumulate net worth, the
spread comes down from its initial highs, but stalls once the corporate sector starts to
pay dividends. Indeed, the spread stays at this elevated level while the intermediary
sector reaccumulates net worth, and returns to its steady state level only later on (see

13Indeed, the spread rises over a couple of periods (from time 1 to time 3); at time 2 the corporate
sector borrows all the funds intermediaries are able to lend and invests k = (w + w;)/p. The interest
rate on intermediated finance is determined by the collateral constraint, which is binding, and equals
R, = (0, — 9) (w/w; + 1) (1 — §)/gp; and since corporate net worth increases faster than intermediary net
worth, the interest rate on intermediated finance rises in this phase. As the corporate sector accumulates
net worth, it can pledge more and the equilibrium interest rate rises. As the net worth and investment
of the corporate sector continues to rise faster than intermediary net worth, eventually the increase in
firms’ collateral means that firms’ ability to pledge no longer constrains their ability to raise intermediated
finance, at which point the spread starts to drop.

HSince intermediaries lend out their entire net worth w; to firms, investment is k = (w + w;)/p.

15That is, the equilibrium interest rate on intermediated finance is R, = [A’ f(k) + (1 — 0)(1 — §)]/p-
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Panel B1). Intermediary lending is also noteworthy, as it remains substantially below
the steady state level for an extended amount of time (see Panel B3). Finally, note that
the corporate sector temporarily accumulates more net worth than in the steady state,
a result of substantial corporate deleveraging, as firms substitute internal funds for the
lack of intermediated finance for some time.

In the scenarios considered above, downturns associated with a credit crunch are also
larger drops in total net worth and hence larger shocks to the economy. An alternative is
to hold the total drop in net worth constant and consider scenarios in which intermediaries
are more affected while the firms are less affected. In unreported results, we find similar
effects in terms of persistence and spreads; when the drop in intermediary net worth
is larger, investment is depressed for longer, stalls are at a lower level, and spreads are
higher on impact and elevated for longer. That said, since the net worth of the corporate
sector is less affected, the initial drop in investment may be smaller and firms may initiate
dividends sooner; corporate deleveraging, however, is substantially more pronounced, with
firms accumulating net worth well above the steady state value. However, we consider our
baseline scenarios more empirically relevant and more consistent with the measurement

of the stylized facts documented in the literature and discussed in Section 5.

4.5 Net worth dynamics in bank-oriented economy

Suppose now that the economy is more bank-oriented. An economy can be more bank-
oriented (as opposed to market-oriented) because banks play a larger role whereas either
direct finance by households, say in the form of public debt markets, or internal finance
by the corporate sector plays a smaller role; the former corresponds to an economy with
lower 6 and the latter to an economy with higher 6;. We consider an economy with a
lower value of 6, as this may be the more typical interpretation of a bank-oriented financial
system, although an economy with a higher value of #; behaves very similarly.'® Recall
from Proposition 4 that this implies that the ratio of intermediary net worth to corporate
net worth in the steady state is higher, that is, a larger fraction of investment is financed
by intermediaries. How does such a bank-oriented economy respond to downturns with
and without a credit crunch? The dynamic response of such an economy is illustrated
in Figure 7. To facilitate the comparison, we keep all the parameters unchanged from
the previous figures, except for two: first, we reduce € from 0.6 to 0.5 and second, we
raise the productivity A’ to keep steady state investment k£* unchanged. We consider the
same three scenarios as in Figure 6, a downturn without a credit crunch (solid), as well as
downturns with a moderate and a severe credit crunch (dotted and dashed, respectively).

Several features of the response are worth noting: First, the severity of the credit

16See the working paper version, Rampini and Viswanathan (2017), for the dynamics when 6; is higher.
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crunch itself has a more significant impact on the initial drop in investment (see Panel B4).
Moreover, investment is more substantially reduced both early in the downturn and the
recovery stalls at a lower level of investment. Further, and perhaps most significantly,
the downturn is also more protracted with investment reduced, intermediated finance
depressed (see Panel B3), and spreads elevated (see Panel B1) for longer. The effects
on net worth of the two sectors are also magnified: intermediary net worth takes a long
time to recover and the corporate sector temporarily accumulates substantially more net
worth than it has in the steady state, again in an effort to substitute internal funding for
the lack of intermediated finance (see Panel B2).!7

Our theory predicts that in a bank-oriented economy, downturns associated with a
credit crunch are more severe and more protracted, with slower net worth accumulation
and longer stalls of the recovery at lower levels of investment. Thus, the recovery from
crises in bank-oriented economies such as Europe or Japan may be substantially different
from, and more sluggish than, that in market-oriented economies such as the U.S., where
it may be typically more swift.

5 Revisiting evidence on crises with theory

Our model provides guidance on the joint dynamics of the macro economy and the fi-
nancial sector. We use the analysis of the dynamics in the previous section to revisit
three main stylized facts about downturns associated with financial crises, namely their
severity, their protractedness, and the relation between the severity of the financial crisis
itself and the severity and persistence of the downturn, and to discuss the evidence on

spreads.

5.1 Fact 1: Severity of downturns associated with financial crises

Prior empirical research shows that downturns associated with financial crises are more
severe. Reinhart and Rogoff (2014) find that “the average peak-to-trough decline for
the US real per capita GDP across nine major crises is about 9 percent.” Similarly,

ITIf we comnsider scenarios in which intermediaries are more affected and the firms are less affected,
that is, holding the total drop in net worth constant, as discussed in Section 4.4, we also find that in
bank-oriented economies recoveries stall at lower levels of investment, downturns are more protracted
and spreads elevated for longer; moreover, corporate deleveraging is even more pronounced as firms
accumulate even more net worth to substitute for reduced intermediated finance is such economies. The
response of the bank-oriented economy thus shows more persistence. That said, since firm net worth
drops less in these scenarios, the initial impact may not be more severe and spreads may not be much
more elevated initially, although as emphasized spreads are elevated for longer. Again, we think our

baseline scenarios are the empirically more relevant ones.
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using panel data for a large set of countries, Cerra and Saxena (2008) find that “banking
crises lead to severe output loss [even in high-income countries|” (page 442). Finally,
Krishnamurthy and Muir (2016) conclude that “[ojur results affirm that financial crises
do result in deeper and more protracted recessions” (page 15).18

Thus, the evidence shows a first stylized fact, namely that downturns associated with
financial crises are more severe in the sense that output losses are larger, suggesting
amplification of macroeconomic shocks. The evidence also shows that such downturns
are more severe in the sense of being more protracted, but while these two notions of
severity are often commingled in the literature, we treat their persistence as a separate
stylized fact which we discuss in the next subsection. Comparing the dynamics of our
model without and with a credit crunch in Figures 4 and 6, we find that downturns
associated with a financial crisis are more severe, in the sense that output drops by more
on impact and that output is lower at any fixed horizon. That said, the initial effect of
the credit crunch on output can be muted in the model if the drop in corporate net worth
reduces loan demand so much that loan demand drops below intermediary net worth.

5.2 Fact 2: Slow recoveries after financial crises

The evidence also shows that recoveries after financial crises are protracted. Reinhart and
Rogoff (2014) state that “a significant part of the costs of [systemic banking] crises lies in
the protracted and halting nature of the recovery” (page 50). Moreover, they argue that
”[t|he halting, tentative nature of the post-crisis recoveries (even in cases where there is a
sharp—but not sustained—growth rebound) is evidenced in the relatively high incidence
of double dips (or secondary downturns before the previous peak is reached)” (page 52).
They find that “[o]n average it takes about eight years to reach the pre-crisis level of
income,” with a median time of about 6.5 years, and that about 45% of the 100 crises
they study are associated with a double dip, and about two-thirds of the most severe crises
involve double-dips. Cerra and Saxena (2008) find “that the large output loss associated
with financial crises ... is highly persistent” (page 456); specifically, they show that the

18We recognize that the conclusions regarding these stylized facts in part turn on the assumptions made
for measurement, for example, the severity cutoff used in defining a crisis, the definition of a recovery
(return to the previous output level or trend), adjustment for population growth, the definition of the
start of the episode (previous output peak or start of the financial disruption), and finally whether the
data includes emerging economies and pre-war episodes. Indeed, some recent studies provide a contrarian
view. For example, Bordo and Haubrich (2012) find “generally ...rapid recoveries” with the exception of
the 1930s, 1990s, and the present recovery. Similarly, Romer and Romer (2015) find that “output declines
following financial crises in modern advanced countries are highly variable, on average only moderate,
and often temporary,” (abstract) using a new, qualitative measure of financial distress with a relatively
fine scale, thus, challenging the conventional wisdom that “the aftermath of financial crises is typically
severe and long-lasting” (page 1). We match the stylized facts that are the mainstream view.
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output loss on impact of a banking crisis is about 7.5 percent and the output loss at a
ten-year horizon exceeds 6 percent, that is, is extremely persistent.

Our second stylized fact is therefore the persistence of downturns associated with fi-
nancial crises; recoveries are slow and frequently stall, at least temporarily. The dynamics
of our model in Figure 5 highlight the protractedness of a credit crunch: the recovery
of output after a credit crunch is slower than after a regular downturn (compare to Fig-
ure 4). In addition, spreads remain elevated for an extended period of time. This is due
to the relative sluggishness of intermediary net worth accumulation.

Moreover, when both corporate and intermediary net worth drop at the same time,
that is, in a downturn associated with a credit crunch, downturns are more prolonged
(see Figure 6) and the recovery can stall, potentially for an extended period of time,
due to the joint dynamics of corporate and intermediary net worth; note that such stalls
can occur even in cases in which the initial rebound of output is quite brisk, consistent
with the data. The model therefore captures what Reinhart and Rogoff call the “halting,
tentative nature” of such recoveries. We are not aware of other models that predict such
stalls in the economic recovery post crises.

5.3 Fact 3: Impact of severity of financial crises

Further, the evidence suggests that how severe the financial crises per se is plays an
important role. Romer and Romer (2015) find that “one factor that appears to be im-
portant to the variation [in the aftermath of crises| is the severity and persistence of the
crisis itself” (page 41). For example, “Japan’s dismal economic performance ... [may be]
related to the fact that the distress was particularly severe and long-lasting” (page 38),
and for the 2008 Crisis they argue that “the extreme nature of the recent distress is one
likely reason for the severe and continuing economic weakness” (page 41-42).

Thus, the third stylized fact is that the severity of the financial crises itself in turn
affects both the severity and protractedness of the downturn; in other words, Fact 1
(“severity”) and Fact 2 (“protractedness”) are a matter of degree. Our model captures
this fact as demonstrated in Figure 6: the more severe the drop in intermediary net worth,
the larger the drop in output and the more protracted the recovery; recoveries from severe
financial crises are more protracted in the sense that (i) the initial recovery is slower, (ii)

the recovery stalls for longer, and (iii) the economy takes longer to recover fully.

5.4 Evidence on spreads and financial crises

In a similar spirit, Krishnamurthy and Muir (2016) measure the severity of a crisis using
the spread between high-yield and low-yield bonds, and conclude that “recessions in the
aftermath of financial crises are severe and protracted” and that furthermore “the severity
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of the subsequent crisis can be forecast by the size of [changes in the spread]” (abstract).
Moreover, they find that “the start of a crisis is associated with a spike in spreads” and
“a spike in spreads shifts down the conditional distribution of output growth, fattening
the lower tail” (page 17).1

Our model captures these observations in several ways: first, more severe downturns
are associated with a higher spread; second, the spread spikes or “blows out” at the
beginning of very severe crises; and third, the spread recovers relatively quickly initially,
but then remains elevated and recovers fully only after an extended period of time. Thus,
the dynamics of the spread in our model have empirically plausible features.

The measurement in the aforementioned studies is predicated on the assumption that
there are two separate driving forces, one for downturns and one for financial crises. Con-
sidering the effects of a credit crunch or financial crisis on aggregate dynamics implicitly
assumes that the financial disruption is a separate, exogenous force, rather than simply
an endogenous reflection of a single aggregate source of fluctuations. Understanding these
facts therefore calls for a model with two state variables, one for the corporate sector and
one for financial intermediaries, which is the type of model that we provide.

6 Intermediary risk management

The focus of our analysis thus far has been on the deterministic dynamics following
unanticipated drops in net worth. However, our model encompasses economies with
uncertainty enabling the analysis of equilibrium risk management of shocks to net worth.
Taking uncertainty explicitly into account allows firms and intermediaries to hedge shocks
to net worth if they choose. Our model and the evidence in the previous section show
that drops in net worth have significant macroeconomic consequences, especially when
corporate and intermediary net worth are low at the same time. The stochastic version
of the model allows us to study how firms and intermediaries respond to such shocks ex
ante and whether their net worths potentially drop at the same time, that is, comove.
We now sketch a stochastic version of the economy. The source of uncertainty is
stochastic total factor productivity A(s’) which depends on the state s’ realized next
period and follows a Markov process with transition function II(s,s’), where s is the
current state. As we show in Appendix B, the equivalence between economies with
limited enforcement and with collateral constraints obtains in this stochastic economy as
well. Thus, without loss of generality, we can consider markets in two types of one-period
ahead claims, claims provided by intermediaries and claims provided by households, each
subject to collateral constraints; the key difference is that now the claims provided by

Y The spread between intermediated and direct finance in our model may be captured by commonly
used empirical measures such as the spread on interbank loans or high-yield debt.
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intermediaries and households are state-contingent Arrow securities, and thus we have
complete markets subject to state-by-state collateral constraints.?°

The state of the economy z = {s, w, w;} now includes the exogenous state s in addition
to the two endogenous state variables w and w;. The interest rates on state-contingent
intermediated finance R; now also depend on the state s’ next period, that is, we have
a vector of equilibrium state-dependent interest rates; the state price for one unit of
intermediated finance in state s’ next period is thus I1(s, s')(R.)™!. Note that a prime now
denotes dependence of the variable on the state s’ next period. A promise to pay Rb to
households in state s’ next period, raises I1(s, s')0 this period, as such claims are priced by
households that are risk-neutral and have deep pockets, and thus the total proceeds from
issuing such claims to households are ), o II(s, s")b" = E[b'|z]; analogously, a promise to
pay R.b; to intermediaries in state s’ next period at equilibrium state-dependent interest
rate R}, raises Il(s,s’)b} this period, and thus the total proceeds from issuing claims
to intermediaries are ), o II(s,s")b; = E[bj|z]. With these changes, the firm’s and

L' In

intermediary’s problems can be straightforwardly adapted to the stochastic case.?
the stochastic economy, equilibrium now requires that the market for state-contingent
intermediated finance clears for all states next period, that is, [, = b, Vs’ € S.

To illustrate how our model allows the analysis of equilibrium risk management by the
corporate and intermediary sector, consider a stochastic economy which is deterministic
from time 1 onward. Importantly, both firms and intermediaries can engage in risk
management at time 0 and hedge the net worth available to them in different states s’ € S
at time 1. We show that the collateral constraint for direct finance against at least one
state s’ € S must bind. We also provide sufficient conditions for the marginal value of

net worth of the firm and the intermediary to comove.

Proposition 6 (Equilibrium firm and intermediary risk management). In an economy
that is deterministic from time 1 onward and has constant expected productivity, (i) the
firm must be collateral constrained for direct finance against at least one state at time 1;
(it) the marginal value of firm and intermediary net worth comove, in fact pu(s")/pu(s’) =
pi(s')/pi(s'), ¥s', s, € S, if Ai(s') =0, Vs’ € S. (i14) Suppose moreover that there are
Just two states, that is, S = {§,8}. If only one of the collateral constraints for direct
finance binds, A\(8') > 0 = A(§'), then the marginal values must comove, u(s') > u(s)
and 1;(8') = pi(8').

20While we study this implementation throughout, we emphasize that the contingent claims traded in

our economy may be implemented in practice with non-contingent claims on which issuers are expected
and in equilibrium indeed do default (see Kehoe and Levine (2008) for an implementation in this spirit).
21To adapt the firm’s problem, we add an expectation operator to the objective, replace b’ and b, in
(2) with E[V'|z] and E[b}|z], respectively, and note that (3) through (6) hold state-by-state. Proceeding
similarly, and replacing I’ and I} in (8) by analogously defined E[l’|z] and E[l}|z], respectively, we obtain
the stochastic version of the intermediary’s problem. See the proof of Proposition 6 for further details.
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Proposition 6 implies that the marginal values of firm and intermediary net worth
comove, for example, when the intermediary has very limited net worth and hence the
collateral constraints for intermediated finance are slack for all states. They also comove
if the firm hedges one of two possible states by saving with households, as then the
intermediary effectively must be hedging that state, too. Thus, the marginal value of
intermediary net worth may be high exactly when the marginal value of firm net worth
is high, too. The marginal values may however move in opposite directions, for example,
if a high realization of productivity raises firm net worth substantially, which lowers the
marginal product of capital and hence the marginal value of firm net worth, while raising
loan demand substantially and hence raising the marginal value of intermediary net worth.

Moreover, since the state-dependent intermediary interest rate typically exceeds the
interest rate households charge, firms that hedge by carrying additional net worth into
some state next period, because their net worth in that state would otherwise be too low,
will do so by reducing their borrowing from intermediaries against that state. This means
that the net worth of intermediaries in that state must be lower as well, as intermediaries’
net worth equals firms’ repayments of intermediated loans. Thus, to the extent that inter-
mediaries provide insurance to firms, there is a force in the model towards intermediary
net worth dropping exactly when corporate net worth drops, too.

Comovement between the value of corporate and intermediary net worth is thus plau-
sible but not a foregone conclusion. The nature of economic shocks affecting net worth
may also play a role. So far we have considered stochastic total factor productivity, which
directly affects corporate net worth only. Alternatively, one could easily adapt the model
to consider stochastic depreciation of capital, which would directly affect both corporate
and intermediary net worth; in fact, stochastic depreciation shocks would arguably affect
intermediary net worth relatively more, as the assets of intermediaries are collateralized
claims. Depreciation shocks are one way to model shocks to the value of collateral. A
shock to total factor productivity may then result in a downturn without a credit crunch,
whereas a depreciation shock to the value of capital may result in a downturn associ-
ated with a credit crunch. We leave an explicit analysis of a model with both stochastic
productivity and stochastic depreciation to future work.

7 Conclusion

We develop a dynamic theory of financial intermediation and show that the capital of
both the financial intermediary and corporate sector affect real economic activity, such
as firm investment, financing, and the spread between intermediated and direct finance.
We derive collateral constraints from an explicit model of limited enforcement in which

financial intermediaries have a collateralization advantage due to limited participation by
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households. Financial intermediaries are able to enforce claims when more of the capital is
collateralizable. This advantage in enforcement enables intermediaries to lend more than
households, but they cannot in turn finance such loans by borrowing from households
and hence have to finance these loans out of their own net worth; we argue that this is
why financial intermediaries need capital. In our view, the enforcement of payment is a
key rationale for the existence of financial intermediaries, in addition to the monitoring
and liquidity provision motives emphasized in the previous literature.

The determinants of capital structure of firms and intermediaries in the model are
distinct. Firms’ capital structure is determined by the extent to which firms can pledge
their tangible assets required for production as collateral to intermediaries and households.
In contrast, intermediaries’ capital structure is determined by the extent to which their
collateralized loans can be collateralized themselves, that is, by the difference between the
intermediaries’ and households’ ability to collateralize claims. Thus, firms issue promises
against tangible assets whereas intermediaries issue promises against collateralized claims,
which are in turn backed by tangible assets. Given these distinct determinants, firm
leverage may be substantially lower than intermediary leverage as is the case in practice.

Central to the aggregate implications is the fact that our model features two state
variables, the net worth of the corporate and intermediary sector, and their joint dy-
namics result in the compelling dynamics of the model. In downturns associated with a
credit crunch, while the initial recovery can be quite brisk, the recovery can stall as the
intermediary sector is slower to recover; thus, investment and macroeconomic activity
may remain depressed, and spreads elevated, potentially for a prolonged period of time,
even if the corporate sector seems to have recovered and pays dividends. In a downturn
without a credit crunch, corporate loan demand falls, and intermediaries may hold cash
to meet future corporate loan demand and thus spreads may initially be very low. A key
factor driving these results is that intermediary net worth accumulates more slowly than
corporate net worth in the model.

Our model is consistent with three key stylized facts about macroeconomic downturns
associated with a credit crunch, namely, their severity, their protractedness, and the fact
that the severity of the credit crunch itself in turn affects the severity and the persistence
of the downturn. Most uniquely, our model captures the tentative and halting nature of
recoveries from such episodes. Our model provides a useful framework for the analysis of

the dynamic interaction between financial structure and economic activity.
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Appendix A: Proofs
Proof of Proposition 1. Using (14) and the fact that v; = 0 (proved below in Lemma 1,
part (iii)), we have (R})™!' = Bu//u + BN, /p and

1
R+ p;

()=t 2
= (R) = s+

and hence p > p; with equality iff A} = 0. Moreover, since R, > R (proved below in
Lemma 1, part (i)), p; > 0. Finally, using (13), we have 1/(R+p) = fu//p = 1/R—BN /s,
implying that p > 0 iff ' > 0. O

Proof of Proposition 2. Suppose intermediaries pay out their entire net worth at some
point. From that point on, the firm’s problem is as if there is no intermediary. We first
characterize the solution to this problem and then show that the solution implies shadow
interest rates on intermediated finance at which it would not be optimal for intermediaries
to exit.

To characterize the solution in the absence of intermediaries, consider a steady state
at which 4 = p/ = ji and note that (13) implies \' = ((RB8)~! — 1)z > 0. The investment
Euler equation (16) simplifies to 1 = B[A’ (k) + (1 — 0)(1 — §)/p which defines k. The
firm’s steady state net worth is @' = A'f(k) + (1 — 6)k(1 — 6) and the firm pays out

d = @ — k= Af(F)— k[1 = (R0 + (1 - 0))(1 - )]
> Af(R) — 5K~ (R0 + 5(1 - 0))(1 - )]

= AR = 8= (R0 + 51— 0) (1 = §)ldk > 0.

Therefore, fi = 1. Investment k is feasible as long as w > w = @' — d. Whenever w < 1,
k < k and hence using (16) we have u/u’ = BlA'fi(k) + (1 — 0)(1 — 9)]/p > 1. The
shadow interest rate on intermediated finance is R, = 8~ 'u/u’ > B~ for all values of
w. But then it cannot be optimal for intermediaries to pay out all their net worth as
keeping € > 0 net worth for one more period improves the objective by (5;R,—1)e > 0. O

Proof of Lemma 1. Part (i): If R, < R, then using (13) and (14) we have 0 < (R —
R)Bu' < RSN, and thus b, > 0. But (18) and (19) imply that 0 < (R — R})fu; < R.(n;
and thus [} = 0, which is not an equilibrium.

Part (ii): Given v/ = 0 (see part (iii)), (13) and (14) imply that N = (R;/R — 1)i’ +
R;/RX; > \,.

Part (iii): First, suppose to the contrary that v, > 0. Then X, = 0 as b} = 0 <
(RL)™Y(0; — 0)k(1 —6) implies that (4) is slack. Using (14) and (13) we have Bu'R} > pu >

33



fu'R and thus R, > R. Equations (18) and (19) imply that Ry’ — Rin} = (R, — R)u, > 0
and thus 7 > 0 and I’ = 0. But if w, > 0, which is always true under the conditions of
Proposition 2, we have I} = (R})"'w] > 0 = b}, which is not an equilibrium. If instead
w} =0, then I = 0 and we can set R, = (8y//u)~" and 7, = 0 w.lo.g.

Part (iv): Suppose to the contrary that n; > 0 (and hence I} = 0). Since intermediaries
never pay out all their net worth, equation (9) implies 0 < w < RIl’ and hence i’ = 0.
But then (18) and (19) imply Suli/wR = 1 > Bt/ R; or R > R. contradicting the
result of part (i). Thus, n; = 0 and u; = (8;R}) ™ .

Part (v): Suppose X = 0. Then (13) reduces to 1 = gu//puR and thus 1 < u = SRy <
¢ and d = 0. By part (ii), A} = 0 and using (14) we have R, = R, u} = (BR) 'p; >
1, and d; = 0. The investment k™ solves R = [A'fx(k™) + (1 — 6;)(1 — 0)]/p:(R) or
R—140 = A’ fr(k**); this is the first best investment when dividends are discounted at
R and it can never be optimal to invest more than that. To see this use (16) and note
(A fy (k) + (1= ) (1 — 8)]/ () = o/ (Bi) > R = [A'fy(k) + (1 — 6,)(1 — 8))/gu(R),
that is, fr(k) > fr(k**). Note that the firm’s net worth next period, using (3) and (16),

1S

w' o= AfE)+ (1 —60,)(1 =0k —[RY —0(1 —§)k™] — [Rb; — (6; — 0)(1 — §)k*]
> Rpi(R)E™ — [RY — 0(1 — )] — [Rb, — (6; — 0)(1 — 0)k™] = R[k™ — b/ — b}]

= Ruweg,.

Note that ' = 0, d, = 0, k' < k**, and w’ > w,,, and from (2) next period, & = w'+b0"+0b/.
If R > R, then b/ = w} and ' = R7'0(1 — §)k’. Therefore, pk’ = w' + w}, but using
(2) we have pk™ < k™ — 0 = w, + U, < w' + w, = pk', a contradiction. If R} = R,
then b" 4+ b = k' —w' < k™ —w,, = V' + U, that is, the firm is paying down debt, and
w” > w' and w! > w}. But then w and w; grow without bound unless the firm or the
intermediary eventually pay a dividend. But since 1 and pu; are strictly increasing as long
as R, = R, if either pays a dividend at some future date, then p < 1 or p; < 1 currently,
a contradiction. O

Proof of Proposition 4. First, note that £* > 0 in a steady state due to the Inada
condition and hence w™* > A’ f(k*) + k*(1 — 0;)(1 — 0) > 0. Moreover, d* > 0 since oth-
erwise the value would be zero which would be dominated by paying out all net worth.
Therefore, in a steady state yu* = p* = 1. By Proposition 2 intermediary net worth is pos-
itive and hence d > 0 as well (arguing as above), which implies pf = p/* = 1. But then
n* = (RB;)™' —1>0and I >0 (and n* = 0), since otherwise intermediary net worth
would be 0 next period. Therefore, R/ = 8; ', and thus A} = (8;'8)~' — 1 > 0, that
is, the firm’s collateral constraint for intermediated finance binds. Moreover, £* uniquely

solves 1 = B[A fu(k*) + (1 — 0;)(1 — 9)]/ps(B; ) and d™, v'*, b*, and w"™ are determined
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by (2)-(4) at equality. Specifically, d* = A'f(k*) + k*(1 — 0;)(1 — 6) — p:i(B; 1 )k* > 0 and
b = Bi(0; — 0)k*(1 — §). The net worth of the firm after dividends is w* = p;(8; 1)k*.
Finally, I/ = b* = w! and d} = (3; ' — 1)w}. Thus there exists a unique steady state that
we have constructed. O

Proof of Proposition 5. Consider first region D and take w > w(w;) (to be defined
below) and d > 0 forever (u = p/ = 1). The investment Euler equation then implies
1 = BlA fi(k) + (1 — 6;,)(1 — 9)]/pi(R;). If the collateral constraint for intermediated
finance (4) does not bind, then p = RSB/, that is, R, = 57!, and investment is constant
at k which solves 1 = B[A’ fy (k) +(1—60;)(1—05)]/p:(B71) or, equivalently, 1 = B[A’ fi (k) +
(1 —6)(1 —0)]/p. Define w(w;) = pk — w; and w; = B(0; — O)k(1 — §). At w;, (4) is just
binding. For w; € (0,w;), (4) is slack. Moreover, w}, = 3~ 'w; and, if w} € (0,w;), the
ex dividend net worth is w., = w(w;) both in the current and next period, and we have

immediately w,/w] < we,/w;. Further, using (3) and (16) we have
w = A'f(k) + (1 —0)k(1 —6) — Rhw; > [A'fu(k) + (1 = 0)(1 — 8]k — Riw; = Riaw(w;).

But wl, = w(w}) < w(w;)w]/w; = Riwe,, so d = w' —wl, > 0. For w; € [w;,w]),
(4) binds and k(w;) solves 1 = B[A' fi(k(w;)) + (1 — 6;)(1 —9)]/[p — wi/k(w;)] and R, =
(0;—0)k(w;) /w;(1—6). Note that the last two equations imply that k(w;) > k, w;/k(w;) >
w;/k, and R, < B~' in this region. As before, define w(w;) = pk(w;) — w; and note
that the ex dividend net worth is w., = w(w;). Suppose w;” > w; then k(w;") > k(w;),
k(wh) /w < k(w;)/w;, and wl /w = pk(w]) /w =1 < we /w;. Moreover, w! = Riw; >
w; and hence k (strictly) increases and R, (strictly) decreases in this region. Proceeding
as before,

w = Af(k(w;)) + (1= 0:)k(wi)(1 = 0) > [Afi(k(w;)) + (1 = 6;)(1 = &)]k(w;)
> RBIA fi(k(wi)) + (1= 0;)(1 = 6)]k(w;) = R

But wl, = w(w}) < w(w;)w,/w; = Rjwe,, so d = w' —w., > 0. Finally, if w; > w} and
w > w(w;) = w*, the steady state of Proposition 4 is reached.

We now show that the above policies are optimal for both the firm and the interme-
diary given the interest rate process in region D and hence constitute an equilibrium.
Since R, > ;! before the steady state is reached, the intermediary lends its entire net
worth to the firm, I; = w;, and does not pay dividends until the steady state is reached.
Hence, the intermediary’s policy is optimal. To see that the firm’s policy is optimal in
region D, suppose that the firm follows the optimal policy from the next period onward
but sets d = 0 in the current period. If the firm invests the additional amount, then
k= (w;+w)/p >k and @' > w' (and therefore fi’ = 1). The investment Euler equation
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requires 1 = G/[A fi(k) + (1 — 6;)(1 — 0)]/ps(R)), but since fi(k) < fe(k) and k sat-
isfies the investment Euler equation at pu = p/ = 1, this implies i < 1, a contradiction.
Suppose the firm instead invests the same amount k& = k but borrows less b, < b;. Then
w' > w', i’ =1, and from (16) g = 1. If R, < 87!, then (4) is binding, a contradiction. If
R! = 7!, then the firm is indifferent between paying dividends in the current period or
in the next period. But in equilibrium b, = w; and hence d = d > 0 for the representative
firm. By induction starting at the steady state and working backwards, the firm’s policy
is optimal in region D. Further, we show in Lemmata A.1 and A.2 that the equilibrium
in region D is the unique equilibrium converging to the steady state.

Consider now region ND with w; < w} (as Lemma 2 shows) and w < w(w;) as defined
in the characterization of region D above and d = 0. Denote the firm’s ex dividend
net worth by we, < w. There are 3 cases to consider: we,/w; > W/W;, Wey/w; €
[w* Jw}, w/w;], and we, /w; < w*/w}.

First, if we, /w; > @/w;, then we, +w; < w(w;) +w; = 0+w; and k < (we, +w;) /o <
(w + w;)/p = k. Note that since b, < w; — d; < w;, we have Wep /b, > Wep /w; > W/ w;. If
(4) binds, then R, = (6;—0)(1—0)(we, /0i+1) /o > (6;—0)(1—0)(w/w;+1)/p = B~L.If (4)
does not bind, then R}, = [A’fy (k) +(1—0)(1—0)]/p > [A' fr(k)+ (1—-0)(1-0)]/p = 7.
In either case, R, > 7!, and hence d = 0, d; = 0, and b, = w;.

Second, consider we,/w; € [w*/w}, w/w;]. If we, /b, > w/w; we are in the first region
and hence d; = 0 and b, = w;, a contradiction. Hence, w.l.o.g. we, /b, € [w*/w},w/w;].
Take w; such that we,/b; = w(w;)/w;. Note that (4) binds at @; and w(w;), and thus
b, + Wey < W; + w(w;) and moreover k < k(i;). If (4) does not bind, then

Ri(@:) = (6; = 0)(1 — &) (@(@n)/w; +1)/p > (6; = 0)(1 = 6)(wea /b + 1)/ > R;
= [Afi(k) + (1= 0)(1 = 8)]/p > [A fi(k(@)) + (1 = 0)(1 = 5)]/p.

But since (4) binds at @; and @(w@;), R(w;) < [A"fi(k(®)) + (1 — 0)(1 — 6)]/p, a contra-
diction. Therefore, (4) binds and R, = R!(i;). From (16), Su'/u[A fr(k) + (1 — 6;)(1 —
/o R) = 1 = BIAfy(k(@0) + (1 — 6)(1 — 8)] /o () and, since b < k().
p > p' > 1, that is, d = 0. Further, if we,/w; € (w*/w,w/w;], then R, € (8;", 37}], and
thus d; = 0 and b, = w;. If we,/w; = w* /w}, then either d; > 0 or b; < w; yields R} > B;*
and therefore d; = 0 and b, = w; at such we, and w; as well.

Third, consider w,,/w; < w*/w}. As before, w.l.o.g. we, /b, < w*/w}. Then from (4),
R, < (61— 0)(1— 0)(wea W+ 1) /o < (6 —0)(1—8) (" fu +1) = 5", that is, R, < ;.
From (16), S/l A’ fu(k)+(1—6,)(1=0))/u( ) = 1 = BA fy(k)+(1=0) (1=8)]/gr (5
and, since k < k* and R} < 8!, u > ¢/ > 1, that is, d = 0. Moreover, (4) binds, since
otherwise 3,1 > R} = [A'fu(k) + (1 — 0)(1 — 9)]/p > [A' fe(k*) + (1 — 0)(1 — 6)]/p, but
since in the steady state (4) binds ;' < [A’fx(k*) + (1 — 0)(1 — 0)]/g, a contradiction.

Thus, we conclude that d = 0, (property (i) in the statement of the proposition),
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d; = 0 (except possibly in the first period (see Lemma 2), that R, satisfies the equation
in property (ii) of the proposition), and that b, = w; and k = (w + w;)/p if R, > R and
= w/p;(R) if R, = R (property (iii)). Moreover, using (3) and (16) we have

W= Af(R) (1 0)(1— Ok — [RY, — (6 — 0)(1 — )]
> Ripi(R)k — [RY, — (6 — 0)(1 — d)k] > Ripk — Rb, = R,

7

which, together with the fact that w} = Riw;, implies that w’/w, > w/w; (property (iv)).

Note that the equilibrium is thus unique in region ND as well. O

Proof of Lemma 2. We first show that d; > 0 when w; > w}. If w > w*, the stationary
state is reached and the result is immediate. Suppose hence that w < w*. Suppose
instead that d; = 0. We claim that R, < 3;' for such w; and w. Either R, = R and
hence the claim is obviously true or R, > R, but then b, = w;. Using (4) and (2) we have
R, < (0;—0)(1=8)k/b; < (0;—0)(1—0)(w/w;+1) < (0;—0)(1—6)(w* /w+1) = B;!, that
is, R< R, < 6{1. But as long as d; = 0, w, = Riw; > Rw; > w;, that is, intermediary
net worth keeps rising. If eventually firm net worth exceeds w*, then the steady state is
reached and ) = 1 from then onward. But then u;, = B; Ry, = 5;R; < 1, which is not
possible. The intermediary must pay a dividend in the first period, because if it pays a
dividend at any point after that, an analogous argument would again imply that p; < 1
in the first period, which is not possible. Similarly, if w < w* forever, then w > w} forever
and the firm must eventually pay a dividend in this region, as never paying a dividend
cannot be optimal. But by the same argument again then the dividend must be paid in
the first period.

To see that at most an initial dividend is paid and no further dividends are paid until
the steady state is reached, note that in equilibrium once R; > /3, ! then this is the case
until the steady state is reached. But as long as R} > 3; !, the intermediary does not pay

a dividend (and this is true w.l.o.g. also at a point where R, = 3;*

before the steady state
is reached). Before this region is reached, R, < 8;', but then the intermediary would not
postpone a dividend in this region, as other wise again p; = f;Riu; = 5; R, < 1, which is
not possible. O

Lemma A.1. Consider an equilibrium with R, € [8;*, 7] and p = i/ =1 and assume
the equilibrium is unique from the next period onward. Consider another equilibrium
interest rate R, then k < k and R, S R, is impossible.

Proof of Lemma A.1. Using (16) at the two different equilibria, if k < k and R, < R),
then

Al fi(k) + (1= 0,)(1 = 6) _

5A’fk<k) + (1 =0;)(1 =)
@i(Rﬁ) =

@i(Rﬁ)

ji
_ - A.
ﬂ, B 1 (A.1)
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If k< kand R, < R, = 3%, then by (A.1) i > ii'. Thus, i > i’ Rf; implying that (4)
must be binding. But then the firm must pay a dividend and 1 = ji > fi’, a contradiction.
If k > k and R, > R! and the collateral constraint binds at the original equilibrium,
then @' > A'f(k) 4+ (1 — 0)i)(1 — 0)k > A'f(k) + (1 —6;)(1 — 6)k = w'. Since &' > w’,
p' =1, and the equilibrium is unique , i/ = 1. By (A.1), i < @’ = 1, a contradiction.
If £ > k and R, > R! and the collateral constraint does not bind at the original
equilibrium, the R, = B! (using (14)). But then /i’ > R)3 > 1 while (A.1) implies

f/f < 1, a contradiction. O

Lemma A.2. The equilibrium in region D is the unique equilibrium converging to the
steady state.

Proof of Lemma A.2. The proof is by induction. First, note that if w > w* and
w; > w}, then the unique steady state is reached. Consider an equilibrium interest rate
R in region D and suppose the equilibrium is unique from the next period on. Suppose
R! € [67,37") and consider another equilibrium with R!. If the collateral constraint (4)
binds at this equilibrium, then R, = (6; —0)(1—0)k/w; = (6; —0)(1—8)k/w; = R, which
is impossible by Lemma (A.1). If the collateral constraint (4) does not bind at this equi-
librium and k < k, then R < (; —0)(1 —8)k/w; < (6; —0)(1—0)k/w; = R}, which is also
impossible by Lemma (A.1). If the collateral constraint (4) does not bind at this equi-
librium and k > k, by Lemma (A.1) R, < R;. But then by (14) i/i' = SR, < BR, < 1.
Since k > k and the collateral constraint binds at R, @' > w' implying i/ = 1 and
by above inequality i < 1, a contradiction. Thus for R, € [5; ! 871) the equilibrium
is unique. Suppose R; = 87!. By Lemma (A.1), we need only consider the two cases
kzkand Ry SR, =p ' If k < kand R, > 87!, (14) implies that i > 1 and hence
the firm does not pay a dividend. But then the firm must be borrowing less from inter-
mediaries, which cannot be an equilibrium as I = w; at this interest rate. If k > k and
R, < R, = B! and if (4) binds at R!, R, = (6;—0)(1—8)k/w; > (6;—0)(1—8)k/w; > R,
a contradiction; if (4) instead does not bind at R/, ji/jii’ = R, < 1. Since k > k and
R;Bg < Rw;, w" > w' implying i/ = 1 and by above inequality i < 1, a contradiction.
Therefore the equilibrium in region D is unique. O

Proof of Proposition 6. We first provide some notation and key equations for the
stochastic economy, to the extent that these differ from the deterministic economy. The
firm’s problem is to solve v(w, z) = max(gp 4wy d+BE [v(w', 2')[2] subject to the budget
constraint for the current period

w>d+k—EDN +1bz], (A.2)

and (3) to (6), Vs’ € S. Denote the transition probability on the induced state space for
the economy by I1(z, 2) in a slight abuse of notation. Using the multipliers p, II(z, 2) 81/,
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(z, 2") BN, 11(z, 2/) BN, va, and I1(z, 2') R, 5V}, the first-order conditions are (11),
p=EBW A fi(k)+ (1 =08)]+ N0+ X(0; — )] (1—6)) 2], (A.3)

and (13) to (15), Vs’ € S.
The intermediary’s problem is to solve v;(w;, 2) = max(q, v 1wy di + Bil [vi(w}, 2')|2]
subject to the budget constraint for the current period

and (9) and (10), Vs’ € S. Using the multipliers u;, I1(z, 2")B;us, na, (2, 2")RBn’, and
I1(z, 2") R, B;in., the first-order conditions are (17) to (20).

Using the down payment defined as p;(R}) =1 — [R7'0 + E[(R})~|2](6; — 0)](1 — 6),
the firm’s investment Euler equation is

1> B A fy (k) + (1= 0;)(1 = 9)

H oi(1)
Finally, define the premium on internal funds p as 1/(R + p) = E[fu'/p|z] and on
intermediated finance p; as 1/(R + p;) = E[(R})7!]z].

Part (i): By assumption the expected productivity in the first period equals the

z} . (A.5)

deterministic productivity from time 1 onward (denoted A’ here), that is, E[A'] = A’
Define the first best level of capital ky, by r + 8 = A’ fi (k).
Using the definition of the user cost of capital the investment Euler equation (A.5)
for the deterministic steady state case can be written as
p Pi A’ * A’ *

r R+p( )(1=9) R+m( )1 =6) = RBA'fi(k") < Afi(k")
and thus £* < ky,. Now suppose that A(s') = 0, Vs’ € S. Part (ii) of Lemma 1 then
implies that \;(s") =0, Vs’ € S, and (13) and (14) simplify to p = RBp and p = RS/,
implying that R, = R, Vs’ € S, and that ' =0, Vs’ € S, as otherwise u < 1. Moreover,
(19) simplifies to p; = RpB;u; and thus d; = 0, Vs’ € 5, as well since otherwise p; < 1.

Investment Euler equation (A.5) reduces to r + & = A'fi.(kgp), that is, investment must
be ks, We now show that this implies that the sum of the net worth of the intermediary
and the firm exceeds their steady state (cum dividend) net worth in at least one state,
which in turn implies that at least one of them pays a dividend, a contradiction. To see
this note that w' = A f(ks) + kpp(1 — 0) — RV — R}V, and w] = Rl' + Rl > Rl = R.b,
and thus

w'—l—w; Z A/f(kfb)+]€fb(1—5)—Rb, Z A/f<kfb)+(1—9)]€fb(1—5) > A,f(k*)—i‘(l—@)k*(l—é)

whereas w™ +wl* = A'f(k*) + (1 — )k*(1 — ). For A" > A, w' + w} > w™ + wl*, and
either the intermediary or the firm (or both) must pay a dividend, a contradiction.
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Part (ii): If \i(s') = 0, Vs’ € S, then (By//u)~' = R = (Bip/p;) ™" where the first
equality uses (14) and the second equality uses (19) and we use the fact that parts (iii)
and (iv) of Lemma 1 hold for an economy that is deterministic from time 1 onward.

Part (iii): Since A(§) = 0, A\;(§') = 0 by part (ii) of Lemma 1 and R;(8') = R.
From (13), u() = p(¥) + M#) > p(¥). Using (19), (Buu(&)/p) " = R < Ri(§) =
(Bipi(3") [ pi)~ " and thus pi(8') > pi(s). O

Appendix B: Equivalence of limited enforcement and

collateral constraints

We start by stating the representative firm’s and the representative intermediary’s prob-
lem in the stochastic economy with limited enforcement and limited participation, allow-
ing for long-term contracts. To facilitate this we first develop some notation for states
and the stochastic process for productivity, as well as state prices, stochastic discount
factors, and state-dependent interest rates for both the morning and the afternoon.

Define a state at date t by s* = {sg, 51, . .., $;} which includes the history of realizations
of the stochastic process s, for dates 7 = 0,1,...,¢, and the set of states at date t by
St. Let the transition function from state st to s be TI(s?, s™!) and let II(s7, s') be the
probability of state s* occurring at date ¢ given state s” at date 7 < t. Each date has two
subperiods, morning and afternoon, and states are realized in the morning.

Each afternoon there are markets in Arrow securities for all subsequent mornings
and afternoons. We define the (endogenous) state prices in these markets as follows:

M = Qm(s",s") is the price in the afternoon in state s™ of one unit of goods in the

morning in state s', ¢ > 7, and Q2% = Q.(s",s") the price in the afternoon in state s”
of one unit of goods in the afternoon in state s’, ¢ > 7. These prices are determined in
equilibrium but are taken as given by firms and intermediaries. Note that Q). = 1, that
is, the price of a unit of goods in the afternoon today is just one unit. We also define
stochastic discount factors ¢t = ¢,,(s7, s') and ¢% = q.(s7, s) as follows:

Qu(s7,s") = (s, 8)gm(s", s")
1(s7, s")qa(s", s").

O
IS
—~
V)
u*l
V2]
~
~—
Il

Moreover, we define state-dependent interest rates R,;11 = R (s', s = (g (st, ') 7!
for the morning and Ry 1 = Ry(st, s') = (qu (s, st71)) 7! for the afternoon, respectively.
Finally, to simplify notation, for a stochastic random variable y; = y(s'), we define the
short hand y, = {y:}:°,. Similarly we define the short hand Q% = {{Q%}°,}>° . to
be all the current and future state prices for all future dates from time 7 onward; q2_ is
defined analogously. Analogous definitions apply for the morning.
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LE

The firm’s problem (PLF) at date 7 in history s7 in the afternoon is to choose x%

where x% = (d;, ks, pe, Pmi, Pat), that is, dividends dy, capital k;, net payments to house-
holds p¢, and net payments to intermediaries in the morning p,,; and in the afternoon pg,
given net worth w,, to solve

max L Z Bt_Tdt] (B.1)

t=T1

subject to the budget constraints for the current and all subsequent dates and states,

w, > dr + Ky + P+ Par, (B.2)
Atf(kft_l) + kt—l(l — 5) > dt + l{?t + Pt + Dmt + Dat, VYt > T, (BS)

the participation constraints for the intermediary and the household,

ET Z q:'rzpmt + Z qgtpat Z 0; (B4)
t=7+1 t=1 J
E. Y Rp| >0, (B.5)
t=1 i
the limited enforcement constraints
B |y B > B ) 5*%&] . VE>T, (B.6)
t=+ t=+
and the non-negativity constraints
dtapmt Z 07 Vt 2 T7 (B7)

where d. together with the associated investment and financial policy X£¥ solve prob-

lem PLF given net worth w; = A;f(ks_1) + (1 — 0;)ks_1(1 — ) if the firm defaults in
the morning and w; = A; f(k;_1) + (1 — 0)k; _1(1 — §) — pms if the firm defaults in the
afternoon. There are therefore two sets of limited enforcement constraints, one for the
morning, where the firm can abscond with cash flows and 1—6; of depreciated capital, and
one for the afternoon, where the firm can abscond with cash flows minus any payments
made in the morning and 1— @ of capital. There is however only one budget constraint for
every date, rather than separate budget constraints for the two subperiods, because the
firm merely carries over funds from the morning to the afternoon. Note that net payments
to intermediaries in the morning are restricted to be non-negative, as intermediaries have
no other funds in the morning, but there are no restrictions on p; and py;.

The intermediary’s problem (PLF) at date 7 in history s7 in the afternoon is to

LE LE

choose x;7* where x;,” = (dit, Pht, Dmt, Dat), that is, dividends d;, net payments from
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households py;, and net payments from firms in the morning p,,, and in the afternoon
Dar, given net worth w;,, to solve

max F,
XLE

T

> 5“7%] (B.8)

t=1

subject to the budget constraints for the current and all subsequent dates and states,

v

Wir

diT — Phr — ﬁaT (Bg)
0 > dit — pnt — Pt — Dat, VE>T, (B.10)

the participation constraint for the firm and the household,

_ET Z qzﬁmt + Z qgtpat Z 07 (Bll)
t=7+1 t=7 i
—E. > R " py| > 0, (B.12)
t=r1 i
the limited enforcement constraints
B |> BT dy| > B | 5;-%] . Vs (B.13)
t=7 t=+
and the non-negativity constraints
dit, Pt = 0, vVt > T, (B.14)

where d;; together with associated lending policy %7 solve problem PLF given wealth
Wiz = P+ if the intermediary absconds in the afternoon. Since the intermediary at best
receives payments in the morning, the limited enforcement constraint for the morning is
redundant and we hence drop it. As in the case of the firm, there is only one budget
constraint for each date, rather than separate budget constraints for each subperiod.
Note that we again restrict the morning payments from the firm to the intermediary to
be non-negative, but there are no restrictions on p,; and pp, Vt > 7.
We define an equilibrium for the economy with limited enforcement as follows:

Definition B.1 (Equilibrium with limited enforcement). An equilibrium with limited
enforcement is an allocation x5¥ for the representative firm and x%F for the representative
intermediary and stochastic discount factors q3y and qb, such that: (i) xt¥ and xiF
solve the firm’s problem PP and the intermediary’s problem PLF | respectively; (i) the
household participation constraints (B.5) and (B.12) hold; and (iii) markets clear, that is,
the promises made by firms to intermediaries equal the promises received by intermediaries

from ﬁrms, Pmo = Pmo and Pa0 = Pao-
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For this environment we now state the equivalent problem with collateral constraints
in sequence form. The firm’s problem (P§Y) at time 0 in the afternoon is to choose a
sequence x§¢ = {222, where 8¢ = (dy, ki, by, big, bat ), that is, dividends dy, capital ky,
state-contingent loans from households b;, and state-contingent loans from intermediaries
to be repaid in the morning b;; and in the afternoon b, given net worth wy and given
the sequence of stochastic interest rates Rjg = { Ry }{2,, to solve

i 5tdt] (B.15)

subject to the budget constraints for the current and all subsequent dates and states,
that is, Vi > 1,

max Fjy
XCC
0

wo > do+ ko — (Eo[by + bir + ba1]) (B.16)
Af(kim1) + kiea(1—0) > dy+ ke + R(by + bar) + Risbiy — (Ey[bis1 + biy1 + barta]), (B.17)

the collateral constraints for loans to be repaid in the morning and afternoon, for all dates

and states,

(0i — 0)ki(1 —0) = Rirsbirsa, (B.18)
Oky(1 —6) > R(biy1 + bars1), (B.19)

and the non-negativity constraints for all dates and states
dy, ke, by > 0. (B.20)

Note that there are no non-negativity constraints on (b, b,;). We emphasize that there
are two types of collateral constraints restricting loans to be repaid in the morning and
afternoon separately. Given our definition of the stochastic discount factor and the state-
contingent interest rates, it is the expected value of the claims issued against the next
period that enters the budget constraint in the current period. As we show below, the
morning loans are provided by intermediaries at the equilibrium state-contingent interest
rate R;;, and afternoon loans by both households and intermediaries are provided at
interest rate R in equilibrium.??

The intermediary’s problem (P$C) at time 0 in the afternoon is to choose x4¢ =
{2§9}22, where 5¢ = (di, s, lis, lat), that is, dividends dj, state-contingent loans to

22Importantly, morning loans need to be repaid in the morning and postponing payment to the af-
ternoon is not feasible. Morning loans can therefore not be simply rolled over but are extended every
afternoon and repaid every morning. Our model thus provides a novel notion of short-term financing.
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households [/;, and state-contingent loans to firms to be repaid in the morning /; and in
the afternoon [, given net worth w;g and given the stochastic interest rates R;g, to solve
o

max F td; B.21

|3 ()

subject to the budget constraints for the current and all subsequent dates and states,

wig > dio + Eo[lh + L + la1], (B.22)
0 > di— Rl — Rilit — Rloy + Eillesy + lisp1 + laga], vt >1, (B.23)

the collateral constraints for all dates and states

le +lat 2 0, (B.24)
and the non-negativity constraints for all dates and states

dig, lip > 0. (B.25)

Note that there are no non-negativity constraints on (I;,l,). Critically, the collateral
constraints imply that intermediaries can borrow from households only to the extent that
they have corporate loans that pay off (in the afternoon) in that state. Intermediaries
cannot borrow against corporate loans that pay off in the morning. Again, the reason is
intermediaries themselves could abscond with such payments.

We define an equilibrium for the economy with collateral constraints as follows:

Definition B.2 (Equilibrium with collateral constraints). An equilibrium with collateral
constraint is an allocation x§€ for the representative firm and x$¢ for the representative
intermediary and interest rates Ry such that: (i) x§¢ and x§° solve the firm’s problem
PSC and the intermediary’s problem P$C , respectively; and (i) markets for intermediated
debt clear in each date and state, that is, b;g = l;p and b,y = l,g.

Observe that the firm’s problem P§¢ and the intermediary’s problem P$ only de-
termine the sum of b; + b, and I; + [y, respectively, for all t. Thus, we can focus on
the direct implementation and set b,; = l,; = 0 without loss of generality, that is, we
can assume that all afternoon loans are extended by households only. With this as-
sumption and defining the state variables, net worth, for the firm and intermediary as
wy = Apf(ki—1) + ki—1(1 = ) — Rby — Rybyy and wy = Rl + Ryly, respectively, we obtain
the recursive formulation of the firm’s and intermediary’s problem in equations (1)-(6)
and (7)-(10), respectively.

We now show that the economy with limited enforcement and the economy with
collateral constraints are equivalent. We proceed in two steps. First, limited enforcement
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implies that the present value of the sequence of promises, that is, long-term contracts,
issued by the firm and the intermediary can never exceed the amount of collateral that
can be seized. Second, after several intermediate steps, we show that any such sequence
can be implemented with the two types of one-period ahead Arrow securities subject
to the collateral constraints (B.18) and (B.19) in PS¢ and (B.24) in P$C in the main
text.?? Therefore, long-term contracts are irrelevant and the restriction to one-period
ahead contracts is without loss of generality.

Theorem B.1 establishes that limited enforcement implies present value collateral

constraints (and vice versa).

Theorem B.1 (Enforcement constraints imply present value collateral constraints). The
firm’s limited enforcement constraints (B.6) for the morning and the afternoon for all
dates and states are equivalent to present value collateral constraints for all dates and

states for the morning

6)ik:T—l(l - 6) 2 br + Pmr + Par + E’T Z (R_(t_T)pt + ‘]:;pmt + q:tpat)] ) (B26)
t=7+1
and for the afternoon
ekT—l(l - 5) Z Dr + Par + ET Z (R_(t_T)pt + q:tbpmt + Q$tpat)] . (B27)
t=7+1

Similarly, the intermediary’s limited enforcement constraints (B.13) for the afternoon in
all dates and states are equivalent to present value collateral constraints for the afternoon

for all dates and states

Phr + ﬁaT + ET

> (R puy + P + qitﬁat)] > 0. (B.28)
t=7+1
Proof of Theorem B.1. We first consider the firm and show that the limited enforce-
ment implies present value collateral constraints. The proof is by contraposition, that is,
we show that if the present value collateral constraint is violated, then so is the limited
enforcement constraint.

Define, for 7/ > T,

PVT(pT’) = E;

i R_(t_T)pt]

t=T1'

23 An important subtlety in establishing the equivalence is the determination of the present values of
morning and afternoon promises. The fact that afternoon promises are discounted to the previous af-
ternoon by both households and intermediaries at the interest rate charged by households obtains by no
arbitrage. Morning promises are discounted to the previous afternoon at the interest rate on intermedi-
ated finance, and, if necessary, discounted further back at the interest rate charged by households.

45



and similarly

Pvmf(pm‘r’) = E‘r

Z qumt] ; Pva‘r(pa‘r’) = ET
t=r1'

Z qf—tpat] .
t=T1'

Suppose that the present value collateral constraint (B.27) does not hold in the after-

noon at time 7. The firm can default and issue new promises at date 7

ﬁ’r - _PVT(pT+1) and ﬁar - _Pva (me+1> - PVaT (par—i—l)

while keeping the promises, investments, and dividends in all future dates and states the
same. The firm can make the same investment k, and must be able to pay a higher
dividend, since, if (B.27) is violated,

ekT—l(l - 6) - [pﬂ- +pa7] < PVT(pT+1) + PVYm‘(me—H) + PVaT(paT+1> - _]57' - ﬁa’ra

and therefore

dT = ATf(kT—1)+(1_€)kT—l(1 _5) _k’T—ﬁT—me_ﬁaT
> ATf(kT—l) + kT—l(l - 5) - k‘r — Pr — Pmr — Par = dTa

which completes the proof in one direction.

Suppose now that the present value collateral constraint (B.27) holds in the afternoon
at time 7. If the firm were to default in the afternoon, the firm’s net worth w, would be
wy = A f(kr—1) + (1 — 0)k—1(1 — §) — pimr. Consider an optimal plan given w, say X,.
One can instead implement a plan X, without defaulting that has X,,; = X, 1, k, = l%T,
and choose promises today given by

257' = ﬁT +pr + PVT<pT+1>
Dar = ﬁm— + Par + PV, (pm7+1> + PVaT(paT-H)'

Hence, the firm could pay the present value of its current promises and make the same

promises as under X.. Using (B.4) and (B.5) at equality for X, and (B.27) for x, we have

Hk‘r—l(l - (5) Z 257- + paT + PVT(f)T—i-l) + PVmT (I’jmf-l—l) + Pva‘r (pw-—i—l)a

so (B.27) is satisfied for P, Pmr+1, and Par. Moreover, using (B.27) for x,, the dividend
d, must satisfy

CZT ATf(kT—l) + (]- - 9)]{;7—1(1 - 5) - I%T - ﬁT — Pmr — ﬁar

~

ATf(kT—l) + kT—l(]' - 5) - k:T _ﬁT — Pmr _ﬁa’r
—Pr — Par — PVT(pT—H) - Pva(me—i-l) - PVaT(paT—i—l)

ATf(k‘rfl) + k‘rfl(l - 5) - lvfr — Dr — Par = dT'

IN
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Thus, a feasible strategy without default yields a weakly higher payoff, implying that
default cannot be optimal.

Next we show that if the present value collateral constraint (B.26) does not hold in
the morning at time 7, then the limited enforcement constraint is violated, too. If (B.26)
is violated, the firm could default in the morning, and in the afternoon set X, = x, .1,
k; = k,, and issue new promises today such that (B.4) and (B.5) hold with equality and

O = ﬁT + ﬁaf + PVT (p7+1> + Pvmr(pmr+l) + PVaT<paT+1)~

Since the present value collateral constraint is violated, we have

eik771<1 - 6) - [pr +pm‘r +pa‘r] < PVT (p7+1) + Pvm‘r (meJrl) + PVaT(paT+1> = _ﬁ‘r _pa‘ru

and the firm can set CZT to

CZT = ATf(k'Tfl) + (1 - ei)k‘l’fl(l - 6) - kT - ]37' - ﬁaﬂ'
> ATf(kT—l) + k"’—l(l - 6) - kT — Pr — Pmr = Par = dT?

an improvement. Therefore, the limited enforcement constraint in the morning implies
the corresponding present value collateral constraint.

The proof that the present value collateral constraint in the morning implies the
limited enforcement constraint in the morning follows the argument for the afternoon
closely and is hence omitted.

Next we turn to the intermediary’s problem. Since the intermediary receives a non-
negative payment in the morning, intermediary default is a concern only in the afternoon.
Suppose that the present value collateral constraint (B.28) at date 7 is violated, that is,

Phr + ﬁa‘r + PVT (Ph‘r-s—l) + PVmT(I_)mT—i-l) + PVaT(I_)aT+l) < 0.

The intermediary could default with w;, = p,,, and issue new promises at date 7

ﬁhT = _PVT<phT+1) and ﬁa‘r = _Pva<I~_)mT+l) - PVaT(I_)aT—i—l)

while keeping the promises and dividends in all future dates and states the same. Hence,
Phr + Dar > Phr + Par and the dividend at date 7 is higher since

A~

di‘r = Wjr +ﬁh‘r _'_ﬁaT > Wir + Phr + Par = diT’

implying that the limited enforcement constraint would be violated, too.
To see that (B.28) implies (B.13) proceed analogously to the proof for the firm by
assuming that the intermediary defaults and showing that the intermediary could do at

least as well without defaulting. O
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Before proceeding, we define a notion of consistency of state prices. Essentially, the
price of a state s’ contingent claim is the price of the state s'~! contingent claim payable
in the afternoon times the state s®~! one-period ahead price for date ¢ of the morning or

afternoon claim, as the case may be.

Definition B.3 (Consistency of state prices). Let history s'™1 be such that (s, s;) = s,

that is, history s'=! occurs as part of history st. Then, fort > T, state prices are consistent

if Qun(s7,5") = Qa(s™, 81 )Qm(s' ™", 8") and Qu(s7,8") = Qu(s7, s ) Qu(s"1, s").
State prices in an equilibrium in the economy with limited enforcement are consistent.

Lemma B.1 (Consistency of state prices). A limited enforcement equilibrium has con-

sistent state prices.

Proof of Lemma B.1. Consider first consistency of state prices for afternoon pay-
ments. Suppose consistency is violated at time 7 for state s”™? and assume w.l.o.g. that
Qa(s7,572) > Qu(s7,s7™)Q,(s™, s72). The intermediary could issue a claim against
state s and receive Q,(s7, s"72) at time 7 and at the same time purchase Q, (s, s7™2)
units of state s™*! claims at a per unit cost of Q,(s7,s™™!), yielding a positive payout
today. In state s™™!, the promise the intermediary issued will be worth Q. (s, s72)
which equals the payoff of the one-period claim. Thus the intermediary can repurchase
the claim at that time, yielding a zero payout then. Note that the payoff to the inter-
mediary is positive at time 7 and that the present value of the future promises is zero,
implying that the present value collateral constraint is satisfied throughout. This is an
arbitrage and hence afternoon state prices have to be consistent for time 7 + 2, and,
proceeding recursively, for all ¢ > 7 + 2.

To prove the consistency claim for morning state prices, we have to maintain the
constraints that p,,; and p,,; have to be non-negative. Suppose first that Q,,(s™, s™"2) >
Qu(s™, s ™HQ,n (5711, s712). The firm could issue a claim against state s7*2 in the morning

‘r+2)

and receive @, (s7, s at time 7 and at the same time purchase @Q,,(s"™!, s7*2) units of

™1 claims at a per unit cost of Q,(s7,s™"1), yielding a positive payout today. In

T+2)

state s

1 which equals the pay-

state s™™!, the promise the firm issued will be worth Q,,(s™™!, s
off of the one-period claims bought. Thus the firm can repurchase the claim at that time,
yielding a zero payout then. Note that the payoff to the firm is positive at time 7, that
is, this is an arbitrage, and that the present value of the future promises is zero, implying
that the present value collateral constraint is satisfied throughout. Suppose instead that
Qum(87,8™2) < Qu(s™, s ™) Q,,(s™, s712), then the intermediary could purchase a claim

™2 in the morning and proceed analogously to the firm above, reversing

against state s
all the signs of the transactions. In either case, there is thus an arbitrage and hence

morning state prices have to be consistent for time 7+ 2, and, proceeding recursively, for
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allt > 7+2. O

It turns out that the state prices of afternoon claims can be determined by no arbitrage:

Lemma B.2 (One-period ahead afternoon interest rate equals R). The interest rate

on one-period ahead afternoon claims must equal the household’s interest rate, that is,
Ro(s7, ™) = (qu(s7,s™™)) ™! = R for all dates and states.

Proof of Lemma B.2. Suppose R,(s™,s"™) > R for some (s7,s™™!). The intermedi-
ary could lend t the firm at R,(s™,s™™!) and borrow from the household at R against

7+l This transaction satisfies the present value collateral constraints at both s”

state s
and s ™! and yields a zero payoff at s™ and a strictly positive payoff at s™™!, an arbitrage.
Therefore, R,(s7,s™) < R for all (s7,s™). Moreover, if R,(s7,s™) < R for some
(s7,s7™1) then the reverse transaction presents an arbitrage for the intermediary. Thus,
the interest rate on one-period ahead afternoon claims equals R in all dates and states.

O

Essentially, the afternoon state-contingent interest rates must equal the riskless rate R,
as otherwise the intermediary could arbitrage by borrowing at R and lending at R,(s™, s™"1)

in a state-dependent way. Using Lemmas B.1 and B.2 recursively then yields

Qm(ST,St) — H(ST,St)R_(t_T_l)(Rm(St_l,St))_l
Qa(s7,s") = H(ST,st)R_(t_T).

It is noteworthy that multi-period ahead morning claims are priced using the morning
state-contingent interest rate only from the afternoon immediately preceding the morning
and are priced at the afternoon interest rate before. This is because a multi-period ahead
morning claim can be replicated using an afternoon claim paying off in the preceding
period and a one-period morning claim from then on. Effectively, the ability to enforce
morning claims is used only once. The interest rates for one-period ahead morning claims
R, (s, 57) are to be determined in equilibrium.

We are now ready for the second step, which establishes the equivalence of the
economies with limited enforcement and with collateral constraints and one-period ahead
complete markets for morning and afternoon claims. In the paper, we work with the

equivalent economy with collateral constraints which turns out to be more tractable.

Theorem B.2 (Equivalence of limited enforcement and collateral constraints). An equi-

librium with limited enforcement (x5F, x5F qoo, q%) is equivalent to an equilibrium with
collateral constraints (x5, x4%, Rag). More specifically, in the economy with limited en-

forcement, x5E and x5F solve PEE and PLE, respectively, and markets clear, Pmo = Dmo
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and Pqao = Pao, With stochastic discount factors qoo and qfy, if and only if, in the economy
with collateral constraints, x§¢ and x¢ solve P§C and PLC, respectively, and markets

clear, byy = Ly and byy = 1, where

(i) Equivalence of state prices: The market clearing interest rates on one-period ahead

morning claims Ry are given by Ry = (qpt 1) " for all dates and states.

(i) FEquivalence of allocations: Dividends and investment (do, ko, dyo) are identical in the

equilibrium with limited enforcement and with collateral constraints.

Proof of Theorem B.2. Using Lemmas B.1 and B.2, we can write the present value
collateral constraints (B.26) and (B.27) for the morning and afternoon, respectively, as

‘gikT—l (1 - 5) Z Dr +pm7 +paT+ET

Z (R_(t_T)pt + R_(t_T_l)(Rmt)_lpmt + R_(t_T)pat)]

t=17+1

and

Okr1(1 = 8) > pr + par + Er

Z (R_(t_T)pt + R_(t_T_l)(Rmt)_lpmt + R_(t_T)pat)] .

t=7+1

Now define p/, = pas + Ei[(Rimir1) "Pmis1) and rewrite the collateral constraints as
eikr—1<1 - 5) Z br +pm7 +p(—;— + PVT(pT+1 + p;—+1) (B29)

and
Okr_1(1—6) > pr + p:r +PVo(pry1 + p:T-i—l)' (B.30)

Note that determining (po, Pmo; Pao) and (po, Pmo, PJy) are equivalent. Next we show
that collateral constraints (B.29) and (B.30) are equivalent to (B.30) and the following

collateral constraint

First, observe that adding (B.30) and (B.31) yields (B.29) which establishes the first
direction. Second, to establish the other direction, suppose (B.31) is violated, that is,
(0; — 0)k;—1(1 — 0) < pmr. Then it must be that (B.30) is slack, that is, the inequality
must be strict, as otherwise adding (B.31) and (B.30) would imply that (B.29) is violated.
For such a state s™ the firm could raise the payment p, to households in the afternoon
by Re and reduce the payment p,,, to intermediaries in the morning by R,,.e (and
correspondingly reduce the payment p,_; to households at time 7 — 1 by II(s™,s™)e
while raising the payment p,_; to intermediaries by the same amount). This would yield
an additional payoff (R,,, — R)e in state s” which is non-negative and strictly positive if
R, > R; but in the latter case we obtain a strict improvement, which is not possible, and
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in the former case we can shift the payment to the afternoon and (C.16) holds without loss
of generality. This establishes the equivalence of the economy with limited enforcement
and an economy with collateral constraints as in (B.31) and (B.30).

We now show how to recover the collateral constraints in the one-period debt form
(B.18), (B.19), and (B.24). First, let R;r = Ry, for all (7,s7). Second, for 7 > 1 define

RbT = PvT(pT)7 biT = (Rh')ilpm‘r; RbaT = PVT(I)aJrT)a
and rewrite (B.31) and (B.30) as

(0 — 0)kr—1(1 —5) Rirbir
ng—l(l - 5) > R(bT + bar)y

v

that is, as in (B.18) and (B.19). Similarly, given one-period borrowing (bg, bso, bao) we
can recover payments (Po, Pmo; Pag) by constructing, for all 7 > 1,

Pr = Rb‘l’ - ET [bT+1]7 Pmr = Rini‘ra p;rf = RbaT - ET [baT+1]7
which can be seen for p,, for example, as follows:
Rb; = PVT(pT) =pr+ RilET [PVT+1<pT+1>] =pr+ RilEﬂ' [Rb‘r+1] =pr+ E; [b7+1]7

and analogously for p} . For date 0, using the household’s participation constraint (B.5)
at equality we have

0 = PVo(po) = po + R Eo[PVi(p1)] = po + R Ey[Rb1] = po + Eolbi],

that is, po = —Fjy[b1], and similarly using the intermediary’s participation constraint at
equality we have

0="PVy(ply) = pl+ R "E[PVi(p})]
= Pao + Eo[(Rm1) " D] + R™ Eo[Rba1] = pao + Eo[bir] + Eo[bail,

SO pao = —Eo[bir] — Eo[ba1], and thus (B.2) and (B.16) are equivalent. Hence, given wy,
we have shown how to translate an allocation x¥ (with p,,0 = 0) into an allocation x§¢
for the firm and vice versa.

Consider next the intermediary’s present value collateral constraint (B.28) which using

Lemmas (B.1) and (B.2) can be written as

o0

Phr + par + ET Z (R_(t_T)pht + R_(t_T)_l(Rmt)_lpmt + R_(t_T)ﬁat) Z Oa
t=7+1
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and further simplified by proceeding as before and defining p}; = Pas + Ei[( Rines1) ™ Dt 1]
and for 7 > 1,

RlT = PVT(phT)7 liT — (Rh—)_lﬁmﬂ'; le— = PVT(p:T)?
reducing the collateral constraint for the intermediary to
I + 1ot > 0,

which is (B.24), the collateral constraint with one-period loans. Moreover, by mimicking

the proof for the firm above, we can show that for 7 > 1
Phr = Rl’?’ - ET [lT+1]7 Dmr = RiTliTa 252_7 = RlaT - ET[laT+1]7

and, using the participation constraints for the firm and household at equality, that
po = —Eoll1] and p,g = —FEo[la] — Eo[la1]. Hence, given w;, we have shown how to
translate an allocation x%¥ (with p,,0 = 0) into an allocation x$¢ for the intermediary
and vice versa.

Consider now a given equilibrium with limited commitment. Using the interest rates
R0 implied by the state prices for morning payments, in the equivalent collateral con-
straint problem with R,y = R,,o our construction ensures that the same dividends and
investment and the one-period borrowing defined above are optimal for the firm. Sim-
ilarly, the same dividends and the one-period loans defined above are optimal for the
intermediary. Hence, given one-period interest rates R,y for intermediary loans repaid in
the morning and the interest rate R for loans repaid in the afternoon, the market clears
and we have an equilibrium with collateral constraints. The converse argument obviously
obtains as well. Therefore, we have shown the equivalence of the economy with lim-
ited enforcement, which allows for long-term contracts, and the economy with collateral

constraints and one-period ahead contracts. O
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Figure 1: Capital, Collateral Value, and Financing

This figure shows, at the top, the extent to which one unit of capital can be collateralized by households
(fraction 6, interpreted as structures) and intermediaries (fraction 6;, interpreted to include equipment),
in the middle, the collateral value next period after depreciation, and at the bottom, the maximal amount

that households and intermediaries can finance, as well as the minimum amount of internal funds required.
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Figure 2: Time Line of Firm’s Problem

This figure shows the time line of the firm’s problem in the afternoon of the current period including the
repayment decisions in the morning (on loans from intermediaries b; due then) and in the afternoon of

the next period (on loans from intermediaries b/, and from households b’ due then).

Current period Next period
Afternoon Morning Afternoon
..... | ]
T

f
- Consume d - Cash flow A’ f(k)
: Invest k :
Payments : : :
...from/to intermediaries  : Borrow b} + ¥/, : Repay R : Repay R,

... from/to households : Borrow o/ : : Repay RV

Net worth if firm defaults SAf(R) + (1= 6,)k(1—6) SAL(R) + (1= 6)k(1—6)



Figure 3: Dynamics of Firm and Financial Intermediary Net Worth

Contours of the regions describing the dynamics of firm and financial intermediary net worth (see
Proposition 5). Region ND, in which firms pay no dividends, is to the left of the solid line and
Region D, in which firms pay positive dividends, is to the right of the solid line. The point where
the solid line reaches the dotted line is the steady state (w*,w]). The kink in the solid line is
the point (w,w;) where R, = $~! and the collateral constraint just binds. The solid line segment
between these two points is w(w;) = pk(w;) — w; (with R} € (8;*,571)). The solid line segment
sloping down is w(w;) = pk — w; (with R, = B71). Region ND is dividend by two dash dotted
lines: below the dash dotted line through (w,w;) R: > B7!; between the two dash dotted lines
R, € (B;',871); and above the dash dotted line through (w*,w}) R, < B;'. The parameter values
are: = 0.90, R =1.05, 8; = 0.94, 6 = 0.10, = 0.60, §; = 0.80, A’ = 0.20, and f(k) = k* with « = 0.80.
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Figure 4: Dynamics of a Downturn without a Credit Crunch

This figure illustrates the dynamics after a downturn in corporate net worth starting from initial values
of net worth w = 0.04 and w; = w;. Panel A traces out the path of firm and intermediary net worth
in w vs. w; space with the contours as in Figure 3. Panel B shows the evolution of the interest rate
on intermediated finance (Panel B1), firm net worth (dashed) and intermediary net worth (solid)
(cum dividend (higher) and ex dividend (lower)) (Panel B2), intermediated lending to firms (solid)

and households (dashed) (Panel B3), and investment (Panel B4). The parameter values are as in Figure 3.
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Figure 5: Dynamics of a Credit Crunch

This figure illustrates the dynamics after a credit crunch starting from initial values of net worth
w = w* and w; = 0.02. Panel A traces out the path of firm and intermediary net worth in w
vs. w; space with the contours as in Figure 3. Panel B shows the evolution of the interest rate
on intermediated finance (Panel B1), firm net worth (dashed) and intermediary net worth (solid)
(cum dividend (higher) and ex dividend (lower)) (Panel B2), intermediated lending to firms (solid)

and households (dashed) (Panel B3), and investment (Panel B4). The parameter values are as in Figure 3.
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Figure 6: Dynamics of a Downturn Associated with a Credit Crunch

This figure illustrates the dynamics after a downturn in corporate net worth associated with a credit
crunch starting from initial values of net worth w = 0.04 and three values of intermediary net worth w;:
w; (solid; see also Figure 4), 0.04 (dotted), and 0.01 (dashed). Panel A traces out the path of firm and
intermediary net worth in w vs. w; space with the contours as in Figure 3. Panel B shows the evolution
of the interest rate on intermediated finance (Panel B1), firm net worth (higher lines) and intermediary
net worth (lower lines) (ex dividend) with dividend initiations marked with triangles pointing up (firms)
and down (intermediaries) (Panel B2), intermediated lending to firms (increasing lines) and households

(decreasing lines) (Panel B3), and investment (Panel B4). The parameter values are as in Figure 3.
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Figure 7: Downturn with a Credit Crunch in Bank-Oriented Economy

This figure illustrates the dynamics after a downturn in corporate net worth associated with a credit
crunch in a bank-oriented economy starting from initial values of net worth w = 0.04 and three values
of intermediary net worth w;: w; (solid), 0.04 (dotted), and 0.01 (dashed). Panel A traces out the path
of firm and intermediary net worth in w vs. w; space with the contours analogous to Figure 3. Panel B
shows the evolution of the interest rate on intermediated finance (Panel B1), firm net worth (higher lines)
and intermediary net worth (lower lines) (ex dividend) with dividend initiations marked with triangles
pointing up (firms) and down (intermediaries) (Panel B2), intermediated lending to firms (increasing
lines) and households (decreasing line) (Panel B3), and investment (Panel B4). The parameter values are
as in Figure 3 except that § = 0.50 and that A’ = 0.2014 is adjusted to keep k* and thus w* +w] constant.
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Appendix C: Static model of intermediary capital

In this appendix we study how the choice between intermediated and direct finance varies
with firm and intermediary net worth in a static (one-period) version of our model with
a representative firm. We consider a deterministic economy, although the results in this
appendix do not depend on this assumption.?* For this case, we first show the equiv-
alence of limited enforcement and collateral constraints, then characterize the effect of
intermediary net worth on spreads, and finally, analyze the choice between intermediated

and direct finance in the cross section of firms with different net worths.

Appendix C.1: Equivalence of limited enforcement and collateral
constraints

To show the equivalence of the economy with limited enforcement and limited participa-
tion and with collateral constraints, consider the firm’s and the intermediary’s problem

with limited enforcement first. The firm’s problem is to choose dividends {d, d'}, invest-
ment k, and payments to the household {p,p’'} and intermediary {p,, p.,,,p,} to maximize

d+ pd (C.1)
subject to the budget constraints for time 0 and time 1

w > d+k+p+pa, (C.2)
A’f(k;)+k;(1—5) > d’+p’+p§n+p;, (C.3)

the participation constraints for the intermediary and household

Pa + ¢l + 4o,
p+ R >

0,
0,

the limited enforcement constraints for the morning and afternoon

Vv

d > Afk)+(1—0)k(1—9), (C.6)
d > Afk)+(1—0k(1l—08)—p,, (C.7)

and the non-negativity constraints

d,d,pl, >0. (C.8)

24With one period only, the interest rate on intermediated finance is independent of the state s’, as
the marginal value of net worth next period for financial intermediaries and firms equals 1 for all states,
that is, ' = p} = 1, rendering the model effectively deterministic.
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The firm can abscond with a fraction 1 — 6; of capital in the morning, whereas in the
afternoon it can abscond with fraction 1 — # but not payments p!, already made.

The intermediary’s problem is to choose dividends {d;,d}} and payments from the
household {py, p),} and from the firm {p,, p,,, p,} to maximize

di + Bd; (C.9)

subject to the budget constraints for time 0 and time 1

v

Wy

di — p — Da, (C.10)
0 > d—pj, — Dy — P (C.11)

the participation constraints for the firm and household

—(Pa + GPr + D) = 0, (C.12)
~(pn+R7'p,) > 0, (C.13)

the limited enforcement constraint for the afternoon
di = P, (C.14)
and the non-negativity constraints

d;,d;, pl, > 0. (C.15)

1 Em

The intermediary can abscond in the afternoon with payments received in the morning.
We emphasize that the intermediary’s limited enforcement constraint in the morning is
redundant, because the intermediary would abscond without anything in the morning.

Using the firm’s time 1 budget constraint (C.3) which holds with equality and the
limited enforcement constraint for the morning (C.6), we have

Af(k) + k(L =0) = (0 +p +po) =d = A'f(k) + (1 = 0:)k(1 = 0)
which is equivalent to the following collateral constraint
0:k(1—0) > p' + pr, + Dl (C.16)

and similarly the limited enforcement constraint for the afternoon is equivalent to the

following collateral constraint

Ok(1—08)>p + . (C.17)

We will further simplify the collateral constraint for the morning below, after a few
intermediate steps.
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Using the intermediary’s time 1 budget constraint (C.11) which holds with equality

and the limited enforcement constraint for the afternoon (C.14), we have
P+ P+ Do = di 2 Py
which is equivalent to the following collateral constraint

D > =P (C.18)

a —

The intermediary can borrow from the household only against claims it has on the firm.

Next we show that the interest rate on intermediated loans repaid in the afternoon
must equal R and that the interest rate on intermediated loans repaid in the morning
must (weakly) exceed R. The intuition is that if the afternoon interest rate would differ
from the interest rates charged by the household, the intermediary could arbitrage this
spread. Moreover, since the intermediary can always lend at R to the household, loans
repaid in the morning must yield at least R.

Lemma C.1. Equilibrium state prices satisfy (i) ¢, = R~ and (i) ¢ < R™" without loss
of generality.

Proof of Lemma C.1. Part (i): Suppose not and assume ¢, < R~ without loss of
generality. Take ¢ > 0 and consider the alternative payments p, = pn + ¢ and p, =
Pa — € at time 0 and p), = p), — Re and p), = P, + (¢,)"'e in the afternoon. These
payments satisfy the intermediary’s time 0 budget constraint (C.10) and the firm’s and
household’s participation constraints, (C.12) and (C.13), by construction. Moreover, the
intermediary’s afternoon collateral constraint (C.18) is satisfied as

P+ Dy =pp + 0, + ((¢,) " = R)e > pl, + b, > 0.

and using the intermediary’s time 1 budget constraint (C.11) we can choose d, = d} +
((¢))"* — R)e > d, which is an improvement, contradicting the optimality of the original
solution.

Part (ii): Suppose not, i.e., ¢ > R™' and p, > 0. (If p; = 0, then we can set
¢ = R~! without loss of generality.) Then consider the alternative choice p, = p; — ¢
and p/, = pl, + ¢'/R e, where ¢ > 0, which satisfies the firm’s participation constraint
(C.12) by construction. Moreover, we can choose d} = d} + (¢//R~* — 1)e > d., which is

an improvement and hence again impossible. O

Observe that the firm’s problem only determines the sum of p+p, and p’+p/,. Similarly,
the intermediary’s problem only determines the sum of p, + p, and p}, + pl,.
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We can now show that the firm’s limited enforcement constraints are equivalent to

the following collateral constraints

(0 — 0)k(1 — 0)
Ok(1 — §)

. (C.19)
P+, (C.20)

AV,

We need to show that (C.19) and (C.20) are equivalent to (C.16) and (C.17). First, note
that (C.20) and (C.17) are identical. Second, observe that adding (C.19) and (C.20) yields
(C.16) which establishes the first direction. To establish the other direction, suppose that
(C.19) does not hold, i.e., (6; —0)k(1 — ) < pl,. Then (C.20) must be slack as otherwise
adding (C.19) and (C.20) would imply that (C.16) is violated. Thus, k(1 —9) > p' + pl,.
Consider the alternative payments p/, = p/, —¢ and p}, = p,+¢'/ R~ which satisfy (C.4),
(C.19), and (C.20) by construction, and d = d' + (1 — ¢//R™')e > d', which is a (weak)
improvement (and a strict improvement and hence contradiction whenever ¢ < R™1).
Therefore, (C.19) holds without loss of generality. This establishes the equivalence of the
economies with limited enforcement and with collateral constraints.

To recover the formulation in Section 4 of the paper set p/, = p/, = 0, that is, the
firm makes no payments to the intermediary in the afternoon, and change notation by
letting R, = (¢/)™', b= —p, b; = (R)"'p,,, | = —pp, and [; = (R))"'p, where {b,b;}
are the amounts the firm borrows from the household and intermediary and {l,l;} are
the amounts the intermediary lends to the household and firm. Using the fact that the
participation constraints for the intermediary and the household, (C.4) and (C.5), bind,
we can rewrite the firm’s problem as maximizing (C.1) by choosing {d, d’, k, b, b;} subject

to the constraints

w > d+k—b—1b (C.21)
Af(k)+k(1—6) > d+Rb+Rlb; (C.22)
0; —O)k(1—5) > Rb; (C.23)
0k(1—38) > Rb (C.24)

d,d.b; > 0. (C.25)

Similarly, using the fact that the participation constraints for the firm and the household,
(C.12) and (C.13), bind, we can rewrite the intermediary’s problem as maximizing (C.9)

by choosing {d;,d.,l,;} subject to the constraints

0 > d — Rl— Rl (C.27)
[ > 0 (C.28)
di,di,l; > 0. (C.29)
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We refer to this implementation as the direct implementation as all afternoon loans to
the firm are extended by the household directly. The intermediary has hence no income
from collateralized loans in the afternoon and thus cannot make pledges to the house-
hold and can lend to but not borrow from the household. This can be seen from the
collateral constraint (C.28) which reduces to a non-negativity constraint on lending to
the household.

Alternatively, let, as before, R, = (¢')~!, b; = (R])"'p/,,, and [; = (R,)~'p/,, but now
let b= R 'p, 1l =R 'p,, and I, = R7'pl,, and set p = p’ = 0, that is, the firm does
not borrow from the household directly. Then (C.4), which holds with equality, implies
that p, = —(b; +b), and substituting into (C.2), (C.3), (C.19), and (C.20), we obtain the
constraints of the firm’s problem which are identical to equations (C.21) through (C.25).
However, now we interpret b as loans extended by the intermediary to be repaid in the
afternoon. Similarly, for the intermediary, (C.13) at equality implies that p, = —[ and
(C.12) at equality implies that p, = —(l;+{,) which yields the following set of constraints:

w; Z dz + l -+ ll —+ la (030)
0 > d — Rl — R, — RI, (C.31)
la > —I (C.32)

and (C.29). This is the indirect implementation in which the intermediary extends morn-
ing and all afternoon loans to the firm and in turn borrows from the household against its
collateralized loans. The afternoon collateral constraint (C.32), similar to equation (C.18),
implies that the intermediary can borrow from the household up to the amount that the
firm is due to repay in the afternoon. We emphasize that the firm needs to repay morning
loans (b;) in the morning.

Appendix C.2: Effect of intermediary capital on spreads

The equilibrium spread on intermediated finance depends on both firm and intermedi-
ary net worth. Given firm net worth, spreads are higher when the intermediary is less
well capitalized. Importantly, the spread on intermediated finance depends on the rela-
tive capitalization of firms and intermediaries. Spreads are particularly high when firms
are poorly capitalized and intermediaries are relatively poorly capitalized at the same
time. Poor capitalization of the corporate sector does not per se imply high spreads, as
firms’ limited ability to pledge may result in a reduction in firms’ loan demand which

intermediaries with given net worth can more easily accommodate.?

Z’Note that in contrast to our model in Holmstrém and Tirole (1997) aggregate investment only
depends on the sum of firm and intermediary capital.
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The representative firm solves (C.1) by choosing {d,d’, k,b,b;} subject to the con-
straints (C.21) through (C.25). The representative intermediary solves (C.9) by choosing
{d;,d;,1,1;} subject to the constraints (C.26) through (C.29). An equilibrium is defined
in Definition 1 of the paper. In addition to the equilibrium allocation, the spread on
intermediated finance, R, — R, is determined in equilibrium.

The following proposition summarizes the characterization of the equilibrium spread.
Figure C.1 illustrates the results. The key insight is that the spread on intermediated
finance depends on both the firm and intermediary net worth. Importantly, low capitaliza-
tion of the corporate sector does not necessarily result in a high spread on intermediated
finance. Indeed, it may reduce spreads. Similarly, while low capitalization of the inter-
mediation sector raises spreads, spreads are substantial only when the corporate sector
is poorly capitalized and intermediaries are poorly capitalized relative to the corporate
sector at the same time.

Proposition C.1 (Firm and intermediary net worth). (%) For w; > w}, intermediaries
are well capitalized and there is a minimum spread on intermediated finance 3;* — R > 0
for all levels of firm net worth. (it) Otherwise, there is a threshold of firm net worth w(w;)
(which depends on w;) such that intermediaries are well capitalized and the spread on

intermediated finance is B — R > 0 as long as w < w(w;). Forw > w(w;), intermediated

finance is scarce and spreads are higher. For w; € [w;,w}), spreads are increasing in w
until w reaches w(w;), at which point spreads stay constant at Ri(w;) — R € (87! —
R,87' — R]. For w; € (0,w;), spreads are increasing in w until w reaches w(w;), then
decreasing in w until w(w;) is reached, at which point spreads stay constant at 3~ — R.

As w; = 0, w(w;) — 0.

Proof of Proposition C.1. First, consider the intermediary’s problem. The first-order
conditions, which are necessary and sufficient, are

i = 1+, (C.33)
pi = RBip; + RBn, (C.34)
pi = Rif; + RiBim;, (C.35)
W, = 1+1), (C.36)

where the multipliers on the constraints (C.26) and (C.27) are p; and S;u), and 14, Bin),
Rp;n', and R.Bm. are the multipliers on the non-negativity constraints on dividends and
direct and intermediated lending. Since (C.27) holds with equality, the non-negativity
constraints on /" and [} render the non-negativity constraint on d; redundant and hence
@, = 1. Using (C.34) we have ' = (RB;) 'y —1 > (RB;)™ —1 > 0 (and I’ = 0) and
similarly using (C.35) 7, > 0 as long as R, < ;. Therefore, for I} > 0 it is necessary
that R, > 3;'. If R, > B, then p} > 1 (and I} = w;) while if R, = 8,1, 0 < I} < w;.

6
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Now consider the representative firm’s problem. The first-order conditions, which are

necessary and sufficient, are

o= 1+uy, (C.37)
po= B [Afi(k)+ (1=0)]+ N0+ X0 —0)](1-0)), (C.38)
4 = RBY + RBN, (C.39)
po= Ry + RpX — Ripv;, (C.40)
po= 1+, (C.41)

where the multipliers on the constraints (C.21) through (C.24) are u, Sy, SN, and S,
and vy, v}, and R.Qv] are the multipliers on the non-negativity constraints on dividends
and intermediated borrowing. By the Inada condition, (C.38) implies that & > 0 and
using (C.22) at equality and (C.23) and (C.24) we have d’ > A’ f(k)+k(1—6;)(1—6) >0
and p/ = 1. Suppose v/ > 0 (and hence b; = 0). Since k > 0, (C.23) is slack and \; = 0.
Using (C.37) and (C.40) we have 1 < p < R which implies that R, > 3~!. But at such
an interest rate on intermediated finance I = w; > 0, which is not an equilibrium as ¢ = 0.
Therefore, v/, = 0 and R, < 37!, Moreover, if R, < 87!, then \, = (R/3)"'x —1 > 0 and
hence b, = (R})~1(6; — 0)k(1 — &) > 0. Since I} = 0 if R, < ;!, we have R, € [5; ", 37!]
in equilibrium. Defining ;(R}) =1 — [R7'0 4+ (R)~'(#; — 0)](1 — §) and using equations
(C.38) through (C.40) the firm’s investment Euler equation is

R LA (R) + (1= 6;)(1 —9)
t=r i (R '

Given the interest rate on intermediated finance, the firm’s problem induces a concave

(C.42)

value function and thus p (weakly) decreases in w, implying that k& (weakly) increases.

We first show that intermediaries are well capitalized and there is a minimum spread
on intermediated finance 8; ' — R > 0 for all levels of firm net worth when w; > w? and
for levels of firm net worth w < w(w;) when w; < w}. If R, = 3;', a well capitalized firm
invests k* which solves (C.42) specialized to 1 = B[A"fi.(k*) + (1 — 6;)(1 — 0)]/0:(B; 1),
while less well capitalized firms invests £ < k*. The intermediary can meet the required
demand for intermediated finance for any level of firm net worth w if w; > w} = 5;(6; —
0)k*(1 — §). Suppose instead that w; < w;. In this case the intermediary is able to
meet the firm’s loan demand at R, = ;! only if the firm is sufficiently constrained;
the constrained firm invests k = w/p;(3; ') using (C.21), (C.23), and (C.24) at equality,
and thus b, = B;(6; — 6)k(1 — §); the intermediary can meet this demand as long as
w < w(w;) = pi(B;7)/[B:(6: — 0)(1 = 6)]wi.

Suppose now that w; < w; and w > w(w;) as defined above. First, consider w; €
) where w; = B(0; — 0)k(1 — 6) and 1 = B[Afi.(k) + (1 — 0)(1 — §)]/p, that is, w;

[wiv w;'k
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is the loan demand of the well capitalized firm when the cost of intermediated finance
is R, = 7' Note that R, < 87! on (w;,w}) since the intermediary has more than
enough net worth to accommodate the loan demand of the well capitalized firm (and
thus any constrained firm) at R} = S~'. Thus, the firm’s collateral constraint binds,
that is, w; = (R))™(6; — 0)k(1 — §). If the firm is poorly capitalized, d = 0 and (C.21)
implies w + w; = gk, and R, = (6; — 0)(1 — 0)(w/w; + 1). If the firm is well capitalized,
p =1 and k(w;) solves 1 = B[A' fi.(k(w;)) + (1 — 6;)(1 — 8)]/[p — wi/k(w;)]. Moreover,
w(w;) = pk(w;) — w; and for w > w(w;) the cost of intermediated finance is constant
at Ri(w;) = (0; — 0)k(w;)(1 — &) /w;. Note that Rj(w;) = ;" and w(w}) = pk* — w} =
0i(B k" = w(w}), that is, the two boundaries coincide at w?. In contrast, at w; we
have w(w;) = pi(6;1)/[B:(0; — 0)(1 — 8)|w; = pi(B; )/ Bik = pkB/B; — w; < w(w;) and
Rj(w;) = p~".

Finally, consider w; € (0,w;) and w > w(w;) as defined above. If the firm is well
capitalized (C.40) implies \; = (R.3)~'—1 > 0. Moreover, since w; < w; the intermediary
cannot meet the well capitalized firm’s loan demand at R, = 8~! and thus the cost of
intermediated finance is in fact 87! and A, = 0, that is, the collateral constraint for
intermediated finance does not bind. Thus, the firm’s investment Euler equation (C.42)
simplifies to 1 = B[A’ f.(k)+(1—6;)(1—0)]/9:(371) which is solved by k as defined earlier in
the proof. Define w(w;) = pk—w;; the firm is well capitalized for w > w(w;). Suppose w <
w(w;) and hence p > 1. If the collateral constraint for intermediated finance does not bind,
then (C.40) implies R, = 7' > 7! and (C.42) implies R, = [A' f(k)+(1—0)(1-9)]/p,
while (C.21) yields w + w; = pk. Observe that k < k and R/ decreases in w. If instead
the collateral constraint binds, then R, = (0; — 0)k(1 — 0)/w; and w + w; = gk (so
long as w > w(w;)). Note that k and R increase in w in this range. The collateral
constrain is just binding at @(w;) = pk(w;) — w; where [A’ f (k(w;)) + (1 —0)(1 —6)]/p =
(0; — 0)k(w;) (1 — 8) Jw;.

We now show that if the collateral constraint for intermediated finance binds at some
w < w(w;) then it binds for all w~ < w. Note that d = 0 in this range and w + w; = pk.
At w™, either b)” < w; and R, = B; " and hence \;” = (5;'8)" 'y~ —1 > 0 or b = w;
and w™ +w; = k™, implying k= < k. Suppose the collateral constraint for intermediated
finance is slack at w™. Then R, b, < (6; — )k~ (1 —d) < (6; — 0)k(1 — &) = R}Y, and
since b, = w; and b} < w; by above R w; < Rib; < Rjw; which implies R, < Rj. But

Afe(b7)+ (1 =0)(1-06) _  Afe(k)+(1—0;)(1—9)

Rod=w =0 e —oi=9 "o )G -oa s "

>

or R > R}, a contradiction.
Moreover, w(w;) < w(w;) < w(w;) on w; € (0,w;). Suppose, by contradiction,

that w(w;) < w(w;) and recall that w(w;) + w; = pk and w(w;) + w; = pfc(wi),



Appendix -- For Online Publication

so k(w;) < k. But Ri(w;) = (6; — O)k(w;)(1 — 6)/w; < (0; — O)k(1 — &) /w; = B
But if R/(w;) < B7', then at w(w;) we have p = Ri(w;)f < 1 (since the collat-
eral constraint is slack), a contradiction. Thus, w(w;) < w(w;). Suppose, again by
contradiction, that w(w;) < w(w;) and hence k < k(w;). Recall that k(w;) solves
(A fio(k(w;)) + (1 = 0)(1 = 8)]/p = (6; — 0)k(w;)(1 — 6) /w;. At w; this equation is solved
by k (and R/(w;) = 1), but since w; < w;, k(w;) < k, a contradiction. Moreover, as
w; — 0, k(w;) — 0 and w(w;) = pk(w;) — w; — 0. O

Panel A of Figure C.1 displays the cost of intermediated finance as a function of firm
net worth (w) and intermediary net worth (w;). Panel B of Figure C.1 displays the
contours of the various areas in Panel A. When intermediary capital is below w; and
the corporate sector is not too poorly capitalized (w > w(w;)), spreads on intermedi-
ated finance are higher. Indeed, when intermediary capital is in this range, higher firm
net worth initially raises spreads as loan demand increases (until firm net worth reaches
w(w;)). This effect can be substantial when w; < w;; indeed, interest rates spike when
financial intermediary net worth is very low. If firm net worth is still higher, spreads
decline as the marginal product of capital and hence firms’ willingness to borrow at high
interest rates declines. When corporate net worth exceeds w(w;), the cost on intermedi-
ated finance is constant at 57!, which equals the shadow cost of internal funds of well
capitalized firms.

To sum up, spreads are determined by firm and intermediary net worth jointly.
Spreads are higher when intermediary net worth is lower. But firm net worth affects
both the demand for intermediated loans and, via investment, the collateral available to
back such loans. When collateral constraints bind, lower firm net worth reduces spreads.

Appendix C.3: Intermediated vs. direct finance in cross section

To show that our model has plausible implications for the choice between intermediated
and direct finance in the cross section of firms, consider the static environment without
uncertainty analyzed above, but now taking the spread on intermediated finance R, — R as
given. Each firm maximizes (C.1) subject to the constraints (C.21) through (C.25) given
its net worth w. Assume that R, > 371.%6 Severely constrained firms borrow as much as
possible from intermediaries while less constrained firms borrow less from intermediaries
and dividend paying firms do not borrow from intermediaries at all, consistent with
the cross sectional stylized facts. These cross-sectional results are similar to the ones

26We consider the case in which R} > 371 since one can show that R; < 37! would imply that A} > 0
and thus the cross sectional financing implications would be trivial as all firms would borrow the maximal
amount from intermediaries. When R, = 71, this would also be true without loss of generality.
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in Holmstrém and Tirole (1997), although in their model all firms that borrow from
intermediaries raise the same amount of intermediated finance.

Proposition C.2 (Intermediated vs. direct finance across firms). Suppose R, > 371
(i) Firms with net worth w < w, borrow as much as possible from intermediaries, firms
with net worth w, < w < w, borrow a positive amount from intermediaries but less
than the mazimal amount, and firms with net worth exceeding w, do not borrow from
intermediaries, where 0 < w; < w,. (%) Only firms with net worth exceeding w pay
dividends at time 0, where w, < W < co. (i4t) Investment is increasing in w and strictly

increasing for w < w; and w, < w < W.

Proof of Proposition C.2. The first-order conditions are (C.37)-(C.41). By the Inada
condition, (C.38) implies that & > 0 and using (C.22) at equality and (C.23) and (C.24)
we have d > A'f(k) + k(1 —6;)(1 —9) > 0 and ¢/ = 1. But (C.37) and (C.39) imply
1 <u=Rp+ RN and thus ) > 0 since R < 1 by assumption; that is, all firms raise
as much financing as possible from households.

Suppose the firm pays dividends at time 0. Then g = ¢/ = 1 and (C.40) implies
0>1-R/3=RBN— RV and thus v, =1 — (R,3)"' > 0, b, = 0, and X, = 0; thus,
the firm does not use intermediated finance. Note that the problem of maximizing (C.1)
subject to the constraints (C.21) through (C.25) has a (weakly) concave objective and a
convex constraint set and hence induces a (weakly) concave value function. Thus, p is
(weakly) decreasing in w and let @ be the lowest value of net worth for which p = 1; by
the Inada condition, such a w < +oc exists. At w, d =0, w = kp (using (C.21)), and k
solves 1 = B[A fr(k) + (1 — 0)(1 — 6)]/p (using (C.38)). For w > w, d = w — w while the
rest of the optimal policy is unchanged.

Suppose A, = 0 and v, = 0. Then p = R} > 1. Moreover, rearranging (C.38) we have
1= B/(RB)A fu(k)+ (1 —0)(1—6)]/p which defines k < k. Define w,, such that invest-
ment is k and b, = 0; then w,, = kp. Similarly, define w; such that investment is k£ and
b — (R (6~ 0)k(1—); then w, — klp— ()6 —0)(1—8)]. Note that w, < w, < .
So firms below w; raise as much financing as possible from intermediaries (since p > R}
by concavity and hence A, > 0). Firms with net worth between w,; and w, pay down
intermediary financing linearly. Firms with net worth above w, do not borrow from in-

termediaries and scale up until k is reached at w, at which point they initiate dividends. O

Intermediated finance is costlier than direct finance. Indeed, under the conditions of
the proposition, intermediated finance is costlier than the shadow cost of internal finance
of well capitalized firms. Thus, well capitalized firms, which pay dividends, do not borrow
from financial intermediaries. In contrast, firms with net worth below w, have a shadow

cost of internal finance which is sufficiently high that they choose to borrow a positive

10
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amount from intermediaries. For severely constrained firms, with net worth below wj,
the shadow cost of internal funds is so high that they borrow as much as they can
from intermediaries, that is, their collateral constraint for intermediated finance binds.
Moreover, more constrained firms have lower investment and are hence smaller.

The cross-sectional capital structure implications are plausible: smaller and more
constrained firms borrow more from financial intermediaries and have higher costs of
financing, while larger and less constrained firms borrow from households, for example in
bond markets, and have lower financing costs.

11



Appendix -- For Online Publication

Figure C.1: Role of Firm and Financial Intermediary Net Worth

This figure displays the equilibrium of the static economy. Panel A shows the interest rate on
intermediated finance R, — 1 (percent) as a function of firm (w) and intermediary net worth (w;).
Panel B shows the contour of area where spread exceeds 3; ' — R: w} (dash dotted) and w(w;) (dash
dotted); w(w;) (dashed); contour of area where spread equals S~ — R: w; (solid) and w(w;) (solid).
The parameter values are: 3 = 0.90, R = 1.05, 8; = 0.94, § = 0.10, 6 = 0.60, #; = 0.80, A’ = 0.20, and
F(k) = k* with a = 0.80.
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