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I Repeated trades (Proof of Proposition 2 and Figure
2)

We begin by analyzing the model where both players trade simultaneously in two periods,
as in Proposition 2. In Section [.D, we turn to the the hybrid model where the leader trades
alone first and then both players trade in the second period, as in Figure 2.

We focus on linear equilibria in which players follow symmetric strategies; player ’s trade

in period j is denoted ¢}, where

0y = an( X} — My) + Bo( X — My), (TA.2)

where X is the initial position, X{ = X¢ + 6! is the updated position after the first period,
M; is the market maker’s (MM’s) mean posterior belief (after period 1) about either player’s
updated position, and M; is the MM’s mean posterior belief about either player’s initial
position.

Before proving Proposition 2, we illustrate the manipulation incentive in the first period.
Suppose by way of contradiction that there is an equilibrium in which §; = —a;. Consider
trader i of type X} = pu > 0, so that player i’s expectations of player j’s trade in period 1
and both players’ trades in period 2 are all 0, and moreover, player i’s conjectured optimal
trade in period 1 is 0. The right hand side of the first order condition in period 1 evaluated

at 0 reduces to

oM, .
— (B2 + (1 + 041))—1X8, (IA.3)
ov, 7

Vv
value of manipulation

N

since 68]\511 = (1+ al)‘g{ﬁt. Now X{ = p > 0, and in the equilibrium we construct, £ +



oMy _ __oa(¢+p)
» OV T 2a3(ptp)to?

the value of manipulation is negative. Thus, the first order condition is not satisfied at the

as(l + a1) > 0. Furthermore > 0. Together, these inequalities imply
conjectured strategy if ; = —aq, and in particular, player ¢ could do better with a small
negative trade. Importantly, this argument holds independently of the sign of p (provided
p # —@), in contrast to the baseline model. Intuitively, a lower trade in period 1 reduces the
MM’s belief about both players’ initial (and current) position, reducing the price in period
2 and leading to a larger period 2 trade by the other player. In contrast, in the baseline
model, the analogous value of manipulation depends on the MM’s belief about the second
trader alone, and the response of that belief to the first period trade depends on the sign of
p-

Returning to the proof of the proposition, we begin by characterizing learning, pricing,
and optimality conditions. We then prove existence of equilibrium for small ¢ > 0; for

technical reasons, we analyze the cases p = ¢ and p € [0, ¢) separately.’

I.A Learning, pricing, and optimality

Players begin with the usual prior mean and variance about each other’s positions

P

Yo =+ Zb(Xé — 1), (IA4)

Since the second period strategies have the gap form, the prior price is

After observing period 1 order flow Wy, the MM’s updated beliefs are

(¢ + p)

_ it 1@ —p)(¢ +p) + ¢0°
v = Var(X}|¥,) = 2261+ (IA.8)
Ml = E[Xﬂlljl] == (1 + Oél)Ml + (51/1, (IA9)
A = Var(XiW) = (1 + a1)?y, (IA.10)

—ai (¢ — p)(¢+ p) + po?
203 (¢ + p) + 02

p1 = Cov(X}, X]| W) = , (IA.11)

n the first case, /0 and (/0 will have positive, finite limits as o — 0, while in the second case, they
will diverge.



pr = Cov(X!, X7|Wy) = (1 + ay)?p1. (IA.12)
The MM’s price in period 1 is simply
Py = 20, (IA.13)

since it anticipates gap strategies in period 2. Price impact is therefore

21+ ar)as(+p)

A pu—
Y20} (g+p) +0°

(IA.14)

Each player also updates their belief about the other’s initial and updated position based on

the period 1 residual order flow:

a1l

Y = Ei[X3[0y, 0] = Y5 + {01 — 0] — Yy — o}, (IA.15)

OZ%VO + o2

}N/li = Ei[Xﬂ‘I’l» 0;] = (14 aq)Y{ + 1, (IA.16)

where E;[-] is each player’s expectation operator given their initial position X7.

In period 2, the MM’s pricing formula is

Cov (X} + X3, Uy|Ty)

P, =P \ h TA.1
2 1+ Var (U,|0y) 2, where ( 7)
Cov(X5 + X3, Wa| 1) = (291 +201)[(1 + @) (1 + 1) + Bo)(aa(1 + ar) + ), (TA.18)
Var(\If2|\IJ1) = (2’}/1 —|— 2p1)(052(1 + al) —|— 62)2 —|— 0'2. (IA19)

Player ¢’s overall objective is

E [—(P + M[6] + 0 — 2p(on + 01)))0; — (P + Ao[0h + 63])65
+(X5 + 01 +63)°

5 + (X3 + 0] + 05) (X5 + 0 + 65)| X | -

In period 2, the FOC wrt 6}, given ¥, and 6¢, is

0= —(Py + Ao[0 + Ei[05 W1, 01]]) — Aoy 4 (X 4 01 + 05) + Ei[ X7 + 6 + 65|06,
(IA.20)

where 7 = X! — X} and where P, and ¥; can be written as functions of M; and M; by
first writing ¥, in terms of M; and i, and then writing u = [Ml — (1 + ay)M;]/6. The

resulting equation is linear in X} and X!. Matching coefficients on X} and X/ then yields



two equations in (aq, ag, B2) (01 does not appear here); it is easy to check that if these two
equations are satisfied, then the equations associated with the coefficients on M; and M, are
also satisfied, so the first order condition with respect to 6% as a whole is satisfied.

The FOC wrt 6% (using that the second period trade is at an optimum) is
M

1

oM,
oV,

0= —(Po+ A1(0] + Ei[07] — 2pu(cr + 61))) — M — (A1 + Ao[—arp )E;[05]

OM, OM,
gy~ PNl

+ (X5 4 00 + By [03)]) + B[ X7 + 0] + 65) + X§+ 0%+ E;[63)),

where the terms are (i) marginal cost of the first period trade, (ii) price impact in first period,
(iii) price impact (from first period trade) on second period trade (via both P; and expected
period-2 trade by other player), (iv) value of marginal share from own contribution, (v) value
of marginal share from other’s contribution, and (vi) value of change in other player’s effort
(due to altered second period trade) applied to expected terminal holdings. This equation
is linear in (X{, p). Setting the coefficient on X| to 0 gives a third equation in (aq, ag, 52),

and the coefficient on p yields an equation in («aq, d1, s, f2).

I.B Existence for small 0: p= ¢

We characterize the limits of (&1, ds, ) == (o1 /0, as /0, Ba/0) as o — 0.

Denote the equations derived from the X} and X/ terms of the second-period first order
condition by (FOC2-X7}) and (FOC2-X{). Likewise, denote the equations derived from the
X and p term of the first period FOC by (FOC1-X{) and (FOC1-p).

We use the implicit function theorem. Taking o — 0 in the first order conditions yields

0=1+462¢ — 4a2¢ + 4520, (IA.21)
0 =1+ 40%¢ — 8asf20 — 826, (IA.22)
0= F(dy, s, fa, 0), (IA.23)
0 = G(dn, b1, Ga, o, D). (IA.24)

The full system, and verification of the arguments that follow, can be found in the Math-
ematica file. The reader can access the full equations and expressions in the Mathematica
file ActivismTwiceRepeated-PerfectCorr.nb on the authors’ websites. We first prove that
this system has a solution. Subtracting the second equation from the first and simplifying

yields &y = 30, (discarding a solution for which the signs differ). Substituting this back into



the first equation yields

By = \/%. (IA.25)

Using these substitutions, the third equation has only the variable &;. The right hand side
is positive at 0 and negative at \/ia, so by the intermediate value theorem, there is a root in
(0, \/La), which pins down d@, and (,. Note that dg, 82 > 0.

Finally, by adding (FOC1-X{) and (FOC1-u) and dropping nonzero factors, we obtain a

unique characterization for o1 given any solution ag:
0=2(G&1 + &)+ az + fo. (IA.26)

Since Gy and 3y are positive, 0; < —dy.

Next, we argue that there exists a solution to the system of first order conditions for all
sufficiently small o > 0. After the change of variables (but before taking o — 0), the system
of equations (FOC2-X1), (FOC2-X¢), and (FOC1-X{) can be written as 0 = f(x, o), where
x = (@, G, Bg) and where f is of class C'. Let x*(0) denote any solution as identified in

the previous step. The Jacobian matrix evaluated at (x*(0),0) has determinant

9 3
—%[Nﬁ —20V/22% 4+ 7221 + 422],
2

27(1 + 422)

where z := a1v/¢ € (0, 1), which is easily shown to be negative for all z € (0,1). Thus there
exists an interval [0,7), some & > 0, such that for all o € [0,7), there is a unique solution
x*(0) to the system, continuously differentiable in ¢. Moreover, (FOC1-y) is linear in &,
with nonzero slope for sufficiently small o, so the solution extends to the larger system in
(A, O1, Ga, B2). Since 0 < @ (0) < \/ia, the same inequalities hold for &; (o) for sufficiently
small o; reversing the change of variables, we have 0 < a; < off. Continuity arguments
establish that as, 82 > 0 and §; < —a; for sufficiently small o > 0.

The last step is to check that second order conditions are satisfied for sufficiently small
o. In each period j = 1,2, we calculate the second derivative of player i’s objective with
respect to 6; For period 1, multiplying by o, taking ¢ — 0, and suppressing the argument
of &1(0) yields

_8agB3yV1+4a%9 — 2atg] _
3(1 + 4a2¢)2 '



The analogous calculation for period 2 yields the limit

3v/1+4a26

Thus, the second order conditions are satisfied, so the coefficients found constitute a PBS

equilibrium.

I.C Existence for small o: general p € [0, )

Supporting details for the equations and arguments in this section can be found in the
Mathematica file ActivismTwiceRepeated-ImperfectCorr.nb on the authors’ websites.
When p € [0, ¢), the method used for the p = ¢ case must be modified. In particular, if
we repeat the same change of variables and examine the limit of the system as ¢ — 0, the
limit system does not admit a real valued solution. Further, numerical analysis for small
o > 0 indicates that as and (5 tend to nonzero limits; in other words, the scaled variables
as/o and f3/0 do not have finite limits. However, if we define 52 = Py + as(l + ay) — the
total coefficient on X} in a player’s second period trade along the path of play — numerical
analysis indicates that Bg /o does have a finite limit. This coefficient arises if we rewrite the

second period trade as
0 = ap A’ + By (X7 — My), (IA.27)

where A’ := X| — (1+ ay) X — 01 is the trader’s deviation in the first period and is zero on
the path of play. Therefore, for this part of the proof, we adopt the representation (IA.27)
and derive the equilibrium conditions accordingly to prove existence analytically.

Eliminating X7 in the first order condition using Xi = A’ + (1 + ay) X — 1, the first
order condition in period 2 is linear in A, X}, and Mj. It is easy to verify that the equation
associated with M; implies the equation associated with X}. The equations associated with
A' and M, along with the equations from the first order condition in period 1 associated
with X} and pu, yield four polynomial equations in (¢, p, o, oy, d1, az, 52) We refer to these
equations as (FOC2-AY), (FOC2-M;), (FOC1-X{), and (FOC1-p).

After performing a change of variables 41 = ay /o, 01 = 0;/c, and B, = f5/0 (omitting
the hat symbol), we show that the resulting system of equations has a solution at ¢ = 0.

Evaluating at o = 0 yields four equations

0= d1(p — p) + dazfagp + 247 (61 + 20032)(¢* — p?), (IA.28)
0=1-2650 + 247 (¢ + p) — 24155 (6" — p?), (IA.29)



0= F(dla 0527527 ¢7 p)? (IA3O)
0= G(&17517&27627¢7 /))7 (IA31>

where F' and G are polynomial functions, redefined for the purpose of this proof. Equation

(IA.29) yields a unique positive solution for 3y as a function of dy:

5 :\/%m%(pm)
N EEEHCE

Solving (IA.28) yields a unique solution for ao,

__ a0 —p)(A+237(p+9))
4Ba(¢ + 63(¢? — p?))

Y

which is a function of only &; via the previous solution for 3, and which is strictly negative

provided that a; > 0, as we will show. We elaborate on this point in the following remark.

Remark 1. In contrast to the case where p = ¢ and o is small, when correlation is imperfect,
ag < 0 in the equilibrium we construct for small o. This coefficient captures two forces. The
first, of course, is that an upward deviation increases a trader’s position. The second is that
after an upward deviation, for a fixed public belief, a trader infers a lower trade by the other
trader, and in turn, a lower initial position for the other trader. Under perfect correlation,
the latter channel is absent, and there we find an equilibrium with ay > 0. However, whenever
there is imperfect correlation, the latter channel is present, and it dominates when noise is
very small; hence, a trader buys less in the second period after an upward deviation. Small
noise implies that equilibrium trades are small relative to positions, and thus the negative

inference about the other trader’s position is large for an upward deviation of fixed size.

We now show that there exists a; € (0, \/La) solving (IA.30) after plugging in the ex-

pressions for (ag, B) above. Defining p = p/¢ € [0,1), (IA.30) reduces to 0 = F(éy, p)
(relabeling F'). Direct calculation shows that F/(0,p) = ¢(1 + p)(2 + p) > 0, while F(%ﬁ, )

is proportional to a function of p alone that is negative for all p € [0,1). Specifically,

1
F (ﬁ,ﬁ) o =2p"\/6 +4p + p°(3/6 + 4p + 4v/2 — %) + p*(104/6 + 4p + 24/2 — 2)

— p(114/6 + 45 + 18y/2 — 2) — 191/6 + 45 — 181/2 — /2
<0+ 2 (3V6 + 4+ 4v2) + p*(10V6 + 4+ 2v/2)
— p(11V6 +18v2 — 1) — 19v/6 — 18v2 — 1,



where the inequality follows from using p € [0, 1) term by term on the right hand side. The
resulting cubic has second derivative 6ﬁ(3\/1_0+4\/§) +204/10+4+/2 which is positive for all
p > 0. Moreover, it is straightforward to see that the cubic is negative at 0 and 1. Thus, it
is negative for all p € [0, 1), and the same is true for F (VL@’ ﬁ) . this confirms that a solution
a1 to (IA.30) exists in (0, \/La)

Before characterizing ¢, we show that the Jacobian matrix for the system (IA.28)-(1A.30)
has nonzero determinant. Evaluating the determinant using the expressions for a, and 5

and changing variables z = a;v/¢ and p = g yields an expression that is proportional to

f(2) = (54+2p)V/1+222(1 4+ p) — 22[34+ 95+ 55° + p°]/2 + 222(1 — (2)
+ 221+ p)(60 4 p(13 + p))\/1 +222(1 + p) + Z 2P Ai(2),

where A;(z) > 0 foralli e {3,...,9}, all p€[0,1) and all z € [0, 1] (where z € [0, 1] follows
from &; € (0, \/ia)) We show that f(z) > 0.? For (z,p) € [0,1] x [0,1),

f(2) > (54 2p)/1+222(1 + p) — 22[3+ 95 + 5p% + p°]/2 + 222(1 — j2)
+ 221+ ) (60 + p(13 + p)) /1 + 222(1 + p)
> (54 2p) — 22[3+ 95 + 5p° + p°]/2 + 2(1 — p?)
+ 22(1+ p)(60 + p(13 + 7))
=: fa(2),

where we have used z € [0, 1] to bound the square root in each term. We claim that fs(z) > 0.
Since fo(2) is quadratic and positive at z = 0, it suffices to show that its discriminant is

always negative. That discriminant is

— 4(264 + 2695 — 2105% — 2435° + 525" + 1525° 4+ 825° + 2057 + 25°)
< — 4(264 + 269p — 2105° — 2435%) =: d(p).

Now d(p) has one sign change and thus exactly one positive real root. It is easy to verify that
d(1) < 0 < d(2), so the root lies between 1 and 2 and therefore d(p) < 0 for all p € [0,1). We
conclude that f(z) > fa(z) > 0. Thus, for all sufficiently small o > 0, there exists a solution
(&1, g, f) to the system of first order conditions (FOC2-A?), (FOC2-M,), and (FOC1-X}),

continuously differentiable in o.

2The difference in sign of the determinant from the proof of existence for the p = ¢ case is an artifact of
selecting the coeflicient on M, rather than that on X{ in the second-period first order condition.



Turning to 01, note that adding (IA.30) and (IA.31) yields the identity 2(é; +01)+ 52 = 0,
from which we conclude é&; + 6, < 0. As in the proof of of existence for the p = ¢ case,
the equation (FOC1-y) for 4, is linear in §; with nonzero slope for sufficiently small o > 0.
Thus, there exists a solution to the full system of first order conditions that is continuously

differentiable in o.

Second-order conditions. The second derivative of the second-period objective is sim-

ply 1 —2Ay. As 0 — 0, the value of o(1 — 2A5) at our constructed solution converges
A(¢+p)B2 _

1+2(p+9)(a5+53)

sufficiently small o > 0.

to — < 0. Thus, the second-period second order condition is satisfied for

For the first-period second order condition, we scale by ¢ and substitute the expressions

for ap and /3, and we again use z = &1y/¢ and p = g. The limit as ¢ — 0 can be written

A(z)B(z),
where .
B(z) = _ 2(}+p)\/5 i -9
41+ 221492+ o+ 21— P)V/I+ 21— )
and
A(2) = 4V225(1 — 22+ 4V22°(3 4 ) (1 — ) — 1622(1 — 52)/1 + 222(1 + p)/1 + 22(1 — j?)

+2V2(3+ )2 — 16(2 + p)\/1 + 222(1 + p) \/1+22 (1—75?).
We show that A(z) < 0. Bounding term by term, we have

A(z) < As(2)
= 4v2(1 — )2 + 42223+ p)(1 — p?) — 1622(1 — %) + 2vV2(3 + p)* — 16(2 + /).

Since p € [0,1), Ay(z) is a convex quadratic with

Ay(0) = —16(2 + p) +4v2(1 — p*)* < 0,
Ay(1) = 4V2p" — 4v/25° — (192 — 16)5* — (8 — 5v/2)p — (48 — 25V/2).

Note that As(1) has one sign change, so it has exactly one positive real root. Moreover, by
inspection, As(1) is negative when p = 0 and when p = 1. Thus, Ay(1) < 0 for all p € [0,1).
We conclude that for all (z,p) € [0,1] x [0,1), As(z) < 0 and therefore A(z) < 0. Hence,

the first-period second order condition is satisfied in the limit ¢ — 0, and by continuity, it

10



is satisfied for sufficiently small o > 0.

I.D Hybrid model: leader trades, then both trade

Consider a hybrid of the baseline model and the twice repeated model, where the leader
trades alone in the first period and then trades again in the second period, simultaneously
with the follower, as in Figure 2 in the paper and the surrounding discussion. It is natural

to look for a linear equilibrium in which players trade according to strategies of the form

0F = ar X+ 6o, (IA.32)
by = &i(Xy — E[Xg|A) + &XT — E[X{|FA]), (IA.33)
0F = ap(X{ — M), (TA.34)

with ap > 0. Both players here follow “gap” strategies in the second period. In 6% the first
gap encodes the leader’s informational advantage about the follower’s initial position, while
the second gap encodes her informational advantage about her own position entering period
two.

We argue that the leader’s incentive to deviate from a Kyle gap strategy in the first

period is robust to this extension of the model. Note that the leader’s objective function is

E [~ (Py + A )6F
— (P, + (07 + 0L — E[W,| F'])Ay)6%
N (XE + 08 + 0L)?

2

+(Xg +E[07 Xy, W])(Xg + 05 +02)] X5 |-

Suppose by way of contradiction that the leader’s first period trade is a gap strategy:
ar, = —d;, > 0. Consider the mean type X' = u > 0. Then (i) E[¢¥|XE] = E[0Z|X}] =
E[0F|XE] = 0, (i) E[E[Uy|F|XE] = 0, (iii) E[E[RT|XE, U,]|XE] = 0. Also, ar, = —d,
implies Py = 2u. The derivative of the leader’s payoff with respect to 8 under the candidate

equilibrium strategy is thus

d
— Po+ X + E[X{ +01X¢] + X - E[E[07|XG, 0] X
1

d
= #WE[E[9F|X0L, Uy ]| X5
1
dMF
= u(—ap a0, ) < 0.

Hence, the leader could strictly benefit by deviating downward relative to the conjectured

11



Kyle strategy.

The benefit to the mean type of leader of shading down her trade to reduce the price
in period 2 lies in increasing the follower’s trade and subsequent value creation applied to
her original p shares. Specifically, since the leader’s own trade has the gap form in the
second period, the mean type has an expected trade in the second period of size zero, so
the benefit of the downward deviation does not operate through the channel of improving
the price for her own second-period trade. However, this shading down is dampened relative
to our baseline leader-follower model since the presence of the leader in the second period
reduces the trading of the follower. See the Mathematica file LeaderTradesTwice.nb for

more details.

I Passive leader (Proof of Proposition 3)

We divide the proof into two parts: one for the model with private initial positions, and the
other for the model with private signals of exogenous components of firm value. Supporting
details for both parts can be found in the Mathematica file PassiveLeader.nb on the

authors’ websites.

II.A Private initial positions

We prove the following claims. If p > 0, then a PBS equilibrium exists, and moreover, in
any PBS equilibrium, 0 < a;, < off, and the leader sells on average. If p < 0, there exists
an equilibrium in which a; < —a®, 0 < 6, < o, and the leader still sells on average; and
there is no equilibrium in which a;, > —a®. In both cases, the follower plays a gap strategy.

Assume p # 0. The objectives of the activists are now
Leader:  supE[X1 X7 — P60 X[
oL

1
Follower: sup E[XEXE — PoF — §(X£)2|X§,}—1]-
QF

For any conjectured linear strategies, price impacts are now

_ arp(l+ ar)
M @ - ) (139
ap(l+ap)yf

2 A F 2
apn +o

which differ from (7) and (10) only in that the component associated with the leader’s

12



terminal position is absent.

The follower’s FOC is

0= —Ep[P + A { Wy — E[Wy| Fi]}] — A0 + X+ 6F (IA.37)
=P — M(0F — [apM{ + BpPy + 0pp)) — A0 + X+ 67, (IA.38)

and the leader’s FOC is

OE.L[X7]

e (IA.39)

0=—Er[Py+ A {¥; — E[U]}] — A, + EL[XF] + (XE +05)
Familiar arguments show that the strategy 0" = ap(X{ — M['), where ar = api(ar) =
\/% , still satisfies the follower’s FOC; that the follower’s strategy has this characterization
in any PBS equilibrium; and that the follower’s strategy has a gap form in any linear equi-
librium. Moreover, in this model, MI = P, and Sr = —ap, and dp = 0. It is easy to show
that the leader’s FOC implies the identity

O'2 ap

= — 1A 4
oL ¢aL 1 + OéF’ ( 0>
where ap = api(ayr), and the identity (A.11) for or.
The SOCs reduce to
1
Follower: 0>1—-2Ay = ——, (TA.41)
ap
1
Leader: 0> —2A,(1 — fp) = —o2ePltar) (IA.42)

atp+o?

where again ar = ap;(arL).

The remainder of the proof analyzes separately the two cases p > 0 and p < 0.

p >0 case: We first claim that there exist a af € (0,a”) solving (IA.40) and that it pins
down a PBS equilibrium. As oy | 0, the RHS of (IA.40) tends to +oco, and at aj = of,
the RHS is strictly less than . Thus, by the intermediate value theorem, there exists a
solution with az € (0,a). Moreover, there is no solution with o > o since this would
imply the RHS of (IA.40) is strictly less than dj‘a—i < ay. Thus, for p > 0, ay € (0,a) in
any PBS equilibrium.

The follower’s SOC (IA.41) is satisfied since ap > 0. The leader’s SOC (IA.42) is also
satisfied since ofL“, p > 0. Thus, the strategies characterized by az and aF = « F71(aJL“) along
with fp = —ap, 0p = 0, and J;, as in (A.11) are part of a PBS equilibrium. The leader’s
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expected trade pu(ar, +01) = plaf — (af)?/af) is negative since af € (0,a’), so the leader

sells on average.

p < 0 case: We claim that there exists a; € (—oo, —a’®) solving (IA.40) and that it pins

down a linear equilibrium. When oy, = —a€, the RHS of (IA.40) equals —a — e < —a;
and as o, — —o0o, the RHS tends to a finite limit. Thus, by the intermediate value theorem,
there exists o, € (—oo, —a) solving (IA.40). The follower’s SOC (IA.41) is satisfied for
the same reason as before, and the leader’s SOC (IA.42) is satisfied since a; < 0. In such
an equilibrium, the leader’s expected trade is u(ay + ) = plap — (o)?/az) < 0 since
a; € (—o0,—ak)
have a, > 0, since it would not satisfy (IA.42). Also, there is no solution to (IA.40) with

ar, € [—a®, 0] because then the right hand side would be strictly less than —a*.

, so the leader still sells on average. With p < 0, it is impossible to

II.B Private signals of exogenous components of firm value

Consider the extension from Proposition 1(a), where activist i’s private information V* is
an exogenous component of firm value, and where initial positions are public. Now suppose
that the leader is passive, only trading but not able to influence the firm’s value through

activism. That is, realized firm value is V¥ + V¥ 4+ XX The objectives are now
Leader: sup E[(VE + VE + XIYXE — PoX |V
oL

1
Follower: sup E[(VE + VF + XD XE — PoF — §(X£)2|VF,]-“1].
9F

For p positive or not too negative, we show that there is a linear equilibrium in which

trades are

HL = aLVL + (5L/~L + nL = CYL(VL — M) + nL,
0F = apV¥ + BpPy + 6pp +np = ap(VE — ME),

where M := E[VF|F] (see below) and with az,ap > 0.
i

The ex ante expectation of firm value is

Py =E[XI +VE4+VE 408 = XE 4 2u.

14



Given ¥, the MM’s updated belief about V¥ is

L._ L _ ard —
My =E[V*FA]=p+ o2+ o {W —net. (1A.43)

And the MM’s updated belief about V¥ is

MF —=EVEIF] =yt —E oty —p ) IA.44
P BIVAIR] =t 5 () (1A 44)

Since the MM expects the follower to trade 0 conditional on first period order flow,

P= X+ EVE4+VE + 6050
=X+ M+ Mf
=P+ A {¥: —nr},

ar(p+¢)
aZp+o?”

The follower’s posterior belief about the leader’s component V7% is

where A :=

F  (p _p
YF . yF ALV 1= 70 —yvAy L
1 o T OC%V5+U2 Al +aL(:U 0 )

=01 —(ap (Y —m)—n

L
Let <71 '0;) denote the posterior covariance matrix of the market maker’s beliefs about
1 M

(VL, VF) after period one. We have

L po? r ai[0? — p? + po? _ po®

Ty T T gt

1o (IA.45)

where again the only difference from before is a missing (1+ay)? in v* and a missing 1+ o,
in p; since the updating is about V%,

After seeing Wy, the market maker again updates beliefs about V* and V'

F
Qp7y
ME .= MF + s,
P T e e T
(0%
ME = ME 4 E0

2 _F 2 72
apm t+o
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The price is then

Py= X +EVE+VE 4 ap(VF — M| F)
= X5+ ME+ M+ ap(ME — M)

F
OF7 QFp1
=P+ | —— (1 +ap)———s
T el + o ( F)a%vf +0?
o + (1 + ap)yf
P4, F[m2 (F 5)71].
ap +0

=:Ao

The first order conditions are

Follower: 0= YlF + V4 X{ + 607 — P, — 20,67,
Leader:  0=Y{ +VE+ X+ EOF|VE] — (Py + A (0% — 1)) — M0 + (XE 4 05\ B

The second order conditions are

Follower: 0>1—2A,, (TA.46)
Leader: 0> —2A:(1 — Bp). (IA.47)

By substituting in the conjectured strategies and matching coefficients, it is easy to verify
that the FOCs are satisfied by

oL = OéL(VL — [IJ) + Nz,
0" = ap(VF — MT),

where ap = \/02/¢, ap = \/o2/vf, and n; = —X()Lm, and this solution is within
the class of equilibria studied. We also have that in the price form of the follower’s strategy,

Br = —%, op = —%ﬁp), and np = —BrX{. Tt continues to hold that the leader’s average

trade is 7z, which implies sign(E[0X|F]) = —sign(p), as desired. The SOCs then reduce to

55 (64 p)(20 — p)
o2¢ 7

o+ p (14 /525

e

The first is satisfied for all p > —¢, and the second is satisfied as long as p is nonnegative

Follower: 0> —

Leader: 0> —

16



or is negative but sufficiently close to 0. Note that this condition is fundamentally different
from the leader’s SOC in the extension of Section II.A, which we showed can be satisfied for
all levels of p. Indeed, in that extension, the leader’s type—her position—was never directly
relevant to set the firm’s price, because the leader’s block never impacts directly the firm’s
fundamentals. Instead, here there is a direct effect of the leader’s private information on
the price, despite the leader being passive again; with sufficient negative correlation, the
offsetting effect of the two pieces of private information creates non-trivial convexity in the

leader’s problem.

ITT Follower friendly to firm (Proof of Proposition 4)

Let the follower’s cost of effort now be £(W*)? + kWFEg[W%], where by convention E;-]
is the expectation operator for player ¢ at the moment they trade, and where k € (0, 1).
Note that Ex[W!] and Y, already defined as Ep[X%], are equivalent. Thus, the follower’s
optimal effort becomes X% — kY. By the law of iterated expectations, the market price in
each period is the MM’s expectation of X% + (1 — x)X£.

It follows that the price impact coefficients adjust to

apo (I+ar)(1—rK)+p(l+ar)/¢

A, = IA .48
! alo+ o2 % 1—0p ’ ( )
Ay = —F%F 14+ apr+ (1 —r)p/~AF IA .49
2 CY%;"YF 0_2 X [ ap ( ,{/)pl/’Yl ] ( . )

The follower’s optimal strategy has exactly the same coefficients and gap form as before.

The leader’s first order condition is now

0=—EL[Po+ Ai{¥1 — E[W4]}] — OA; + (X§ + 6%) + EL[WT]

OE L [WT]
L L L
= —EL[Py+ A {¥; — E[W,]}] — OA; + (XE + 05) + EL[XE]
OE [ XE] OEL[kY ]
L | gl\95LlIAT F L | gL\ 95L|KYy
+ (Xo + 0 )W —EL[rY)] = (Xg + 6 )T‘
Matching coefficients in the usual way yields the identity 0, = —dfa—i and an equation in-

volving o, and ap (after eliminating g, dr, and §;, as in the baseline model). For the case

p = 0, this equation reduces to

apdlag(l — k) — k) + 0
N aL¢(2+aL) — o2

17



— 0= (1 + CVL)[OJL(OJL + H)¢ — 0'2].

The right hand side is strictly increasing in «y, on [0, 00) and has exactly one positive root,

K

and it satisfies a;, < €. This implies 6, = — < g , so the leader’s expected trade

o
is (ar + dr)p < 0. Moreover, right hand side (;bf Lthe equation above is increasing in s for
ap > 0, this root is decreasing in x, as is the leader’s expected trade. The second order
conditions are easy to check.

Figure 1 shows the effect of introducing x > 0 on equilibrium trading strategy coefficients.
Most importantly, the leader’s coefficient a decreases at all p. In particular, this results
in a;, < aff at p = 0, and by the identity for §; above, this implies that the leader sells
on average, with u(ay + 07) < 0, even for p = 0. A consequence of the reduction in «ay is
that the market maker’s variance ¥ about the follower is reduced, and therefore follower’s

coefficient ap = o /+/~f increases in response as shown in the figure.

0.8

-0.2 0.2 0.4 0.6 0.8 1.0 P

— ar (k=0) — az (k=.5) - ap (k=10) - ar (k=.5)

Figure 1: The leader’s coefficient ay, and follower’s coefficient ar for £ = 0 (baseline model) and
k = .5 while varying p. The other parameter values are 0 = ¢ = 1.

The intuition for the drop in «aj comes from a new channel: the leader would like to
manipulate the follower’s belief about the leader’s terminal position to directly influence the
follower’s effort. This channel operates as long as the follower is not already certain about
the leader’s position due to perfect correlation in initial positions; in other words, it is active

even when the original manipulation effect is shut down by setting p = 0.

IV  Proofs for Section 5

The equations that follow are derived in the Mathematica file ProductivityAndTiming.nb

on the authors’ websites.
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IV.A Proof of Proposition 6: asymmetric productivity

We first prove the part of the proposition about asymmetric productivity, where one player
has productivity parameter ¢ > 0 and the other is an unproductive or passive investor who
cannot influence firm value through effort. It is immediate that the productive player’s
optimal effort is  times its terminal position. Assume p = ¢.

As in our baseline model, there is a unique PBS equilibrium for sufficiently small o > 0.
Let V; proa(0) denote the expected payoft of the productive trader when their roleis i € {L, F'}
(with the passive investor having the opposite role), and similarly, let V; ,.s5(0) denote the
payoff for the passive investor in role i, with the productive trader having the opposite role.
As in the analysis of small ¢ in the paper, trading disappears as ¢ — 0, and thus, based on

the initial positions and optimal effort for the produtive player,

lil)l’[l) VLWmd(O‘) = ill)l’[l) VFvPT’Od(O-) = ‘/pomd = C(/l’2 + ¢)/2

clriir(l) VL’pass(U) - CITILI(I) VF7pa53(U) = V;J(Zzss = C(:u2 + ¢)7

where 1?2 + ¢ = E[XEX]] given the perfect correlation. Since these limiting payoffs are
independent of the timing (i.e., assignment of roles), we instead examine rates of convergence
by calculating the limits

_ V(o) —VD0

V;j = lim L, i € {L,F},j € {prod, pass},

o—0 o

and we prove the proposition by showing that
VL,pmd > VF,pmd and VF,pass > VL,pass-

First consider the case where the passive investor trades first, and where the follower has

productivity ¢ > 0. The players’ objectives thus reduce to

Leader:  supE[(XFXE — Po%|XE]
oL
1

Follower: sup E[((XI)XE — PoF — Q(CXZE)%X({?»‘FI]-
0F

It is easy to establish our familiar result that in a PBS equilibrium, the follower trades

according to 0 = ap(Xl" — MF), where ap = \/‘_F It also continues to be the case that
71

dr = —0?/(éar). Hence, strategies are characterized by (ar, ar).

It is useful to perform a change of variables r; := «;/0, i € {L,F}. Immediately,
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2
rp = 1+;L¢. The X{-component of the leader’s first order condition, pinning down 7y,

reduces to

l+rpo —rp(re +rp +71prLo)o
1+7ri¢

¢ =0.

Taking 0 — 0 and solving the resulting system of equations in (rp,rr) gives

1 2
i = (9 0 _
Wm (7, 7r) = (1] pass: T proa) = (m 30 ‘¢) '

It is easy to verify that SOCs are satisfied. We show this in the Mathematica file for all
pairs of productivity parameters (as long as not both are zero), so we do not check SOCs

separately for the passive follower and symmetric productivity cases.

Plugging arbitrary r; and rp = % into the players’ objectives yields the expected
payoffs
¢ rLog

V1 pass 1 IA.50

L,p () C /1’+¢+0-< +TL0-) 1+T%¢+1+7’%¢ ( )
Ve (o) = & [ | Hrko’d +rp(o® + )L+ i) + (L4 1i0)° + 2rpo (1 + 179))

F,prod\0 a

! 2 (1+7i0)(1+o(rF +17))

(IA.51)

% % 0 0
To calculate V7, pess and Vi 04, subtract Vpuss and med

from (IA.50) and (IA.51), respectively;
divide through by o; and take o — 0 (using (r1,7r) = (7 juee TP proa))- This yields

(VL»Pasw ‘_/F,prod) = (CK, C£)

Next, consider the case where the player with productivity ¢ > 0 is the leader and the

passive investor is the follower. A similar analysis to that above establishes that

. 1 2
‘1711)% (TL’TF> = (r%,pde T%‘,pass) = (ﬁa \/;) .

Hence, taking the limit as ¢ — 0 of the appropriate expected payoff expressions yields

(Vi prods Virpass) = <<£ <(4+\F )¢ )

By inspection, VL,pmd > VF,pmd and VF,pass > VLWSS, concluding the proof.
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IV.B Proof of Proposition 6: symmetric productivity

We now prove that if both players have the same productivity parameter ¢, then when noise
is sufficiently small, the leader’s payoff is higher than the follower’s. For sufficiently small
o > 0, there is a unique PBS equilibrium. Let V;(o) denote the expected payoff for player
i € {L, F'} in this equilibrium. We have

3
lim Vi (o) = lim Vp(o) = V¥ := Z¢(u? + ¢),
o—0 o—0 2
where the fraction % =1+ % is due to a player enjoying the full benefit of the other’s effort,
but incurring the cost associated with its own effort.
Since the limit is the same for both players, we compare rates of convergence and prove

the proposition by showing that

— - - Vi(o) = V©
Vi > Vg, where Vi .= lim L
o—0 o
As in the asymmetric case, we use the change of variables r; = «o;/0. As 0 — 0,

(rp,rr) — (r%,r%), where

o [9—V33 1
WY E Ui (IA.53)
¢
It is straightforward to calculate

5 _ A (rp+2r)o

T e

o 1= ()% 2y }

T = [ S e s )

Using (IA.53) and simplifying,

p rpo

Vi = Ve = (1= (19)%) 1y (r%)%} ~

where 1 — (r)2¢ > 0 due to the upper bound in (TA.52).
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IV.C N followers (Proof of Proposition 7)

Fix p,0,¢,p with p € (0,¢]. Let us, denote the prior mean for each follower, ¢s, the
variance, and ps, the covariance between the leader and each follower, where s, s4, s, will
vary with N. The setup described in Section 5.2 is captured by s, = 1/N, s, = 1/N?, and
s, =1/N.

Define 15" = N24I" the market maker’s posterior variance of the sum of all followers’
positions. In any PBS equilibrium, the followers play gap strategies and their FOC yields
ap = %T"i = \/szf . Incorporating this into the leader’'s FOC then yields the following

equation generalizing (A.14):

(Nps,+ ¢+ ard)(o? —atg) ot +o%ai¢ (1A54)
Npsolap(1+ar)p—o? | Ngsso? + ai(¢?sy — (psp)?)] '

Arguments similar to those earlier show that for p > 0, (IA.54) has a solution oy, in (&, o),
there is no other solution for a;, > 0, and SOCs are satisfied. The FOC also implies that the

0_2
par
We now turn to comparative statics wrt N. After plugging in our values for (s, s¢,s,),

(IA.54) reduces to

coefficient on p is o, = — Hence, we have characterized the unique PBS equilibrium.

(p+ ¢+ ard)(0® — o) \/ N(o* +o%ai9) (IA.55)

plas(+an)e—o?  \ g0+ a2(? — p?)

When these intersect at oy € (&, '), the left hand side crosses the right hand side from
above. Then since the right hand side is increasing in N, the equilibrium value of ay, is
decreasing in N. It is also straightforward to show that the left side of (IA.55) is decreasing
in oy on (&,00), so each side of (IA.55) is increasing in N. Since the right hand side is
precisely ap, this establishes that ap is increasing in N. Note that while the decay in oy,
raises v in ap = \/szf all else equal, this effect does not overturn the direct downward
effect that larger N has on vf', as vI' < ¢/N? for any linear strategy of the leader.

Since the followers play gap strategies, ex ante firm value is still (2 + o + dp)p =
(2+ar —0o?/(¢ar))u for all N. Since ay, is decreasing in N, ex ante firm value is decreasing
in N.

For later use, we show that limy_,. a; = & > 0, where & was defined earlier as the
positive root of ar(1 + ar)éd — 0% As N — oo, the right hand side of (IA.55) explodes as
the rest of the expression in the square root is bounded. Thus, the left hand side must also

explode, which requires its denominator to vanish. Given that oy > 0, this implies that o,
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converges to Q.

We now turn to the asymptotic result. The leader’s expected payoff is

(Xg +60")?

E |-P6r + + (XE+O0YN(XE + ap(XE — M) . (IA.56)

We simplify (IA.56) one term at a time. The first term equals

—E[(Py + A [¥y — (ap, + 1) p])0%]
= —E[Py(ar XE + ) + Mar(XE — p)(ap XE + p0)]

= —[(2+aL+5L)(aL+5L)u2+A1a%¢] = Sl. (IA57)
Since oy, and 07, have finite limits as N — oo, and A; = %w also has a finite limit,
L
this term overall is therefore uniformly bounded in N.
The expectation of the second term in (IA.56) equals
1 1
Sy = §E [(X()L(l +ap) + 5L,U)2} = 5[(1 +ap+00)* 17 + o(1+ ar)?], (TA.58)

which is also uniformly bounded in N.
Using that E[XJ — M{] = 0 by the law of iterated expectations, the third term in (TA.56)

simplifies as:

E[(Xg(1+ar) + oLp)N(Xg + ap(Xg = M))]
= (1+ar)(1 +ap) NE[Xg X5| + 0. Np?s, — E[Xy (1 + ar) Nap M/ ]
= (1 +az)(1 + ap)N(4®s, + ps,) + 0L Nu?s, — E[XF (1 + ar)NapM]]

= (L+ar)(L+ap)N(u’s, + ps,) + 0L Np’s,

L arLps, I (IA.59)

— E[XO (1 + OéL>NOAF uSy, + Q—Q[QLXQ +oLp — (OéL + (5L>pb] .
ajp+o

We now simplify the last term in (IA.59):

aLps,

E | X1 N e
[ o(1+ar) aF{M3u+&%¢+02

[ X§ + 6 — (ar + 5L)M]H

_ L arLpSy L

=K |:X0 (1 + OéL)NOéF {,MS# + WQL(XO — ,u)}]
arps

=(1+ aL)NaF,ust +(1+ aL)NaFaQL—i’:ﬂaLE[XOL(XOL — )]
L

arps
= (1+ar)Napp?s, + (1 + aL)NozFaQL—ipOQaLVar(XOL)

L
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Qarp

= (14 ag)arp® + (1 + ar)op—5———ard.
(e% X0

L2 b

Incorporating this in (IA.59), the third term of (IA.56) equals

LPCb

Sy = (1+ar)(1+ap)(u® +p) +0op® — [(1+ap)apy’ + (1 +ar)ar aZp+ o?

2

=(1+ar)(p”+p) +dLp +@Fﬂ(1+@L)—a%¢+az’

(IA.60)

where we have canceled N with 1/N in s, and s,.

The leader’s payoff is the sum of (IA.57), (IA.58), and (IA.60): II, = S; + Sy + S3. To
show that the rate of growth is v/ N, we calculate

.S
13520\/— JLOO\/—ﬂ%LmT NN
—0+0+11m—

N—o0 \/_
. ap o?

where we have used that in S3, (1+ ar)(p? + p) + 0z p? is uniformly bounded in N. To take
limits in the last line, we use the fact that for p € (0,¢], limy_ o o, = & > 0, as shown

earlier in the proof. The two factors in the product then have limits

) [ (etrataie) [ (0t +oazg)
i LR e ey Rl Ve v oy

2

o?

lim (1+ap)p———=(14+a)p————.

N—>oo< L)pa%Qﬁ + o2 ( )pa2¢ + o2

Since these limits are positive and finite, so is their product, and we conclude that II;,
grows asymptotically at rate v/ V.

The following lemma formalizes the last statement of the proposition.

Lemma IA.1. Assume p = ¢, and let I} and 1I§"™ denote the leader’s payoff in the
sequential- and simultaneous-move games, respectively. When N is sufficiently large, the

leader’s payoff advantage from going first is increasing in N. Specifically, 117" and TI5™
grow at rate /N asymptotically, and limy_, HLi/*NH‘Z”” >0

Proof. Proposition 7 characterizes the asymptotics of II7?, so consider the simultaneous-
1—2Aap+2(1
move game. The FOCs lead to the following system of equations: o = —2 oty (tar) ap =

2A—1 ’
NO-ghAart+g(l+ar)) where A = (tar)(@artpap)+(tar)(artpar)
(N+1)A—N ’ o #(a? +a2)+2anappto? ’
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For the case p = ¢, we obtain (ar,ap) =

g NO' ) .
(\/ (N+1)" / (N+1)¢>)' The leader’s payoff is

again of the order v/ N, with coefficient limy_, 3—%(1 +ar)Cov(XE, X)) = limy 0 3—%(1 +
ar)é = ov/¢. To complete the proof, we show that this is strictly less than the correspond-

ing coefficient in the sequential-move game, namely %#(1 + &)¢#_2W2. By routine
simplifications,
(o4 + 02429) . o?
<1+ @)
o
— 1</ 2 2o(1 ) ——
S VRt Aol T )
— o2+ a2 < (1+a)o
— o+ 4% < (1+a)0° (since both sides are positive)

Since & solves 6% — &(1 + &)¢ = 0, the right hand side is
ala(o? — @) + 207 = alac® + &*p — o + 20?%] = alac® + 4*¢ + o2 > 0,

establishing the inequality. O]

V Results and proofs for Section 6

This section analyzes non-PBS linear equilibria of the baseline model, as described in Section

6, and contains a proof of Proposition 8.

V.A Non-PBS linear equilibria

The results in the following proposition were referred to in Section 6.

Proposition IA.1. (i) Positive correlation: If p > 0, then for sufficiently large o > 0,

there ezists a linear equilibrium with o, ap < —y/0?/¢ < 0.

(ii) Perfect negative correlation: If p = —¢, there is no linear equilibrium in which oy, and

arp have the same sign. A linear equilibrium in which oy, < 0 < ap exists for all o > 0.

Proof. For part (i), we prove that for sufficiently large o, there is a solution to (A.15) with
ay, < 0. We then check the conditions (A.12), (A.13), and ¢(1 4+ «a) + p # 0 and apply the

“converse” part of Proposition A.1.
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Recall from Proposition A.1 that (A.15) is the equation for «j associated with ap =
—+/02/7F, the negative root of (A.7). Since 7{ < ¢, this immediately implies ap <
—+/02%/¢. After a change of variables © = ay /o in (A.15),

- . (IA.61)

[ 1+a (522 + o) (%9 — 1)
o422 —p?)  pll—wp/o —2%]

When z = —1/1/¢, the right hand side vanishes, while the left hand side is strictly negative.
Now choose o sufficiently large that (% + gbx) < 0 for all z < —1/y/¢. Define a' to be
the negative root of az(1 + ar)¢ — 0%, and define 27 = af /o < —1/4/¢ to be the unique
negative root of the denominator of (IA.61), where z' 1+ —1/1/¢ as o 1 oo. The right hand
side of (IA.61) is well-defined and continuous on (zf, —1/4/¢] and moreover, it has limit —oo
as z | . Thus, by the intermediate value theorem, there exists a solution x;, to (IA.61) in
(27, —1//®). By reversing the change of variables, we recover oy = oxy < —y/02/¢ solving
the leader’s FOC. Moreover, by the squeeze theorem, lim,t1o, 2, = —1/4/¢. Note that as
ot oo, xp :=ap/oc=— —¢+331;?23?p2) — —\/% = T

To verify (A.12), note that this is equivalent to the condition 1—z% ¢—2z7, (%d’ + p:cp) <
0. As o 1 400, the left hand side has limit 1 —1—2(—1/y/¢)pr¥ = 2p2%//¢ < 0, so (A.12)
is satisfied for sufficiently large o.

As for (A.13), using that aps < 0, it suffices to show that

o’[x7(¢* — p*) + wrop+ (o +p)] 0.

Recall that z; has finite limit as ¢ — +o00, so the dominating term is o3z;p < 0. We
conclude that (A.13) is satisfied for sufficiently large o.

Finally, observe that since the left side of (IA.61) is nonzero, at our solution the right
side is also nonzero, and thus @ + ¢z = L[¢(1 + ar) + p] # 0. Hence Proposition A.1
applies, giving us existence for large o.

For part (ii), we begin with the observation that for p = —¢, (A.13) becomes
o*papar < 0. (TA.62)

Hence, there is no equilibrium in which ar and «y, are both strictly positive or both strictly
negative, and (14)-(15) imply ay, # 0 and ap # 0.
We now establish the existence of an equilibrium with a; < 0 < ap. Note that for p =

—¢, as long as oy, # 0 (which must hold in any equilibrium), the condition ¢(1+ay)+p # 0
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is satisfied. When p = —¢ and ap = ap;, (A.14) simplifies to

2 2
Vo ¢+ al =aL aL(lafrd)aL)g — (IA.63)

In particular, an equilibrium with ar = ap; exists if and only if there exists «y, satisfying
(IA.63) such that both SOCs are satisfied. Now the left hand side of (IA.63) is positive, while

the right hand side vanishes at ap, = —o/v/¢, has limit +o00 as ay, | af, and is continuous on

(af, —a/+/), where a' was previously defined as the negative root of az(1+ az)¢ — o2, and
recall that & is the positive root. Thus, (IA.63) has a solution in this interval. We finally
check (A.12), which is now 6% — a2 ¢ + 2ar¢ar < 0. This is satisfied since ay < —o//¢
implies 0% — a2 ¢ < 0, and clearly 2ap¢ar < 0. Since ar and «f, have opposite signs, (A.13)

is satisfied. Hence, existence follows from Proposition A.1. O

V.B Existence and uniqueness for small o (Proof of Proposition
8)

Since Proposition A.2 establishes existence and uniqueness for all ¢ > 0 when p = 0, assume
p # 0. We will show that for sufficiently small ¢ > 0, there is a unique pair (ar,ar)
satisfying (A.7), (A.23), (A.12), and (A.13). Further, we will show that ¢(1 + ay) + p # 0,
so existence follows from Proposition A.1.

In any equilibrium, (o, ar) must solve (A.23). By squaring both sides of this equation,
using (A.7), and multiplying through by the nonzero denominator, we get (A.26). Now as

o — 0, the coefficients of the polynomial () converge to those of

Q7 (ar) = —ald?[p+ ¢+ argl’(6* — p?), (IA.64)

which has a root of multiplicity 6 at 0 and of multiplicity 2 at —%f’.
By Lemma A.2, for any € > 0, there exists ¢ > 0 such that if ¢ € (0,6), @ has 6 complex
roots within distance € of 0 and 2 complex roots within e of —%ﬁ. For e sufficiently small
that these neighborhoods do not intersect, and d chosen accordingly, let aq, ..., ag denote

the 6 roots near 0, and let a; and ag denote the roots near —%. We maintain these
assumptions on € and 0 throughout the proof.

The following lemma rules out a7 and ag from being part of an equilibrium.

Lemma IA.2. For sufficiently small o > 0, each of ay and ag is either complex or otherwise

fails (A.12).

Proof. The left side of (A.12) is continuous in (o, ay) at <O, —%ﬁ’), where it evaluates to
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(¢ + p)?/¢ > 0. Hence, choosing € > 0 sufficiently small, and § > 0 sufficiently small as

described before the lemma, if either a7 or ag is real, it fails (A.12). O

Remark 2. Having ruled out a7 and ag, note that if o is sufficiently small, then for any real
ap € {a,...,a5}, p+o+ard #0. This fact is useful two fold: (i) this criterion appears in
the sufficiency part of Proposition A.1, and (i) due to (A.23), using that p # 0 and apy # 0
and apg # 0 for ay, real, we have 0® — ar(1+ ar) # 0 for sufficiently small o for ay, real.

Thus, any real solution to (A.26) solves (A.25).

We can now rule out equilibria in which arp = a2, as these fail the follower’s second
order condition when o is sufficiently small. To do so, we use asymptotic properties of the
roots of (A.26) as ¢ — 0.

It is useful to define a change of variables z = ay /o in (A.26) and divide through the

resulting equation by ¢, obtaining an equivalent equation
0=0Q(z,0) :=cH(z) + F(2), (TIA.65)

where H(z) is a polynomial of degree 8 and where F'(z) is a polynomial independent of o
that has the form c2% + c42% + 22 + 9. For each i € {1,2,...,8}, define z; = /0.

Lemma TA.3. F' has 6 distinct roots, denoted Z1, ..., Zg, of which exactly two are positive,
two are negative, and two are complex. As o — 0, z1,...,2¢ converge to zi,...,2s; specifi-
cally, for allm > 0 with n < %min1§i7j§8,i¢j 12; — %5, if o > 0 is sufficiently small, exactly
one of {z1,..., 26} lies within distance n of Z;, i € {1,...,6}.

Proof. We first characterize the roots of F. Consider the cubic polynomial G(y) = cgy® +
cay? + coy + co, where F(y) = G(y*). We have G(0) < 0 and lim,, o, G(y) = +o0, so G
has a negative root. Also, we have lim, - G(y) = —oo and G(1/¢) = 2p*¢ > 0, so G has
two distinct positive roots: one in (0,1/¢) and one in (1/¢, +00). Since G is cubic, there are
no other roots (real or complex). Now the negative root of G corresponds to two distinct
complex roots of F', and the positive roots of GG each correspond to both one positive and
one negative root of F', all distinct. We denote these six distinct roots by 21, ..., Z.

We now turn to the convergence claim in the lemma. Choose any n > 0 as in the
statement of the lemma. For each i € {1,...,6}, define D; := {2z € C : |z — 2| < n}
and 0D; = {2z € C : |z — %] = n} its boundary. Each 0D, is compact, and since F
is continuous and nonzero on 0D;, |F| is bounded away from 0 on each dD;. Since H

is also continuous, it follows that for sufficiently small o > 0, |cH(z)| < |F(2)| for all

3In particular, F(z) = —2%(¢—p)¢? (¢4 p) +2*¢[—2p* —4p>p+2p¢° + ¢*| + 22 (0* + pd+ ¢?)? — d(p+¢)*.
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z € 9D;, i € {1,...,6}. Moreover, since F' and H are complex polynomials, they are
holomorphic on all of C. By Rouche’s theorem (Stein and Shakarchi, 2010, Theorem 4.3),
F(z) and Q(z,0) = 0H(z) + F(z) have the same number of zeros in each D;, namely
1. Since the D, are non-overlapping, there is a distinct zero of Q(z,cr) in D; for each 1.
These cannot include z; or zg for sufficiently large o since for j € {7,8} and i € {1,...,6},

|z — Zi| = |a /o — 2| > |a/o| — |2 = 00 as 0 — 0. O

Given the previous lemma, without loss, label the zeros so that z; — Z; for each i €
{1,...,6}. We now analyze the follower’s SOC.

Lemma IA.4. If 0 > 0 is sufficiently small, then (i) there is no equilibrium in which

ap = apg, and (ii) for ap = apy, (A.13) is satisfied for all real roots of QQ among ay, . .., as.

Proof. Having ruled out equilibria in which a;, € {a7,ag} (when o > 0 is small), we show
that for ap = apy and for sufficiently small o > 0, (A.13) fails for all real roots among
ai,...,aq. By Lemma IA.3, each /0, i € {1,...,6}, converges to a finite nonzero limit Z;.
Hence, for sufficiently small o > 0, if a;, = «ay, for some ¢ € {1,...,6} is real, the factor in

square brackets in (A.13) is bounded below by

ai(¢? — p?) + 0% (¢ + p) — |aiplo® > i (¢* — p°) + 0*(¢ + p) — |pzilo®
= (5 (¢* — p*) + 6+ p— |pzilo),

where 22(¢* — p?) + ¢+ p — |pzilo = (2)*(¢* — p*) + d+p > 0 as 0 — 0. Since —apy > 0,
this implies that (A.13) fails.

For ap = a1, the same bound above holds, but since —ap; < 0, (A.13) is satisfied. O

From the proof of Proposition A.4, any equilibrium value of a; must solve (A.14) (with
ap = apy) or (A.15) (with ap = aps). By Lemma IA.4 part (i), oz must solve (A.14).
We now turn to the leader’s SOC.

Lemma IA.5. If o > 0 is sufficiently small, then (i) there is no equilibrium in which o, < 0,
and (i) if oy, > 0 is a real root of (A.26) and ap = apy, then (A.12) is satisfied.

Proof. For part (i), we only need to consider the roots aj, ..., ag, since for sufficiently small
o a7 and ag cannot be part of an equilibrium by Lemma TA.2. By Lemma [A.4, we further

only need to consider ap = a1, for which (A.12) becomes

2 _ 024 — 9 o 0®+ (ar/0)*c%¢
7 e -l (p””’) \/ ¢+<aL/o>2<—<p>2+<¢>2>> =0 1460
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Clearly, this is violated if oy = 0. And since oy, — 0 in proportion to ¢ by Lemma IA.3, for
small o, the dominating term is —2ay(p+ ¢), which is positive (violating (IA.66)) if o, < 0.

For part (ii), we again only need to consider the roots ay,...,ag, since for sufficiently
small o, a7 and ag are not positive real numbers as they converge to —%5. Following the
same calculation above, for sufficiently small o, the left hand side of (A.12) has the same

sign as —2ay,(p + ¢), which is negative for ay, > 0, satisfying (A.12). O

In light of Lemma IA.5, we use Lemma [A.3 to show that for sufficiently small o > 0,
there is exactly one positive solution to (A.14), and thus one equilibrium candidate. We

establish this in the following lemma:

Lemma TA.6. For sufficiently small o > 0, equation (A.26) has exactly two positive roots,
one solving (A.14) and the other solving (A.15).

Proof. Any (positive) solution to (A.14) or (A.15) must be a (positive) root of (A.26). From
the proof of Proposition A.4, (A.26) has at least two positive roots, one for each equation
(A.14) and (A.15). (This part of the proof of Proposition A.4 does not rely on |p| being
small.) Thus, it suffices to show that these are the only two positive roots of (A.26). Using
the change of variables z = o, /o, Q(-, o) has at least two positive real roots for all sufficiently
small 0. But for all sufficiently small o, Q(, o) cannot have more than two positive roots.
To see this, recall that for small o, a7 and ag are complex or negative, so any positive roots
must be among aq,...,as. And if there were more than two such positive roots, then by
Lemma TA.3, F' would have more than two nonnegative roots, a contradiction. Mapping
back to ay = zo, this implies that (A.26) has exactly two roots for sufficiently small o,
(A.14) and (A.15) each have exactly one. O

From Lemmas IA.4, TA.5, and TA.6, for sufficiently small o > 0, there is exactly one pair
(g, ap) solving (A.7), (A.10), (A.13), and (A.12), and thus at most one equilibrium. By

Remark 2, we can invoke the “converse” part of Proposition A.1, establishing existence.

V1 Endogenizing initial positions

In this section, we analyze an extension of the model with pre-game trading and show numer-
ically that it can endogenize perfect positive correlation and imperfect negative correlation,

as mentioned in Section 7.
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VI.A Setup

There are two identical traders ¢+ = 1,2 who start with no ownership of the firm’s stock and

simultaneously place orders #°. A market maker (MM) observes total order flow
Vo =01 + 0y + 02y,

where o > 0 is a known constant (the same as in the leader-follower game) and Z, ~ N(0, 1),
and executes at a price P,.. Suppose the firm’s value has an exogenous additive component

v ~ N(0,02), and the each agent observes a noisy signal

S; = U+ €

2
€

where €1, €5 are jointly normal with mean 0 and the following covariance matrix: (pag ) p:;?) .

After this round of trading, we assume that v is publicly revealed.* Then, with proebabileity
q, it is publicly revealed that there are activism opportunities at the target firm, meaning
that our leader-follower game is played, and firm value (per share) is the sum of v and the
players’ efforts. In Sections VI.B and VI.C, we assume that the roles of leader and follower
are assigned to the players with equal probabilities; in Section VI.D, we allow roles to be
assigned with asymmetric exogenous probabilities. Finally, with complementary probability
1 — ¢ the game ends (the leader-follower sub-game does not arise).

In Sections VI.B and VI.C, we focus on symmetric linear equilibria, where
(i) Traders trade in the pregame according to symmetric strategies as;;
(ii) The MM uses a linear pricing rule P, = ¢ + Ag¥y in the pregame;®

(iii) Traders follow optimal (role-specific) strategies in the leader-follower game, and the

MM uses a linear pricing rule.

In Section VI.D, we look for asymmetric linear equilibria where , with respect to (i) the
pregame strategy coefficients are player-specific; and with respect to (iii) the strategies and

pricing rule in the leader-follower game further depend on the players’ identities i € {1, 2}.

4We consider the perfect revelation of the exogenous component not because we cannot carry two forms
of private information (block sizes and fundamental value), but because it simplifies the task of generating
positive/negative correlation while fitting 100% in our baseline model. Even if we consider two-dimensional
private information, activists using linear strategies for the both pieces of private information; hence this
does not effect our point of generating the initial correlation structure.

*We use P, to distinguish from Py, the expected firm value at the beginning of the leader-follower game
(after v has been revealed).
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Overview of results We show that this framework can produce both positive and negative

correlation by adjusting the correlation in the noise of the players’ pregame signals.

e Positive correlation (Section VI.B): We specialize to the case p. = 1 and numerically
establish the existence of an equilibrium. From the perspective of the market maker,
players’ initial positions entering the leader-follower game have perfect positive cor-
relation. The restriction to p. = 1 is purely to simplify the expressions involved; by

continuity the result extends to p. in a neighborhood of 1.

e Negative correlation (Section VI.C): We specialize to the case p. = 0, i.e. players
receive conditionally i.i.d. signals of v, and establish the existence of an equilibrium.
From the perspective of the MM, conditional on the pregame order flow and v, players’

positions now have (imperfect) negative correlation.

e Asymmetric role assignments (Section VI.D): Assuming p. = 1, we show how a change
in the probability of that a player becomes the leader affects trading strategies in the
pregame. This in turn affects the leader-follower game strategies, since the variances

MM'’s beliefs depend on the pregame strategies.

The solution of this model with pre-game trading is more complicated, mainly due to two
additional forces. First, deviations in the pre-game lead to private information that can be
payoff-relevant in the sequential game for our players—the continuation game changes after
deviations. Specifically, with perfectly correlated signals, players must use both their signal
and their actual position resulting from pre-game trading to best respond in the continuation
game; they use the signal to forecast the other player’s position (who they assume is on
path), but after deviations in the pre-game, the player’s own position is decoupled from
the signal. With conditionally i.i.d. signals, however, the pre-game signals are only needed
in the pre-game, since after the revelation of v, a player’s own signal becomes irrelevant
for forecasting the other’s signal or position—the player’s own position is the only relevant
private information in the continuation game, on and off path.

Second, there is a non-trivial fixed point at play: the coefficient in the trading strategy in
the pre-game shapes the degree of correlation in initial blocks in our sequential game which,
via continuation payoffs, in turn matters for the determination of the aforementioned coeffi-
cient itself in pregame. This fixed point problem is particularly complex in the asymmetric
role assignments extension, as the strategies in the leader-follower game when the leader is

player 1 affect the analogous strategies when the leader is player 2, and vice versa.
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VI.B Inducing positive correlation

In this section, assume p. = 1. We reduce the problem of existence of a (symmetric linear)
equilibrium to a fixed point equation in «, which we solve numerically. This equilibrium

generates perfectly correlated positions from the perspective of the market maker.

Belief updating in the pregame Under perfectly correlated signals, player ¢ knows
s_; = 8. Now given conjectured equilibrium strategies and order flow ¥,, the market
maker’s updated beliefs are
2002
= E[v|¥y] = - v
Ho (V%] 402(02 + 02) + 02 O

; 20%(0y + 07)
po = B [0 00] = 402(02 + 02) + 02

0-

Recall that in the leader follower game, with prior mean p, expected firm value is (2 +

ar, + 6p)p. Hence, given Wy, the MM sets price
Ppre = [y + CI(2 +op + 5L),Ut9-

At the end of the pregame, players update based on (¥q,v) due to v becoming public.
Because of the presence of noise traders, deviations are hidden and hence each player correctly
assumes the other is on path; thus player i believes X;* = as; with probability 1.

The MM assumes both players are on path and have identical positions. The MM'’s

posterior mean given (W, v) is

Cov(¥g, X;|v)

= E[X}|v, ¥y] = Uy —2
Hx [ 0|U7 0] av + Var(\Ifo\v) ( 0 O[U)
Cov(2a(v + €) + 0 Zy, a(v + €)|v)
= Py — 2
v Var(2a(v + €) + 0 Zy|v) (¥o —2av)

20202

= v + m(\yo — 20&2}).

The posterior variance is

i a?o?o?

¢ = Var(X0|v, qjo) = m (IAG?)

Due to perfectly correlated signals, the traders do not use (Wg, v) to update beliefs about

each other’s signals and positions.
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Best response problems in the leader-follower game In this subsection, we solve the
players’ best response problems in the leader-follower game after arbitrary histories of the
pregame.

In a conjectured equilibrium, the relevant state variables entering the leader-follower

game are (X{, s;, ux,v), where py := E[X[|¥q,v]. A few comments are in order:

1. Although the prior expectation of s; is just v, the public posterior expectation “u,”

about s; given (Vg, v) is not v; higher Wy is indicative of higher errors ;.

2. However, on the path of play of the pre-game, X} = as;, and the MM assumes players

are on path, so px is a sufficient statistic for pg: ps = pux /.

3. Also on the path of play, X} is a sufficient statistic for s;, but since players can deviate

in the pre-game, s; is a relevant state entering the leader-follower game.

4. All first-order beliefs and higher-order beliefs about (X, s;) can be written in terms of

(X67 Siy X U).

Write the expanded strategies of the players in the leader-follower game as

QL
‘9F

GrXE+opp+ vrsy,
ap(XE — M{) + p(sp — MY Ja) = apXE + Dpsp + Br(PL — v) + 6pu,

where we abbreviate ux to u, and where M{ /a = E[sp| ¥y, ¥, v].

These will coincide with the on-path equilibrium strategies we already know:

N VL

OéL—CKL+_,
«

. Up

afF = g + —
o

The follower’s objective is
1
sup E[(v+ X + 0% + Xg" +07)(Xg +07) = (P + A02)0" — S(Xg +0")°|Xq', s, ],
QF
where Fj is the sigma-algebra generated by (Uy, ¥y, v). The first order condition is

0=E[v+ X +0"+ X +0" — P, — 20,07 | X7, sp, Fi (IA.68)
=v+asp(l+ap)+6u+ X5 + 0" — P — 2A,0". (TA.69)
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Plugging in the extended strategy and matching coefficients yields

. 1

ar = 2+OzLaF’
b a(1+aL)a
F — 2_’_04[/ Fy

and indeed, on path, we have ézFXév + UpSp = dFXé[7 + ﬁFX{/a = ozFX{. Intuitively, the
private state sp informs the follower about the contribution to firm value of (1 + ap)X{
in the leader’s terminal position, while the private state X{* informs him about his own
contribution X", and X! = X! on path as we are assuming perfect correlation in the
signals.

The leader’s first-order condition is

OZE[U—FX(%—}—HL—FXOF—FHF—(P0+A1{\I/1—(OZL—F(SL)[L})—QLAl

+(Xg + 0"\ Bp| Xy, 51, Fo (IA.70)
=v+ XJ+ 60"+ as (14 ar) +0pp+ (Br — V)E [P X7, s, Fo] — 0"Ay + (X§ + 6%)A1Bp,
(IA.71)

where Fj is generated by (¥, v) and where
E [Pl‘Xé/, SL,./T"()] = po + A1 {GL — (aL + (5L),u} .

Matching coefficients on XOL and sy, yields expressions for &; and 7 in terms of the

already known (baseline model) equilibrium coefficients:

G — 1+ Briy
LT = Bp)A = 1
) a(l+ ar)

vy = ,
LT = BN — 1

G _ 14+BrM
and thus P = alliar)”

Outline of remaining steps to establish fixed point numerically

1. From the optimal extended strategies in the leader-follower game, we obtain the players’
expected payoffs (immediately after leader-follower roles are assigned) from arbitrary
histories in the pregame as quadratic functions Vi (X¢, s;, v, ux), Ve(XE, si, v, pux), for

any conjectured a, where ¢ determined by (TA.67).
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2. Using these continuation payoffs, we write down trader i’s maximization problem in

the pre-game:

Sup B[~ Pyl + (1 =)ot + S (Vo0 5.0, px) + Vil 1,0 )
0

3. Next, we obtain a fixed point equation for a by imposing the first-order condition with

respect to 6% and then evaluate at the conjectured equilibrium strategy 6° = as;.

4. Numerically, we show that this equation has a solution a* > 0; see left panel of Figure

2. Moreover, o* homogeneous of degree 0 in (o, 0, 0¢).

For details, the reader can access the Mathematica file inducingpositivecorrelation-sy

mmetric.nb on the authors’ websites.

VI.C Inducing negative correlation

Throughout this section, assume that p. = 0, so that pre-game signals are uncorrelated
conditional on v. We again reduce the problem of existence of an equilibrium to a fixed
point equation in v and solve it numerically. This equilibrium generates negatively correlated

positions from the perspective of the market maker conditional on the public information

(\1’0,1)).

Belief updating in the pregame Given s;, player i’s beliefs about s_; and v are as

follows: 6

2 20,2 2 2
[ J S*i‘si ~ N( g Ue(o—e+ Jv) ,

U
S.
oT+a? % otto?

2 2,2
g 0,0,
o v|s; ~ N (2558, 2225 ).
? 024027V 02402

Let pg := B[22 |00, p, := E[v|¥o), and px = E [252(0,, v]. As E[¥] = 0, we have

Cov (2% Wy) o202+ 0?2)
Var (¥y) * 7 202(202 + 02) + 02
~ Cov (v, ¥y) 2002

v = Yo = : 179 IA.
8 Var (U) © 2a2(202+02) + 02 ° (IA.73)

Ho = \Ijo, (IA72)

As in the previous section, the MM sets price

Ppre = Uy + q<2 + ap + 5L),LL€>

8The posterior covariance is not needed.
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now with p, and gy given by (IA.72)-(IA.73).
After v is publicly revealed, the MM’s beliefs update as follows:

i a’a?
Ux ‘= E[X0|\I/0, U] = av + m(‘l’o — 20&’0), (IA74)
2 2 2 2(.2 2 2
o 7 2 2 Oéo-e _Ozae(aae—l—a)
¢ := Var(0'|Vy,v) = oo ll T 2ator+ 02} = T atolior (IA.75)
CYZJLO'El
p = COV(Ql, 92|\I/0, ’U) = —m (IA76)

Note that in the numerical solution we find, o # 0, so indeed p < 0; that is, the pregame
induces negatively correlated positions.

Unlike in the perfect correlation case, the players must also use ¥y and v to update about
the other’s positions entering the pregame. Players assume each other are on path. Given
X§—which is ¢ from the pre-game—and v, players’ private beliefs, on and off path, entering

the leader-follower game are X; ‘| Xi ~ N(Y{,v}), where

) . alo? )

Yy = Elas_|Pg, 0", 0] = av + ———— (¥ — 6" — av)
0 ) ) a20_€2 + 0_2 ’
; a’olo?

yO - T e e a-

0% + a?0?

The leader-follower continuation game From the preceding discussion, players’ only
relevant private information in the leader-follower game is their position X{. Expected pay-
offs will depend on v, but v does not affect the players’ strategies (when the follower’s strategy
is written as 0 = ap(XL — M), since it is a public additive component of firm value. Let
Vi(z, u,v) and Vp(x, u,v) (quadratic functions) denote the players’ expected payoffs from
the leader-follower continuation game after roles are assigned, with the information structure
parameters ¢ and p given by (IA.74)-(IA.76) given a conjectured coefficient a.

Player 7’s best response problem in the pregame is now

sup E[—P,..0" + (1 — q)vb" + q

' Q(VL(ei;,uXav)+VF(6i7:uX>U))]'
91

The first order condition yields a fixed point equation for «, and we show numerically
that it has a solution a* > 0, inducing negatively correlated positions; see the right panel of

Figure 2. This solution is again homogeneous of degree zero in (o, 0, 0.).

Remark 3. If we further specialize to o, = 0, then players’ signals are no longer payoff

relevant even in the pre-game, and the model effectively induces a mized strategy equilibrium,
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with the signals serving as independent randomization devices. Since signals are then payoff
irrelevant, the first order condition is the same for each signal, and this means that players

are indifferent over all possible trades.

010
03"
005
020 NU Y o
o1y ~005
045 05 055 060 010
—o01f -015
—02" -0.20
_03Ff - FOC -0.25 - FOC

Figure 2: First order condition (FOC) in pregame evaluated at the conjectured strategy «, as a
function of . Parameter values: ¢ = 0, =0 =q¢ =1, p. = 1 (left) and p. = 0 (right).

The left and right panels of Figure 1 show the fixed points leading to perfect positive
correlation and (imperfect) negative correlation, respectively. The fixed point in the perfect
positive correlation case is larger, reflecting more intense trading in the pre-game; this is
consistent with the “rat race” phenomenon in dynamic trading models with correlated private
information (Foster and Viswanathan, 1996). For details on the negative correlation case,
the reader can access the Mathematica file inducingnegativecorrelation.nb on the

authors’ websites.

VI.D Asymmetric random assignment of leader and follower roles

In our extended model that endogenizes initial positions with pregame trading, the leader
and follower roles are assigned randomly with equal probability, independent of the first
period outcome, making the pre-game symmetric. Let us now suppose that the leader and
follower roles (in the sequential trading game that follows the pre-game trading round) are
randomly assigned according to a parameter r € [1/2, 1] before the pre-game, but maintain
the other features of the setup. To reduce the notational burden, we assume that the leader-
follower game will take place with probability ¢ = 1. We assume r is the probability that
player 1 is selected to be the leader (and player 2 the follower), while 1 — r is the probability
that player 2 is selected to be the leader (and player 1 the follower). For simplicity, assume
perfectly correlated pre-game signals. Pre-game trades occur simultaneously. Note that for
r > 1/2, the game is no longer symmetric unless r = %, therefore players have different

incentives in the pre-game. We now look for linear equilibria as follows:

e In the pregame, trader ¢ € {1,2} trades according to x;s.
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e The MM uses a linear pricing rule P, = ¢ + AV in the pregame

e In the leader-follower game, the players follow expanded strategies

Li _ ~ L X
0" = ap; Xg" +opipx, + VriSLa,

oft = OACF,i(X(f”i — Mle) + Upi(spi — Mfl/XFz) = OAéF,z'X(f’i + Upispi+ Bri(PL—v) + dpipix;,

which, along the path of play, will have the same form as in the baseline model: %% =
ap i Xe 4 0pipx, and 07 = ap; X' + Bpi Py + dpipx,. (Note that px, and pux; are propor-
tional by a constant.) Since problem is no longer symmetric we need to keep track of the

identity of the leader and the follower.

Belief updating in the pregame Given the conjectured equilibrium strategies and order

flow ¥q, the market maker’s updated beliefs are

(x1+ X2)Ug
(x1 + x2)*(02 + 02) + 02
i Xi(xa + x2) (0} + 0?)
poi = E [9 “IJO] = Z 2( -2 2 2
(Xl +X2) (Uv +Ue> +o

po = Efo|Wo] =

0

0.
Hence, given ¥, the MM sets price
Ppre = po + 7 (L + a1 +0r,1)per + pe2) + (1 — 1) (1 + apa + dr2) o2 + pigr) -

At the end of the pregame, players update based on (¥, v) due to v becoming public.
Because of the presence of noise traders, deviations are hidden and hence each player correctly
assumes the other is on path; thus player i believes X;* = x;s; with probability 1. The
MM assumes both players are on path and have perfectly correlated positions. The MM’s
posterior mean given (W, v) is

Cov(¥y, Xiv)
Var(To[) (U — (x1 + x2)v) (IA.77)

Cov((x1 + x2)(v + €) + 0 Zy, xi(v + €)[v)

Hx; = E[X8|U7 ‘IIO] = XiU +

=X Var((x1 + x2)(v + €) + 0 Zy|v) (o = O+ x2)v)
(TA.78)
4 aba txe)od (To — (X1 + X2)V). (IA.79)

(Xl + XQ)ZO'EZ + o2
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The posterior variance is

2.2 2

. X;oZ0
. = Var(X{|v, ¥y) = T . [A.80
¢ ar(Xsle, o) (X1 + x2)%0? + 02 ( )

Due to perfectly correlated signals, the traders do not use (¥g,v) to update beliefs about
each other’s signals and positions. We define F, as the MM’s expectation of firm value after
v and identity of the leader are revealed but before the leader-follower game starts. Assume

agent ¢ is assigned as the leader,
B, :U—Fﬂxi(l—FOéL’i—FéL,i)—i-,qu. (IASl)

Note that P, is the MM’s expectation of P after the MM observes W, but just before v

and the identity of leader is revealed.

Best response problems Suppose the agent i becomes the follower and agent j is the

leader, then follower’s objective in the leader-follower game is

Sup]E[(U + Xéﬁ] + 0L7] + Xé‘?,l + HF,Z)(XOF,Z + 0F72) _ (Pl + AQ\IIQ)QF’Z o §(XOF,Z + 9F,z)2|Xé'7’,z’ SF,iyJT-ﬂ,

oF.i

where Fj is the sigma-algebra generated by (Wq, ¥y, v). The first order condition is

0=E[v+ X7 4+ 057 + X"+ 05 — P, — 20,07 X s, Fi]
=v+ XjSF<1 + OéL,j) + 6L,j,qu + Xéw’l + QF’i — P1 — 2A29F’i, (IA82)

where px; = px,x;j/xi- Plugging in the extended strategy and matching coefficients yields

api=o/\yn" (IA.83)
« aFp
AF;

1+ (T4 )xi/xi
vpi = x;(1+ ap;)ap,,
Bri = —Qr,,

Opi = 010X/ Xi-
The leader’s first-order condition (agent j) is

0=E v+ Xy + 6% + X" + 67 — (B + Ay { U1 — (az +0n5)px, }) — 070\
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H(XET 4 OBV Bral X s, fo]
=v+ XOL’j + 059 4+ s (1 + apg) + 0pipx, + (B — 1)(Po + Ay {QL’j — (ap; + 5L,j)MXj})
— Bpiv — 0N + (X(]L’j + 05Ny B,

where Fy is generated by (Wo,v) and px, = px;xi/x;- Matching coefficients on X()L’j, Sr,
and pXj7 yields

& = 1+ Brily
B9 = B, — 1
P xi(1+ OéF’,')
BT 9(1 = By Ay — 1
2
o
Or 4 _
Fd ar;OL.;

On the path of play, the weight on XOL 7 s

L+ Brili 4+ (xi/x5) (1 + agy)
2(1 — BF,i)Al —1 ’

ap; = ar;+VL/X; = (IA.84)
which is an equation in (ay ;, ap;) given our earlier characterization of ;. By the same
arguments as before, there is a pair of positive real values of (ay, ;, ;) that solves the system
(TA.83) and (IA.84).

Given their pregame trades (i.e., positions), realized pregame order flow Wy, the revealed
v, and the leader/follower role assignments, the players obtain quadratic expected continu-
ation payoffs for the leader-follower game: Vi ;(6", s,v, jix,, pix,) and Vi (6, 5,0, px;, pix,)-

The first order condition for player ¢’s pregame trade is

0= %E[—Ppmﬁi +rVEUO s, 0, px,, px;) + (1 — V(0 5,0, X, fhx;))- (TA.85)
Together, the first order conditions (IA.85) for player i = 1,2 in the pregame and the
first order conditions for player ¢ = 1,2 as leader in the leader-follower game (IA.84) yield a
system of four equations in (x1, x2, @z 1, L 2), as all other strategy coefficients can be written
in terms of these coefficients. We solve this system numerically by solving all four equations
simultaneously. Although (ay 1, ar2) can be solved numerically in terms of (x1,x2) alone,
this would still leave a system in (1, x2), and it would still not be possible to plot an analog
of Figure 2. The reader can access the full equations and the solution in the Mathematica

file inducingpositivecorrelation-asymmetricroleassignments.nb on the authors’

"The v-terms in the FOC already cancel out, so there is no coefficient on v in the leader’s strategy.
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websites.

Equilibrium and intuition Let us examine how player 1’s equilibrium behavior varies
with 7 € [1/2, 1] from a time-0 perspective, but after learning her type s. To this end, recall
that on the path of play activist ¢ places a pre-game trade of

XiS- (IA.86)

Meanwhile, if she happens to become the leader, she completes her block according to the
strategy
OéL,z'XoL’i +0riftx;, (TA.87)

where X0" = y;s and puy, = E[X{"|v, Wo]. Averaging pur; over (¥g,v) delivers activist i’s

expected trade conditional on being a leader of type s:

E[0"|s] = xiopis+ 60K E [X()L’i’% ‘1’0] 5] (IA.88)

i(x1 + x2)o?
= xiap;s+0,E [Xiv + Xl £ x2) (o — (x1 + X2)U)‘S}

(X1 + X2)?02 + 02
o2 Xixi + xa)%0?  o?

Xi(o o2+ 02 Li)s + 01, (X1 + x2)?02 + 0% 02 + 0}

2 2 2 2
= Xi (OzL,i + 01 < T + o i+ xe)°0 )) s. (TA.89)

o2+ 02 02+ 02(x1+ x2)%02 + 02

The first equality follows from X(]): " = y;s; the second uses equation (IA.79); and the final

two use that E[v|s] = #ﬁazs, together with the fact that noise trading is independent of s .

Equipped with this, player i’s terminal position conditional on being a leader of type s

reads

‘ 2 2 2 2
E[X7"[s] = xis + Xi (aL,iJraL,i( % 0 batxa) o ))s (IA.90)

o24+02 02402 (x1+ x2)%02 + 02

The following figure shows how the players’ equilibrium coefficients, as well as their
expected trades and terminal positions, vary with r.

The top left panel displays the strategy coefficient in the pre-round: y; in continuous
red for player 1, and in dashed the counterpart for player 2, both as a function of . The
main message is the decreasing pattern of player 1’s coefficient: (1) player 1 scales down
her purchases as r grows and she is more likely to be the leader (player two responds with a
coefficient yo that is increasing as a result). The panel on the right then plots the coefficient

on the now initial block x;s for each of our players: oy ; in continuous blue, while oz o in
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Figure 3: Coeflicients as a function of r, fixing ¢ = o = o, = 1. Upper left panel:
(X1, X2, r.1,r2); Upper right panel: (x1,x2, Xstatic). Lower panel: Player 1’s expected trades
and terminal position conditional on s = 1.

dashed (the original x; coefficients are at the bottom for comparison), showing now that (2)
player 1, if becoming a leader, would attach more weight to her initial block as r increases.

Whether this maps into more or less buying depends on the “public” part of the strategy.
For this we look at the bottom panel for player 1’s expected trades conditioning only on s:
the middle curve is her pre-round trade x;s (same as in the first panel); the bottom curve
is her expected trade if chosen a leader, E[0™|s] as in (IA.89); and at the top is the sum
of both, or player 1’s expected terminal position E[X-'|s] as given in (IA.90). There are
two additional messages here: first, (3) player 1 does buy more aggressively as r grows when
finalizing her block; second, (4) conditional on being a leader, player 1’s average terminal
position falls with r.

The takeaways (1)—(4) are interesting. First, (4) is consistent with our model’s message
that having an opportunity to move first would yield a weaker incentive to build a block—
now we have a version of that logic using the intensive margin r» € [1/2,1]. Equipped

with this, how exactly (1), (2) and (3) are linked is noteworthy. As player 1 trades less

8Player 1 buys when she is a leader because her type s is larger than the mean, which we have normalized
to zero. On the other hand, the blue vs. red ranking in the bottom panel depends on parameters: for instance,
by setting o. = 10, blue can cross red from below. Indeed, for o, large the expected value of JE[XOL "W, v
conditional on s is close to 0, therefore muting the contribution of a negative dr ; in the leader’s strategy.
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aggressively in the first round and builds a smaller block, she knows that she constitutes
a smaller fraction of the total uncertainty related to the firm (i.e., Var(x;s) = x3Var(s) is
increasing in x1), which limits her price impact. With prices that move less, the manipulation
motive is weakened in favor of exploiting trading gains, leading to both oy ; and player 1’s
expected trade conditional on being a leader to grow with 7, explaining (2) and (3). But
why would the likely leader trade less in the pre-round, our point (1)? One possibility is
that she anticipates the trading losses that she incurs when acting as a leader, which are
encoded in the deviation from the “Kyle optimum.” Optimizing those losses from a time
zero perspective would likely require choosing an initial block size that is smaller, because
this reduces the trading gains that are given up at the moment of acting as a leader. This,
in turn, eases the tension between manipulating the follower and making trading profits.
Altogether, this variation reveals that while a higher likelihood of being a leader reduces
the overall incentive to acquire shares—as measured by player 1’s terminal position—it also
triggers more aggressive block-building conditional on being a leader. This has interesting
implications on the dynamics of block-building. Concretely, an activist leader initially places
increasingly small trades—reminiscent of trying to camouflage her buildup—as she expects
a higher chance of enjoying both monopoly and manipulation rents in the future. When
this time comes, her smaller footprint in the market leads the activist to build her block
with more confidence while not discouraging others to add value. Smaller initial blocks for
leaders—understood as the blocks that are owned before gearing towards an attack—then

constitute an equilibrium property of this broader leader-follower theory of activism.
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