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In recent years, there has been a renewed interest in the
relation between trading volume and the volatility of share
prices. Part of this interest has been fueled by recent episodes
of high price volatility coupled with heavy trading volume in
equity markets during the “market breaks” of 1987 and 1989.
Another source of this interest has been the emergence of a
theoretical literature that examines the interactions of market
makers and speculative, informed traders. The goal of this
literature is to understand better how information is incorpo-
rated into share prices, which in turn gives new insights into
the allocational efficiency of markets. Many of these mod-
els have distinct implications for the relation between trad-
ing volume and price volatility. Examples of these works
are those of Kyle (1985, 1986), Admati and Pfleiderer (1988,
1989), Chowdhry and Nanda (1991), Foster and Viswanathan
(1990, 1993a), and many others. At the same time several
authors have used transaction data to test the claims of this
theoretical literature, including, but not restricted to, Glosten
and Harris (1988), Hasbrouck (1989, 1991a,b), Stoll (1989),
Madhavan and Smidt (1991), and Foster and Viswanathan
(1993b). Typically, these tests have focused on the estima-
tion of market depth (expressed as how aggressively the mar-
ket maker adjusts prices after observing the current order
flow) and the relation of market depth to price volatility and
trading volume. For the purposes of our discussion we refer
to this body of theoretical and empirical work as models of
speculative trading because of their reliance on a better in-
formed trader who uses his/her information to generate trad-
ing profits.

In this article we adopt a different approach to testing mod-
els of speculative trading by informed traders. We use a the-
oretical model of speculative trading to undertake a detailed
examination of the statistical relation between trading vol-
ume and price volatility [in an independent paper, Anderson
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(1995) presented a different approach]. This relation is the fo-
cus of the early work of Clark (1973) and Tauchen and Pitts
(1983) and has continued to be of interest to researchers,
as evidenced by the more recent work of Harris (1987),
Lamoureux and Lastrapes (1991, 1994), Anderson (1995),
Gallant, Rossi, and Tauchen (1992), LeBaron (1992), and
Richardson and Smith (1993). Researchers in this area have
documented several empirical regularities that appear to be
at odds with the speculative trading literature. As an impor-
tant example of this difference, consider the work of Gallant
et al. (1992), who used seminonparametric density estima-
tion to compute the joint density of daily volume and price
volatility. In motivating their work, they claim that existing
theoretical models do not provide a rich enough characteri-
zation of price volatility and trading volume to “jointly ac-
count for major stylized facts—serially correlated volatility,
contemporaneous volume—volatility correlation and excess
kurtosis of price changes” (p. 202, emphasis ours).

In this article we present a model of speculative trading
that predicts conditional heteroscedasticity in trading vol-
ume and the variance of price changes and positive autocor-
relation in trading volume. The model further restricts the
joint stochastic process of trading volume and the variance
of price changes in a testable way. To accomplish this, we
build on previous work of Foster and Viswanathan (1993a),
who showed that these richer empirical implications can be
achieved by assuming that the conditional joint distribution
of the fundamental variables of the model is from the class
of elliptical contoured distributions [models such as those of
Kyle (1985) and Admati and Pfleiderer (1988) that rely on
the normal distribution predict conditional homoscedasticity
in price changes and trading volume].

The setup of our model is similar to that of Kyle (1985)
and Admati and Pfleiderer (1988). We have a single market
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maker, several traders who must decide whether to pay a fee
to become informed, and many liquidity traders, all trading
shares in a single asset whose liquidation value is changing
each period. In this model the informed traders receive a
signal about the liquidation value of the asset, and the market
maker knows the sum of the orders received. Without know-
ing the identities of the traders that submitted the orders, the
market maker sets a price at which traders are cleared. Hence
the model contains the speculative trading features of many
recent works in the microstructure literature. Additionally,
with our representation of uncertainty, the model also yields
positive autocorrelation in trading volume and a positive con-
ditional correlation between volume and the variance of price
changes that depends on the trading history.

The major focus of our article is to bring together the mar-
ket microstructure literature and the statistical literature on
volume and volatility by imbedding an explicit model of
speculative trading in the stochastic volatility model. This
focus also allows us to undertake structural estimation of
speculative trading models as opposed to the usual reduced-
form estimation that is conducted in the empirical market mi-
crostructure literature [see Easley, Kiefer, and O’Hara (1993)
for independent structural estimations of other microstructure
models]. Instead of simply estimating the market depth (an
endogenous parameter in theoretical market microstructure
models) as is typically done in empirical market microstruc-
ture literature, we allow for time variation in endogenous
variables and estimate deeper structural parameters, like the
cost of acquiring information.

We test the model using the simulated method of mo-
ments (SMM) advocated by Duffie and Singleton (1993),
McFadden (1989), Pakes and Pollard (1989), and Ingram and
Lee (1991) [see also Bansal, Gallant, Hussey, and Tauchen
(1995) for a related approach that uses seminonparametric
methods to choose moments]. We test our model using half-
hour volume and price-change data for International Business
Machines (IBM) during the year 1988 as reported by the In-
stitute for the Study of Security Markets (ISSM). For IBM
we find that most of the volume comes from intense trading
by many informed traders, each of whom pays very little to
acquire information that is not very precise. It appears that
a substantial portion of the information about IBM comes
from public announcements, and that relatively little reliable
private news about the stock is created in 30-minute intervals.

Our work represents a first step in the integration of the
market microstructure and statistical stochastic volatility lit-
eratures. An important limitation of our approach, however,
is that we assume that private information is short-lived.
Traders in our model make a one-shot decision in which
information has no direct value in future periods (notwith-
standing a dependence of current decisions on the trading
history). Later work in the area should attempt to allow for
a more general characterization with long-lived information.

Section 1 presents our basic model. Section 2 lists the em-
pirical implications of our model and explains our implemen-
tation of the SMM. Section 3 describes our data, Section 4
contains our empirical results, and Section S concludes. The
Appendix contains all of our proofs.

1. THE MODEL

In this section we introduce the market participants and
the assumptions that we use to solve the model. We prove
that there is a unique linear Nash equilibrium (Proposition 1),
show that trading volume and the variance of price changes
are conditionally heteroscedastic (Proposition 2), and show
that volume is positively autocorrelated (Proposition 3).

We consider a multiperiod model with a market maker,
informed traders, and liquidity traders who trade shares in a
single asset that has a liquidation value, v,, that changes each
period. Informed traders are traders that have paid to see a
signal that is related to the liquidation value of the asset in
that period. All market participants are assumed to be risk-
neutral. Before trading each period, all traders know the past
trading history, including past liquidation values, past prices,
past signals, and the number of shares of the asset that were
traded. We summarize this past information in the set ¥,_,
that is known at the beginning of time ¢. Often we refer to
this information set as the market history. Based on ¥,_,,
several traders choose to pay ¢ to acquire a signal, s,, that
is related to the liquidation value of the asset at time . We
assume that all traders that choose to acquire information see
the same signal and therefore make the same computation to
decide whether to pay ¢ (based on the market history) to see
the signal, s,. This means that the number of traders that are
so informed at time ¢ is a function of the past information,
W,_,, and we label this function as 7 (¥,_,).

Before orders are submitted at time ¢, the number of traders
that choose to acquire information, I (\¥,_,), is made known
to all traders and the market maker. After the signal, s,, is
observed by the informed traders, all traders submit their
orders to the market maker, who observes the total order flow,
¥:; individual orders or the identity of the informed traders is
not known by the market maker. This total order flow, which
includes orders from liquidity traders, /,, is used by the market
maker to determine the new price, p,, at which all orders are
cleared. At the end of trading the total number of orders, y,,
the price, p;, the liquidation value of the asset that period, v,,
and the private signal, s,, are all made public and become part
of the observable history of the market at the end of time ¢,
W,. Thus, we follow Admati and Pfleiderer (1988) and Kyle
(1985) in assuming that information has only value for one
period.

We represent the uncertainty in the model with a joint dis-
tribution from the compound normal class of distributions
(this is a subclass of the class of elliptically contoured distri-
butions). Specifically, we assume that the underlying value
process, the signal process, and the liquidity-trading process
are determined by

U — vy = hyx,
l, = h,z,
Ss=v —V_+q =hx + hr,
x, ~ N(0, 0?)
Z~ N(O, azz)
r,~ N(0,0?), 1)
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where x,, z,, and r, are innovations that are assumed to be in-
dependently distributed through time. g, is a representation
of the noise in the signal about the true innovation in the lig-
uidation value of the asset at time ¢, s,. The specification in
Expression (1) makes use of an unobservable latent variable,
h,, whose support is the open interval (0, 0o) that is inde-
pendent of the x,, r,, and z, processes. Expression (1) states
that, conditional on the realization of A,, the value process,
the signal process, and the liquidity trading are jointly nor-
mally distributed. Because no trader knows the realization
of h,, they can only compute a distribution for k, condition-
ing on the observable history, W,_,. If we use the observable
history, ¥,_;, to compute the conditional joint distribution of
v, — v, §;, and /, we find that it is not a multivariate normal
distribution; rather it belongs to the compound normal class
(these distributions are also referred to as mixtures of multi-
variate normals). In our setup, the latent variable, 4,, governs
the conditional heteroscedasticity in volatility in the model.
As we shall see, these assumptions about the distribution of
the parameters of the model allow us to solve the model in the
same fashion as other models of speculative trading but, at the
same time, allow for a more general representation of the time
series of the variance of price changes and trading volume.

To complete our characterization of the uncertainty in the
model, we need to specify the stochastic process for the latent
variable. At present we write the evolution of 4, in a general
form, in terms of the recursive stationary stochastic transition
function

hyy =G(h,, by, v b ). 2)
When we test the model we assume a specific parametric
form for G(-).

Given all of the preceding, we define the unconditional
variance—covariance matrix of the innovation in the liquida-
tion value of the asset, the liquidity trading, and the signal
noise to be

var(v, - vl—-l) COV(U, = V-1, ll) COV(U, = Uy, qz)

cov(l,, v, — v,.)) var(l,) cov(l,, q,)
cov(g,, v, — v,_y) cov(q, ) var(q,)

A 0 O E[}zZ]o;‘2 0 0
=10 o} 0]= 0 E[h*]o} 0

0 0 o 0 0 E[h?]o?

©)

Using the assumptions listed previously, we now describe
the order-submission strategy of the informed traders. Us-
ing the information he/she acquires at time t and the market
history, the ith informed trader submits an order, a;,. In sub-
mitting this order, the ith informed trader makes Nash equi-
librium conjectures about the pricing schedule of the market
maker and the orders of other informed traders. This means
that the ith informed trader selects g;, to maximize the fol-
lowing expression:

E[(v, — (Wi, y)ai | Wy, s 4

Expression (4) is simply the expected trading profits of the
ith informed trader at time ¢, where E[-] is the expectations
operator and p(W¥,_;, y,) is the price set by the market maker.

The market maker sets the price after he or she observes
the total order flow, y,, composed of the informed agents’
orders and the liquidity trader’s orders, while knowing the
available public information, ¥,_;, and the number of traders
who choose to acquire information, 7 (W,_;). This means
that the price, p,, is a function only of the total order flow,
y, = I(¥,_1)a;, + I,, given the observable history. If we
require that the price be an unbiased conditional expectation
of the liquidation value of the asset at time ¢ (the market-
efficiency condition), we have the following:

pe=pVWey, y) = Elv, | ¥,_, y:]; )

this price-setting behavior can be justified by Bertrand com-
petition among market makers. Hence this model is an in-
finitely repeated version of the model of Kyle (1985) and
Admati and Pfleiderer (1988) with different distributional
assumptions.

Based on the assumptions and structure given previously,
Proposition 1 characterizes the unique linear equilibrium of
this model in each trading period. Notice that the equilibrium
decision rules listed in Proposition 1 depend on the history
W,_; through the number of traders that choose to acquire
information.

Proposition 1. The unique linear Nash equilibrium in
each trading period is

a; = ﬂ(\pl—l)sl
Dr=v_+ )\(\y1~1))’t
= v+ AV DY) B )s + L],

where
ERVZICTr XA
M) = T ey o,
_ [ ¢ =
BV = T o

where ¢ = 02/(0? + ¢?). The market maker’s sensitivity to
price change with respect to the order flow, A(W¥,_,), and the
intensity of trading by the informed traders, B(W,_,), depend
on the history of past trades, liquidation values, private sig-
nals, and prices through the number of traders that decide to
acquire information based on this information, 7 (¥,_,).

If there are I informed traders (I > 1), each has expected
profits of (when I = 0, the profit is defined to be 0)

1
N, ¥,.,) = E[h? | \I-’,_I]H—I\/?ozor,.

If ¢ is the cost that traders must pay to become informed then,
in equilibrium, the number of traders that acquire information
is determined by the inequalities (when I > 1) IT(1 (¥,_,) +
1,¥,_) <c < OJM,_,),¥,_,) and when I = 0 by the
inequality TT(1, ¥,_)) < c.

Proof. See Appendix.

Proposition 1 states that parameters such as the intensity
of trade of the informed traders and the market maker’s sen-
sitivity to the order flow depend on the number of traders that
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decide to acquire information. Proposition 1 also shows that
the conditional second moment of the random variable A,,
given the history ¥,_; (which is a measure of the conditional
variance of the value-change process), is a sufficient statistic
for the number of traders who choose to acquire informa-
tion at time ¢ (see the expression for the profits to informed
traders). The distributional assumptions imply that a high
expected conditional variance for both the value-change pro-
cess and the liquidity-trading process lead to higher payoffs
to information acquisition and thus greater informed trading.
With more traders seeking to become informed, there is more
information released through trading; that is, prices are more
informative and there is higher trading volume. In the remain-
der of this section, we make these ideas precise by computing
the price change (and the squared price change) and trading
volume and characterizing their time series properties in this
model.

Given the price adjustment rule of the market maker, the
intensity of trade of the informed traders, and the realized
liquidity trading, the price change from ¢t — 1 to ¢ is
P — P

= U+ AW (o) B(Wioy)s, + 1]
= V2 — A )T (W) B(W,_2) 8-y + 1]

= I(l‘pr—l)k(w:—l)ﬂ(w:—l)s: + AL+ (Vo — V)
= I(W)A (W, 2) B(Y,-2)si-1 — A(W,20)ly

(%)
- 1+ I(‘I’,_I)St +A-(‘llz—l)l:
1+ 1(¥,_5)(1 —¢)(v )
L+Iw) 7
1(\V,))¢
- mqt-l — AW,
1Y)
= Tr I,y ) T Ak,
14+ 1(¥,5)(1 — ¢)h .
T+IW)
1(V, ;)¢
- mht—lrr—l — AW,k 12,y
_ IM)e VI(Y, ) o,
=TI T Ty 5
1+ 1(¥,_5)(1 _¢)h X
I+I(Wy)
- A&, MG, e 6

1+ " T 151 o,

From Expression (6), notice that the price change is ortho-
gonal to the information known at time ¢ — 1; this is a result
of our assumptions of risk neutrality and perfect competition
among market makers. The conditional variance and other
higher moments of the price-change process, however, are not
independent of this history. Rather, they depend on informa-
tion at time ¢ — 1 (i.e., before the updated price is announced)
about h,_, and h,_,. The last equation in Expression (6)
has some similarities to the conditional variance structure as-
sumed by Hsieh (1991) and Nelson (1991) (they made these
assumptions for returns, not price changes). Although our

assumptions about the exogenous value-change process is
like that of Nelson (1991), the resulting price process is more
complicated because it depends on both h,_; and A,_,, as well
as endogenous parameters such as the number of traders that
acquire information in both periods, I (¥,_,) and I (¥,_,).

We define trading volume in the same way as Admati
and Pfleiderer (1988) and Foster and Viswanathan (1990).
Specifically, trading volume each period, V,, is computed as
half of the orders from the informed traders, plus half of the
orders from liquidity traders, plus half of the orders traded
with the market maker (noncrossed orders):

1 1
V.= 5”(‘1’ DB )s |+ §|1:|

1

+ Ell(wr—l)ﬂ(wl—l)st + 14|

1 1

= Ell(wt—l)ﬁ(q}l—l)ht(xl +r)l+ Elhtztl

1

+ Ell(‘y!—l)ﬂ(‘pl—l)ht(xl + rl) + htzrl

h,
= -2-[|1(‘I’:—1)ﬁ(‘1’,-1)(xx + )l
+lzl + (V- )BV-) e + 1) + 2] (D)

The temporal correlation, and hence the conditional het-
eroscedasticity, in trading volume comes from the term A,
and the dependence of the number of traders who choose to
acquire information on the market history.

Using the expressions for the trading volume and the price
change, Equations (6) and (7), respectively, we turn to an
examination of the relation between the conditional squared
price changes and volume (Proposition 2) and the autocor-
relation in volume (Proposition 3). In the statement of each
proposition we refer to other authors who provide some em-
pirical evidence in support of its claim.

Proposition 2. Trading volume and the variance of price
changes exhibit the following properties:

1. Trading volume and the variance of price changes are con-
ditionally positively correlated (see Gallant et al. 1992):
cov[(p, - pt—l)27 Vi | \]I,_l] > 0.

2. The variance of price changes is conditionally het-
eroscedastic (see Gallant et al. 1992; Lamoureux and
Lastrapes 1991; Nelson 1991):

var[p, — p | Yoyl = m(‘yt—lv y'Z)
Var[Pl — P21 P = m(¥,_y).

3. Expected trading volume is conditional heteroscedastic
(see Gallant et al. 1992):
ElV, | ¥y, ) = (¥, ¥7)
E[V, | ¥l = n(¥,)).

Proof. See Appendix.

Proposition 2 can be used to derive an empirically testable
set of restrictions on the stochastic processes of trading vol-
ume and the squared price change. In addition to these prop-
erties, we are interested in the intertemporal correlation of
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trading volume and the squared price change. To focus on
this intertemporal correlation, we need to make an additional
assumption about the latent process, #,. This assumption is
composed of two statements that imply a positive dependence
through time in any stochastic process.

Affiliation Assumption. The latent variable process satis-
fies the following affiliation restrictions. Denote the vector
(hyy ..., h,_;) by m, and let f(-) denote a joint density func-
tion. Then

fhy AR | me Amy) f(he VR, | m, v m)
> fhy | m) f (b | my)
and
flm Am) f(m, v m) > f(m)f(m),

where A and V are the component-wise minimum and maxi-
mum operators and (., m,), (h;,,, m,) are arbitrary values.

These restrictions on the stationary finite-dimensional dis-
tributions of the h, process are similar to the affiliation
assumptions used by Milgrom and Weber (1982) in their anal-
ysis of auctions. This affiliation assumption implies that if
there is a large value for 4,_,, then the realizations of 4, and
h,., are more likely to be large than to be small for arbitrary ¢.
With this additional assumption on the latent-variable pro-
cess, we obtain positive intertemporal correlation in trading
volume and squared price changes and positive unconditional
correlation between trading volume and price changes.

Proposition 3. Trading volume and squared pricing
changes are positively autocorrelated and the unconditional
cross-correlation between squared price changes and trading
volume is positive (see Gallant et al. 1992; Karpoff 1987;
Tauchen and Pitts 1983); that is,

cov[V,, Vi1 >0
COV[(P! - pr—l)zy (Px—l - P:—z)z] >0
cov[V,, (p. — pi-1)*] > 0.

Proof. See Appendix.

Another interesting issue is the usefulness of current price
and volume variables in predicting future prices and volumes.
We consider two cases. In the first, all past information is
made public. In the second, only the history of prices and
volumes is publicly available. We state the results for these
two cases in Proposition 4.

Proposition 4.  'When the complete history of price, vol-
ume, and other information previously assumed to be made
public is available to all traders, then trading volume is a re-
dundant variable for predicting functions of future prices and
volumes. The history of prices is needed to predict future
prices and trading volume, however. When only the history
of prices and trading volume is available, both prices and
trading volume are useful in predicting functions of future
prices and volumes. '

Proof. See Appendix.

When prices, volumes, and other information that we pre-
viously assumed to be publicly available is available to all
traders, then volume information is redundant and is not re-
quired. This is because the other variables can be used to
compute the trading volume. If what we have assumed to
be public information is omitted, then price changes contain
the information about this news and any private information.
In this case, a history of trading volume may be useful to
predict future prices and trading volume [see Blume, Easley,
and O’Hara (1994) for a model in which trading volume
serves this role]. In our model, only the variances and higher
moments of future price changes are predictable. By con-
struction, prices follow a martingale, and thus price changes
cannot be forecasted.

Taken together, these four propositions are consistent with
several documented empirical regularities. To test this model,
however, we need to do more than ensure that it is consistent
with past research. There are at least two reasons for a spe-
cific test of this model. First, there are alternative models that
can explain some of the existing empirical regularities, and
we would like to be able to differentiate among these com-
peting theories (examples are Blume et al. 1994; Harris and
Raviv 1993; Wang 1993). Second, the statement that a model
is consistent with past empirical regularities is much weaker
than the statement that the model is consistent with the data.
That is, we need to use the model to give us appropriate test
procedures; only then can we see if the model’s relation to
the previous literature is coincidental or substantial. Because
speculative trading models have received so much attention
in the theoretical literature, we need a well-specified test of
whether they can explain the observed stochastic process of
price changes and trading volume, using test procedures that
are meaningful to this class of models. Principally, we need to
estimate the deep parameters of the model (which are, or are
used to determine, liquidity trading, the noise in the informed
trader’s signal, the cost of acquiring information, the param-
eters of the latent-variable process, and the innovations in the
liquidation-value process) with specific restrictions on the
moments (and cross-moments) of trading volume and price
changes to see whether they make economic sense. This is
what we do in the remainder of the article.

2. TEST OF THE MODEL

In this section, we outline how we implement our test of
the model presented in Section 1. In doing so we describe
our assumed specification of the latent-variable process, h,;
introduce the SMM estimation technique; list our solution
technique for the simulation of the model; and motivate our
choice of the price-change and trading-volume moment re-
strictions that we use in our tests.

2.1 Specification of the Latent-Variable Process

The model of Section 1 and the related propositions are
designed to provide a set of testable statements about the
stochastic processes for the price change and trading volume
of an asset. In particular, using the model we can compute
any number of moment and cross-moment restrictions on
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these data series, be they cross-sectional or intertemporal. In
contrast the early tests employed by Tauchen and Pitts (1983)
and Harris (1987) are based on unconditional cross-sectional
restrictions and on different models of speculative trading.
Anderson (1995) built a market microstructure model that is
more closely tied to the original Tauchen and Pitts (1983)
approach.

The deep parameters of the model are 62, 2, 0%, ¢, and
the parameters that determine the k, process, and it is these
parameters that we need to estimate. The other parameters—
like the unconditional variances of the value-change process,
the signal noise, and liquidity trading—are derived from these
parameters. To estimate the deep parameters, we need a rea-
sonable specification of the stochastic process for the latent
variable, h,. Hence our test is a joint test of both the model
and our assumed specification of the latent-variable process.

Although the specification of the k, process is crucial in de-
termining the exact temporal structure of the joint stochastic
process of trading volume and price changes, the model does
not pose any restrictions on this process, and it allows for ar-
bitrary temporal dependence in &,. Our assumed structure for
h, is motivated by the work of Gallant, Hsieh, and Tauchen
(1991), Hsieh (1991), and Nelson (1991) and is given by

ln(ht+l) =a+y ln(h,) + ¢ (8)

or
hy = e*hY e, 9

where ¢, is a normally distributed, mean zero, and variance
o/ process that is intertemporally independent. This specifi-
cation satisfies the affiliation assumption that we introduced
earlier and is generally referred to as a stochastic volatility
model because the volatility of price changes is assumed to
be driven by the latent variable [see Anderson’s (1994) sur-
vey article for further discussion of the stochastic volatility
model]. In our model both the latent variable and its lag
affect the volatility of price changes [see Expression (6)].
Notice that Expressions (8) and (9) imply that the uncondi-
tional stationary distribution of 4, is lognormal with mean
a/(1 — y) and variance parameter af/(l — ¥2). Hence the
additional deep parameters that come from the &, process are
o, y,and o}.

Our setup does not match that of Nelson (1991). He as-
sumed that the variance of price changes or returns is linear
in the logarithms in past observations (this is a standard as-
sumption in the autoregressive conditional heteroscedasticity
literature). Our approach is to use a latent variable that is lin-
ear in the logarithms of its past values and some unobservable
shock. Hence, in our model, traders forecast the conditional
second moment of k, with the observable history, which re-
sults in its conditional second moment being highly nonlinear
with respect to the observable variables.

This specification of the stochastic process of the latent
variable, h,, means that it is linear in logarithms and is uncon-
ditionally lognormal. As a consequence, the price change,
Ap;, is distributed as an unconditional lognormal mixture of
normal distributions. Although this approach is theoretically
attractive, it is also related to the empirical work of Tauchen

and Pitts (1983), Harris (1987), and Richardson and Smith
(1993).

2.2 Estimation Method

As we state in Section 1 and in the introduction, we want
our tests to use moment restrictions based on the price-change
and trading-volume series predicted by the model. Taking
these restrictions to observed data allows us to accept or re-
ject the model and, perhaps more importantly, if the model is
rejected have a better understanding of why it was rejected.
What makes this test difficult is that many of the moments
that we are interested in using cannot be computed in a closed
form. For example, with endogenous informed trading, the
decision to acquire information depends, in a nonlinear fash-
ion, on the conditional second moment of the latent variable
h., given the trading history (which includes variables that
are unobservable to an econometrician). Rather than ignore
some moments or not test the model, the natural method
to test the model is to use the SMM procedure (see Duffie
and Singleton 1993; Ingram and Lee 1991; McFadden 1989;
Pakes and Pollard 1989). Essentially, this approach allows
the use of moments computed from a simulation of the model
rather than analytic moments, which makes tests feasible.
Our description and implementation of the SMM procedure
follows closely the discussion of Duffie and Singleton (1993).
We set up our model in the SMM framework, discuss how
the observed data are used, and describe how the SMM pro-
cedure estimates the parameters. We note at this point that
we use analytic moments for those moments that the model
predicts are expected to have a zero mean (sec Sec. 2.4).
These particular moments are O for all parameter values and
cannot be used for identifying any of the parameters. These
moment conditions represent a specification test, and hence
we use for them the analytic moment of O in our estimation.

Duffie and Singleton’s (1993) approach requires contin-
uous parameter spaces for all relevant variables. Although
McFadden (1989) and Pakes and Pollard (1989) considered
discrete choice variables, they required the observed vari-
ables to be independent and identically distributed. In our
model the number of traders that choose to acquire informa-
tion each period is from the natural numbers. To ensure con-
tinuous parameter spaces, we amend our model as follows.
Let the number of traders who acquire information, given the
history W,_,, be a real, nonnegative number determined by

MU (Y,-1), Y1) =c, (10)

where we assume that I > 1. These changes do not affect
the economic intuition about what induces a trader to pay ¢ to
acquire the signal s5,. The restriction that I > 1 is needed to
avoid the discontinuity that arises at / = 0 (in what follows,
we will ignore the restriction that / > 1 because itis not likely
to be binding for the very liquid security that we consider).

Using this additional assumption, we state our model in
the framework of Duffie and Singleton (1993). To begin, the
state vector in our model is

Y,,=(hr X It % Ir)» (11)
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which evolves according to ¥, = H(Y,_,, ¢,, 8*), where

In h, a+ylnh,_, + o€
X, 0, €}
Y= rn |= o€ (12)
% 0'26;‘
1, G()

is the process that generates the observed data; here G(-) is
the function linking the number of informed traders to the
history (see Proposition 1). Here €, = (€], €2, €2, €}, €)' is
amultivariate unit normal vector that is independent through
time. By scaling the elements of ¢, by the appropriate stan-
dard deviations (for the h, process we must also adjust for
the effects from h,_;), we generate the appropriate innova-
tions to the elements of ¥,. § = (a, y, 0;2, ol,0%,0%¢c) is
a vector containing the parameters we need to estimate. We
define 6* to be the true parameters that are consistent with
the observed data, and we use SMM to estimate §* from all
possible 6 that lie in a compact subset of R’ (there are seven
parameters). In addition, the true value 6* is assumed to lie
in the interior of this compact subset. The parameter c is
included and is used to determine the number of traders that
choose to acquire information, 7,, which is an element of the
state vector, Y,.

In SMM we match moments from the data and moments
from a simulation of the model that are computed with ob-
servable stochastic processes that are functions of the state
vector. In our case, the observable stochastic processes are
the price change, Ap,, and the trading volume, V,. In Sec-
tion 2.4 we discuss the moments that we use for the SMM
estimation. In this section we note that we use moments of
up to five lags of the price change and volume data. Because
one needs a prior period’s realization of the price to com-
pute a price change, we need six lags of the state variables
to compute these moments. Let Z, = (¥,,Y,_;,..., Y:q).
Then the contribution, in period ¢, to the sum used to compute
these moments of the price change and volume process for
the observed data is f,(Z,,8%) = f%.If there are T obser-
vations of data available to compute the moments, then the
contributions to the sum used to compute the moments of the
observed data in each period are { /" = f,(Z,,6")}_,.

In SMM one computes moments from simulated data in
which the simulation has (7T observations and 7(T) — o©
as T — oo. Given arbitrary parameters, 6, and some initial
value of the state process, Y;, with a pseudorandom indepen-
dent and identically distributed €, series (this is a unit normal
vector in our in}Plcmentation), one can compute a simulated
state process, Y;, and the contribution to the sum used to
compute moments from the simulated data, f’, according to

Y, =H({_ .&,6)
ff=fZ.9. (13)
For any feasible vector of parameter values, 6, we define the

difference between the observed and simulated moments as

1 M

_1 a 6* 0
gr(e>-;;f,- —rm;f-, (14)

where the expegation is that g () > Oas T — oo. The
SMM estimate 6 is the 6 that minimizes the quadratic form

gr(0) Wer(6), s)

where W is a weighting matrix that incorporates the Newey
and West (1987) correction for serial correlation. The form of
the weighting matrix is chosen so that the estimates are con-
sistent and are asymptotically normally distributed. Specif-
ically, the asymptotic distribution of the SMM estimator is
given by (see Duffie and Singleton 1993; Ingram and Lee
1991; McFadden 1989; Pakes and Pollard 1989)

VT@ -6 ~N@O,(1+1)(D'WD)™),  (16)

where T = lim;(T/7(T))and D = plimTagT(g)/ae. If the
simulation size is large relative to the sample size, the SMM
estimator will have little efficiency loss relative to the gen-
eralized method of moments (GMM) estimator [for a more
detailed analysis of the relation between the simulation size,
t(T), the sample size, T, and the efficiency of SMM relative
to GMM, see Foster, Richardson, and Smith 1993].

Although the SMM approach is clearly a natural approach
to test our model given the learning about an underlying latent
variable that occurs in our model, we need to point out that the
small-sample properties of our approach are not known for
models as complex as ours. In particular, Jacquier, Polson,
and Rossi (1994) showed in the context of the simple stochas-
tic volatility model that GMM estimation and approximate
Kalman-filter estimation have poor small properties relative
to a Bayesian Monte Carlo approach, especially when the
true autocorrelation coefficients are close to 1.

2.3 Simulation Implementation

In this section we describe how we compute the simulated
values of our model that are used in the SMM procedure.
In our simulations, we draw 10,000 simulated values. We
first describe our technique for choosing the initial value of
the model’s parameters, and detail our computation of the
conditional second moment of the latent-variable process.

To choose our initial value of the h, process we use
its unconditional stationary distribution given the parame-
ter vector, 6. This means that we draw 4, from a lognormal
distribution with mean a/(1 — y) and variance 02/(1 — y?).
We note that (in principle at least) drawing from the uncondi-
tional stationary distribution of the parameter #, implies that
the simulated series should be stationary because we have
eliminated the dependence on the arbitrarily chosen initial
value (see Duffie and Singleton 1993 for further discussion).

In our simulation we need to compute the conditional mo-
ment of k, given the history W,_,, which is used in determin-
ing the number of traders that choose to acquire information.
Although the unconditional distribution of A, is a lognormal
distribution, the conditional distribution need not be lognor-
mal. The approach we take is to approximate the two first
moments of the conditional distribution by the lognormal
distribution. We have also compared our approximation to
a second method that uses the inverse of the gamma distri-
bution as the conditional distribution and found virtually no
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difference. In the Bayesian time series literature, such ap-
proximations are standard (e.g., see West and Harrison 1989,
pp. 368-369).

Our choice of these approximate distributions is motivated
by our need to find a simple distribution to use in the updat-
ing process. In particular we are not interested in the updated
conditional distribution of the A, process; rather we are only
concerned with its second noncentral moment. Moreover,
we can always take the view that these updating approxi-
mations are used by traders—the traders are not expected to
use updating rules that are very cumbersome to implement.
We note, however, that recent advances in applying Bayesian
Monte Carlo methods could enable more accurate approxi-
mations of the kind of conditional distribution that we have
in our model. In particular, Jacquier et al. (1994) showed
how to use the inverse of gamma distribution to accurately
approximate conditional distributions in the simpler stochas-
tic volatility model. Our approximations are also related to
the usual generalized Kalman filter. Instead of normal dis-
tribution approximations, however, we are approximating by
distributions on the positive real line.

We estimate the conditional second moment through time
in the following manner [see also Lamoureux and Lastrapes
(1994) for an approach to estimating moments of unknown
latent variable). Suppose that we start with a conditional
prior on h, (given the history W,_,) that is approximated
by a lognormal distribution with mean , and variance o,.
Then the posterior distribution of k,, given the observations
of Av, = v, —v,_, = hyx,, q, = h,r,, and |, = h,z, (which
is equivalent to observing Ap,, s,, v, — v,_,) is

n(h, | Av,, q.1)
_ n(h,, Av,, q,,1,)
j;)w n(h,, Avy, q,,1,)dh,
— v(Av, q,, 1, | h)n(h,)
j;,w v(Av, g, L | h)n(h,)dh,
v(Av, | h)v(g, | k,)v(, | h)n(h,)

= — . a7
Jo v(Av [ h)v(g, | h)vd, | h)n(h,)dh,
The numerator of Equation (17) can be rewritten as
v(Avy, | h)v(g, | kv, | h)n(h,)
1 1 1
h} V2ro, V270, \2ro,
X ex (sz)2 qtz 1'2
Pl " 202 " 2h207 ~ 2k
1 (log,h, — p,)?
X———exp| ——————|. (18
h,2ro, P [ 20?2 {18

Integrating over the density function defined in Expres-
sions (17) and (18), we calculate the two moments E[h! |
Av,, q,, 1) and E[h}” | Av,, g, L,). But

Elh,y, | %] = eE[r! | W] E[€f]

E[h},, | W] = e=E[h | ¥,)E[¥], (19)
where we have used Equation (9). Thus, given our initial
approximate prior, we obtain the conditional first and second

moment for h,,,;. The conditional second moment imme-
diately determines the number of informed traders. If we
approximate the posterior by a lognormal distribution, we
obtain the new parameters p,,, and 02| by

2
E[R,, | W] = exp[2pt:11 + 202, (20)

1
Elh | W] = expl:/‘wl + _U,2+1:|

We rewrite Expression (20) in terms of ., and ol

1
e = 2 log {Elhyy, | W)} - 2 log {E[AZ,, | w,]}
ol = log {E[2,, | W]} - 2log {E[h.s, | W1}, (21)

which we use to compute a new approximate posterior for
the next time period.

2.4 Choice of Moments

Our choice of moments in part reflects those of earlier stud-
ies, such as Tauchen and Pitts (1983), Harris (1987), Gallant
et al. (1992), and Richardson and Smith (1993). With the
exception of that of Gallant et al. (1992), these works focus
on unconditional moments. Here, we use both unconditional
moments and various time series moments.

Table 1 contains a complete list of the moments we use. Es-
sentially, we are interested in the mean, variance, skewness,
and kurtosis of both the price change and the trading vol-
ume. In addition we include the cross-correlation between the
squared price changes and volume (the well-known volume—
volatility relation), the cross-correlation between absolute
price changes and trading volume, and the cross-correlation
between the kurtosis of the price changes and the trading vol-
ume. Each of the moments listed is computed with various
lags (up to five) of the price-change and volume process. In
total, 52 moments are used to estimate the seven parameters
given by 6, which means there are 45 overidentifying re-
strictions. After this base case is computed, we also consider
the same moment conditions using up to two lags for com-
parison purposes. An alternative strategy, which we do not
pursue here, is to take the approach pioneered by Gallant and

Table 1. Moment Conditions Used in SMM Estimation

Elap]

Elap)

E[Ap7)

Elap!]
Elap:Ap:-), i=1,2,3,4,5
E[Ap2APZ ), i=1,2,3,4,5

EVi]

E[V?]

ElViVi_], i=1,2,3,4,5
E[ApV. ], i=0,1,2,3,4,5
EllAp:_ilV4), i=0,1,2,3,4,5
E[Ap2 V], i=1,2,3,4,5
ElAp?Vi],i=0,1,2,8,4,5
E[Apl2 vla—i]v i=0,1
E[ApiVi_i), i=1,2,3,4,5
Elapi V2,

NOTE: This table lists the moment conditions used in the SMM estimation of the model.

The model is estimated with half-hourly transactions data for IBM in 1988, as reported by
ISSM.
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Tauchen (1994) and use the score of the density of an auxil-
iary model (that approximates the distribution of the observed
data) to generate moments.

3. DATA

To test our model, we use the time series of half-hourly
trading volume and quote midpoints changes for IBM in
1988. With 6% hours of trading a day and 253 trading days in
1988, we have 3,289 observations of price and volume data.
The data are taken from the ISSM tapes. For transactions in
each half-hour interval, we compute the trading volume and
quote midpoint. We then compute the sum, on a half-hourly
basis, of the absolute trading volume [consistent with Ex-
pression (7)] and changes in the quote midpoints. Following
the procedure recommended by Lee and Ready (1991), we
use quotes that are at least five seconds older than the trans-
action to determine which bid—ask quote was available for
each transaction.

We use data from an individual stock rather than an index
(see Gallant et al. 1992) for two reasons. The first reason
is that we want to be consistent with our theory, which is
based on trading in shares of a single asset. Second, in using
half-hour data, there is likely to be a severe nonsynchronous
trading problem with the index (see Lo and MacKinlay 1988;
Miller, Muthuswamy, and Whaley 1994), which may induce
spurious positive autocorrelations in the data. We chose IBM
because it is a well-known bellwether stock. Because of the
computational intensity of our estimation procedure, we es-
timated the model for only one stock.

We use the quote midpoint rather than the transaction price
to avoid any first-order negative serial correlation in price-
change process that is the result of the transaction price mov-
ing from the bid price to the ask price [see Hasbrouck (1989,
1991a,b) for a similar rationale on using quote midpoints
rather than transaction prices]. If there is a fixed-cost com-
ponent to the bid-ask spread, then using transaction prices
includes this value and contaminates our estimates because
we did not incorporate a fixed-cost component in the market
maker’s price-adjustment rule in our model.

Our choice of half-hour data represents the smallest inter-
val that we believe we can reasonably use to test our model.
A smaller time interval is preferred because there is an ag-
gregation problem in using volume data in larger intervals:
The time series properties of a time-aggregated random vari-
able will be different from the time series properties of the
disaggregated random variable. We cannot use transactions-
level data because our model assumes a discrete time interval
in which several traders pool their orders and then trade oc-
curs. With transactions data we are often using orders that
emanate from a single trader rather than a group of traders.
Moreover, our model does not give an endogenous transac-
tion time; trades are assumed to occur on a regular basis, and
the haif-hour intervals are consistent with this structure.

One final concern is that the model and tests outlined
in Sections 2 and 3 do not allow for nontrading periods
such as overnight, weekends, and holidays. The cessation of
trading caused by the market schedule is known to induce

seasonalities in the price-change and trading-volume pro-
cesses (e.g., see Foster and Viswanathan 1993b). Because
the model as described previously requires a stationary time
series, we have to make one of at least two potential adjust-
ments. The first is to alter the model to include an explicit
adjust for the nontrading periods. One possibility is to add
dummy values to the variance terms in the value-change pro-
cess and liquidity-trading process for opening time periods
after an overnight cessation of trading, closing time periods,
and opening time periods after a cessation of trading longer
than overnight. This adds six more parameters to be estimated
(two variance terms each requiring three dunmy variables)
and quintuples the number of moment conditions we have
to work with (the original set given in Sec. 2.4 and replica-
tions for the a standard opening period, the closing period,
and an opening period after a longer than overnight closing).
This approach complicates an already cumbersome estima-
tion problem.

Another approach, which we use, is to whiten the observed
price-change and trading-volume series for the effects of the
market schedule before the parameters of the model are esti-
mated. This procedure was used by Gallant et al. (1992).
Essentially, we standardize the price-change and trading-
volume series for the mean and variance effects that can be
attributed to the opening and closing time period. Anderson
and Bollerslev (1994) suggested that such dummy-variable
adjustments may be insufficient to eliminate all seasonalities.
In what follows we describe the procedure used to whiten the
price-change series; an identical procedure is used for the
trading-volume time series. We use ordinary least squares to
estimate the following:

Ap, =8 +81+ 815 +8"1" +,
L,z=a)+w"1f+w"1f+w”1f+/c,, 22)

where o is used to denote time periods that include the open
after the market has been closed overnight, k is used to denote
time periods that include the close, and b is used to denote
time periods that include the open when the market has been
closed longer than overnight. The first equation of Expres-
sion (22) adjusts the price change for mean shifts at the open
and close. The second equation of Expression (22) computes
the variance shifts in the price-change process at the open and
the close. We use the estimated coefficients to scale the price
changes as follows. If a price change is from an opening pe-
riod after the market was closed overnight, then the whitened
price change, Ap,, is

— w

Ap, =
Dt @+ o

[ap, —8°]. (23)

We compute standardized values for both types of opening-
period price changes and for the closing-pertod price changes
and use these values in our SMM estimation. A similar pro-
cedure gives the standardized logarithm of trading volume
for each period. We note that augmented Dickey—Fuller tests
rejected the unit-root hypothesis for the standardized price
change and standardized logarithm of trading-volume data at
the 1% level.
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4. RESULTS

In this section we outline the results of our test of the
model. We first list our parameter estimates and examine
the goodness of fit of the model. Next we show how the
fitted density of the simulated data compares to the fitted
density of the observed data. Finally, using the simulated
data we present descriptive statistics for some of the pa-
rameters of interest in the model, such as the number of
informed traders, the intensity of trading by the informed
traders, the market maker’s sensitivity to the order flow, and
the composition of the trading volume (what portion comes
from informed traders and what portion comes from liquidity
traders).

Table 2 contains our estimates of the model’s parameters
and of the minimized criterion value. In our minimizations
we used a modified Levenberg-Marquardt algorithm with

,a finite-difference Jacobian. Given the optimized criterion
: value and the optimal parameters, we searched whether some

other values of the parameters achieved a lower criterion func-
tion and found none. Given the high computational burden of
our estimation procedure, these checks are not exhaustive.

Because gr () is asymptotically normally distributed, we
know that, under the null hypothesis that g = 0, the ex-
pression Tg,Wg, is distributed as a x? with 45 df for our
base case (52 moment equations less the 7 parameters to be
estimated). From Table 2 we see that the reported x2 value
of 346.1805 clearly rejects the model. We also estimate the
model for our two-lag case, with 21 df (28 moment equations
less the 7 parameters to be estimated). Notice that the model
is still rejected (the x? statistic is 307.936) but the coefficients
are little changed from the five-lag case. We minimized the
SMM criterion function with a local gradient procedure. Be-
cause the model was rejected, any economic inferences based
on these parameters must be made with care.

The variance parameters for the model suggest that the
liquidity-trading variance is very large (but, as we shall see,
even with this large variance, liquidity trading is a small por-
tion of the total trading volume). Additionally, the condi-
tional variance of the noise in the signal, o',z, is substantially
larger than the conditional variance of the value process,
o} (by conditional we mean given the value of the latent
variable, h,). This suggests that the information that the in-
formed traders receive each half-hour is relatively noisy and

Table 2. Parameter Estimates

Parameter Estimate (5 lags) Estimate (2 lags)

a? .5938 .5828
a? 3,127,818.4168 3,136,568.6096
o2 2.3139 22714
o? 1240 1155

Y .7480 .7203

o —.1418 —.1525

c .0028 .0020

x? 346.1805 307.9360

NOTE: This table lists the parameter estimates for the model using half-hourly quote mid-
point changes and the logarithm of trading volume for IBM (as reported by the ISSM) in 1988.
Observed price and volume data have been adjusted for time-of-day effects. We report the
estimates based on two and five lags in the choice of moment conditions (see Table 1).

not especially valuable relative to the innovation on the value
process. This is consistent with the findings of Hasbrouck
(1991b), who found that 31.8% of the total change in value is
revealed by the actions of speculative traders (his high cap-
italization sample). For his model, this means that approxi-
mately 60% of the traders are informed, hence a substantial
proportion of trading volume comes from informed traders.
For our estimation, 20.42% of the total change in value is
revealed by the actions of informed traders, which is lower
than that found by Hasbrouck (1991b). Finally, the cost of
becoming informed each half-hour is small (c is estimated
to be .28 cents), which is consistent with the relative lack of
precision of the signal received. For example, with 250 trad-
ing days a year and 13 half-hour intervals a day, it would cost
a trader $9.10 to follow one stock for a year. This number is
not unlike the prorated cost of subscribing to a newsletter for
a year. Although there is little new information about IBM
that is produced each half-hour, these estimates suggest that
new, precise information about IBM may come from public
sources rather than private sources that are revealed through
trading. As a consequence, the cost of private information is
consistent with its precision.

In Table 3 we present the observed and simulated moments
for each of the 52 moment conditions that we use. For this
large number of moment conditions we find that many have
observed and simulated moments that are quite close. The
moments for which there is the largest absolute difference
between the observed and simulated values are trading vol-
ume and its relation to various lags of trading volume and
higher moments of the price changes and various lags of the
squared trading volume. Hence, at least for the raw moments
(those computed in the first stage of the SMM minimization),
we find that it is the moments having to do with volume and
lagged volume, and squared price changes and lagged vol-
ume squared that fit the worst. To further investigate which
moment conditions are resulting in the rejection of the model,
we use the standard errors in the variance-covariance matrix
from the second stage of the SMM estimation. By scaling
the means of the moment conditions by their estimated stan-
dard errors, we can compute a ¢ statistic for each moment
condition. These values are reported in Table 3. It appears
that there is no single moment condition that is driving the
rejection.

Because of the unreliability of standard errors calculated
via numerical derivatives in the simulated method of mo-
ments, we calculate a quadratic approximation to the crite-
rion function around its minimum and use this to compute
confidence intervals. This approximation is calculated by
choosing two values of a specific parameter around its opti-
mum, fixing its value at each of these two points, and then
reoptimizing over the remaining parameters. This yields a
value of the criterion function subject to a constraint on one of
the parameters. With three estimates of the criterion function
(one the unconstrained optimized estimate and the others con-
strained estimates), we can plot a quadratic approximation to
the criterion function over a relevant range. The curvature of
the criterion function indicates the precision with which we
can estimate various parameters—a flat approximate function
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Table 3. Estimated Moments for Both Simulated and

Observed Data
Moment Simulated value Observed value t statistic
E[ap?] 6848 .0866 0670
E[apd] .0335 .0519 0334
ETV] 10.1501 10.1282 —-.0111
E[V?) 104.6121 107.1861 0723
E[aAp2ApE )] .0097 .0125 0215
ElAp2APE ) .0071 0112 .0380
Elap?Ap? ) .0068 .0125 .0387
E[ap?ApE ] .0069 .0086 0271
ElaptApE ) .0054 .0103 .0583
Elap2V)] 8085 9198 0377
ETAPEViL] 7318 .8682 0498
ETApIViJ] 7204 .8664 .0531
E[ApVio) 7126 .8891 .0602
E{apiVid) 7099 .8985 .0643
E[ApP} Vi) 7052 .9048 .0675
E[|Ap'| V)] 2.0375 2.2026 .0550
EllApi1| V] 1.9119 2.1605 .0837
E[|Ap_2| V] 1.8957 2.1238 0771
ElApPLs| V] 1.8835 2.1560 .0892
El|AP_4| V] 1.8730 2.1796 .0988
EllAp_s| V] 1.8657 2.1956 .1059
E[Ap2 Vi 7385 .8908 0532
Elap; , Vi) 7260 8712 .0501
E[AP2 Vi 7195 .9020 .0600
E[AP2, V] 7113 .9138 .0666
E[AR2 V] 7062 9217 0723
E[ApP! Vi) 3706 4968 .0251
E[Ap V2] 3614 .5080 0278
ETAp}Vi_s) .3560 5496 .0320
E[APVi_d] .3586 5577 .0331
E[AP* V5] 3483 5593 .0348
ISVA/| 103.4813 104.1534 .0182
ISVAN| 103.3621 101.5458 —.0480
E[ViV,4] 103.2667 101.8281 —.0425
EViVii] 103.1975 102.0897 —.0371
E[V,Vi_s] 103.1431 102.2801 -.0326
E[api V) 9.5899 10.2056 0180
E[ApPVE ] 7.9236 9.2497 .0433
ElapfVE,] 4.1389 5.2258 .0200
ElAp)] .0000 —.0016 —.0050
Elap?] .0000 -.0098 —.0308
E(APIAP_s] .0000 .0068 .0546
EIADIAP:_] .0000 .0054 .0531
ElADAP:_3) .0000 .0012 0115
E[ADIAP:-d] .0000 .0003 .0031
E[ADIAP:-s] .0000 -.0020 -.0187
E[Ap V)] .0000 —.0096 ~.0027
E[AP V1] .0000 -.0200 -.0058
E[AD: V2] .0000 —.0101 ~.0030
E[ADVi_s) .0000 —.0059 ~.0018
E[APVi_d] .0000 .0035 .0010
E[APV,_s] .0000 —.0087 —.0026

NOTE: This table lists the 52 moments for both the simulated and observed data for the
moment conditions given in Table 1. The data are half-hourly quote midpoint changes and
the logarithm of trading-volume data for IBM (as reported by the ISSM) in 1988. Observed
price and volume data have been adjusted for time-of-day effects. The simulation results
are based on the model in the text, using the estimated parameters in Table 2. Simulated
moments listed as .00 are those where we know that the analytic moment from the model
is .00.

indicates little effect from changes in the parameter estimate.
In addition, a confidence interval for the parameter can be
computed using the criterion difference test (we discuss this
in more detail in what follows).

Figure 1. Quadratic Approximation to the Chi-Squared Value for
Variance of x.

Although in principle the quadratic approximation could
be computed for each parameter, this is not feasible due to
the computation time involved. Asaconsequence, we choose
only one parameter to fit the quadratic approximation, o, the
parameter that determines the volatility of the true-value pro-
cess. The optimized value of o at the optimal parameters is
.5938 (the associated criterion function value is 346.1805).
The two other values we pick are .587479 and 2.34996 (one
smaller and one larger). When we reoptimize over the other
parameters to find the constrained value of the criterion func-
tion, we obtain values of 346.9492 and 349.0158, respec-
tively. These estimates suggest that the criterion function
does not exhibit much curvature with respect to the param-
eter o7. In fact, an examination of Figure 1 shows that the
approximate function has considerably more curvature than
is found in the data (it falls below 300 around the value of
o} = 1.3). Hence the local sensitivity of the criterion func-
tion (or lack thereof) seems to indicate that the method of
simulated moments is not able to estimate very reliably this
parameter. This should be borne in mind while considering
some of the descriptive statistics we present. The flatness of
the criterion function around the individual estimates does
not mean that the model is not rejected. The criterion func-
tion generates x? statistics that are so large for a large region
around the optimal estimate that we can be quite confident in
our rejection of the model.

Given the quadratic approximation to the criterion func-
tion, we computed the confidence intervals on the parameter
o? using the criterion difference test. We followed the ap-
proach of Press, Flannery, Teukolsky, and Vetterling (1988,
pp. 532-537) (use of constant x? boundaries as confidence
limits). The confidence interval we obtain at the 90% sig-
nificance level is [.4952, .6912]. Although this confidence
interval seems reasonable, we believe (as we have stated in
the previous paragraph) that the criterion function is flatter
than the quadratic approximation would indicate and hence
that the confidence interval is probably wider (at least on one
side).

In Table 4 we present descriptive statistics for the deep
parameters of the model. First, there are many traders who
choose to acquire information (mean of 2,404 and range of
530 to 13,170) and their trading accounts for a large portion
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Table 4. Descriptive Statistics for Simulated Model Parameters

Variable Mean Std. dev. Minimum  Maximum P1 P2 P3 P s
/ 2,404.07 1,108.28 530.36 13,170.29 739 639 307 295 .218
B 22.65 4.74 9.04 45.04 773 584 432 316 .233
A 4.29 .90 1.72 8.53 773 584 432 316 .234
h .65 .38 .06 4.33 721 521 384 281 .209
7 -.57 .33 —1.66 752 564 420 309 229
a? .18 .02 .15 194 049 013 —-.004 -.001
AP —.004 .26 —1.66 2.00 -.009 .008 —-.007 .005 .007
1’4 10.15 1.26 A2 13.58 287 214 153 110 .081
vi 23,860.49 29,210.94 .08 396,140.00 .360 .228 177 .126 .084
v 470.48 484.05 A1 5,995.38 237 158 119 095 072

vm 23,859.47 29,205.17 .00

394,887.90 .358 227 177 .126 .084

NOTE: This table contains descriptive statistics for the si

d data at the estimated

Total trading volume has been

transformed by the natural logarithm, and both total volume and price change have been adjasted for opening and closing seasonalities.
The A values, other than the autocorrelation-function estimates, have been multiptied by 10°. The parameters are as defined in the
text, and V/, V/, and V™ are the trading volume (in number of shares) from the informed traders, the liquidity traders, and the market

maker, respectively.

of the trading volume (on average, 23,860 shares, where 470
shares are from liquidity traders and 23,859 shares are met
by the market maker). This is consistent with our interpre-
tation that it costs little to become informed and that means
that the traders will receive relatively imprecise information;
however, intense competition between the informed traders
ensures that the price reflects all of the imprecise information
that they acquire. These numbers are, however, not entirely
plausible given our existing knowledge of the markets. This
underscores the fact that the model was rejected and that the
parameters should be interpreted with care.

The intensity of trade of the informed traders and the sen-
sitivity of the market maker show considerable variation (8
has an average value of 22.65 and ranges from 9.04 to 45.04,
whereas A times 10° ranges between 1.72 and 8.53, with an
average value of 4.29). The average estimate of A is consis-
tent with those reported in other works (e.g., see Foster and
Viswanathan 1993b; Glosten and Harris 1988) and is not con-
stant through time, as is typically assumed in the literature
(o1 = .773). Finally, note that the persistence in the estimate
of the variance of the latent process (p; of o2 is .194) means
that other model parameters will also be persistent (for exam-
ple, p; of the liquidity-trading volume, V', is .237 and is less
persistent than the informed trading volume, which depends
on the number of informed traders). The ability of our model
to create these intertemporal dependencies is what makes it
attractive for our purposes and allows it to better describe
observed data.

Figure 2.  Estimated Densities From Simulated and Actual Price-
Change Data: , Simulated; - - - -, Actual.

We also present some univariate kernel estimates of the
density functions for the scaled unconditional price change
and unconditional scaled logarithm of trading volume. We
compute the densities for both the simulated and observed
data. For all time series we compute the density with a
Gaussian kernel and choose the window width according to
Silverman (1986, p. 45), who suggested a window width
for a sample of size T with a standard deviation of & to
be 1.060 T'/5. Figure 2 is a plot of the unconditional price-
change density, and Figure 3 is a plot of the trading-volume
densities. In both cases the simulated and observed densities
are similar. In particular, the simulated price changes appear
to fit the observed scaled price changes quite well.

5. CONCLUSIONS

We have presented a model of speculative trading that is
partially consistent with the volume—-volatility relation docu-
mented by several researchers. We use a speculative trading
model in which alognormal latent variable is used to mix con-
ditionally normal parameters, thereby generating persistence
in trading volume and squared price changes. Using moment
conditions from the model, we estimate its deep parameters
with an SMM procedure for IBM in 1988. Although we re-
ject the model, we learn several things. It appears that many
informed traders pay little to receive relatively imprecise in-
formation and that the bulk of trading comes due to intense

0.45
04 ¢
0.35
03 ¢
025 1
02 ¢
0.15 ¢
01 ¢
0.05 -

Figure 3. Estimated Densities From Simulated and Actual Volume
Data: , Simulated; - - - -, Actual.
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competition between these informed traders. Hence it may
be the case that material information about IBM is revealed
through public disclosure and there is much less private in-
formation for IBM that is revealed through trading (at least
in relation to the changes in the liquidation-value process).
Moreover, it appears that the model is unable to explain the
relation between current trading volume and lags of trad-
ing volume and squared volume’s (and its lag’s) relation to
squared price changes. After scaling these values by their
standard errors it is less clear that these moment conditions
are responsible for the model’s demise.

The answer to the question posed by the title of the article
is “No, our model of speculative trading cannot explain the
volume-volatility relation for IBM in 1988 Although our
article is clearly an early attempt at using optimizing models
of trading to explain the volume—volatility relation, we be-
lieve that this general approach has promise. We hope (per-
haps optimistically) that further work along these lines will
lead to more fruitful answers and expect that other models
that use long-lived private information will shed even more
light on this complex subject.
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APPENDIX: PROOFS OF PROPOSITIONS
Proof of Proposition 1

If the market maker uses a linear pricing rule of the form
PO.s) = vy + a(¥,_) + A(¥,_))y,, the ith informed
trader maximizes

E[(v, — v, — a(¥, ) - A(‘I’:—l))’:)an | W,_y, 5]

= E[(Av, —a(¥) =A%) Y g,

JHi
- )"(\y!—l)ail - A(\Il,_l)l,)a,-, I llIx—lv st}
= [cps, ~a(¥,)) — A(¥,_,) Zaj,}a.-, — MW, )la, P,

J#i
(A1)

where we have substituted y = ", a;, +/, and simplified.
The first-order condition from this maximization is

¢ —a (W) =A(W,) Y ap—24(¥)a, =0,  (A2)
J#i
and the second-order condition is —2A(¥, ;) < 0, or

A(W,_)) > 0. The first-order condition can be rearranged
as

1
i = —a(W,_) — A(Y,_ a,|. (A3
ai A.(\I-’,_l) I:d’st a( t l) ( I)ZJ: /r] ( )
Thus, a;, is independent of i and

_ ¢ l:s . a(¥, ;)
T+ TV A, D] )

Hence B(W,_1) = ¢/[((¥,_)) + DA(Y,_))].

The market maker takes the linear strategy of the informed
traders as given and sets a price p, = p(¥,_,,y,) = E[v |
W,_1, .]. Because of the structure we have assumed that,
on the liquidation value, signal, and liquidity-trading pro-
cesses, the information in the observable history up to time
t — 1is informative only about the latent variable, 4,. Conse-
quently, the conditional distribution of (Av,, s,, I,) is multi-
variate compound normal and the conditional expectation of
Av, given y, is linear, where

it

] . (A4

E[Av, | ¥, ¥l

a [(¥,_)BY,_)E[h?| ¥,_,]o?
I(WB(YE[R | W, (02 + o) + E[R2 | ¥, Jo?

I(\I’t-l) d(‘-p,_l)>j|
- Els, |V, ] - ———=)|.
* [y' <1+1(w,_1))x<w,_,>( e F ] = =5
(AS)
Thus
[, )B(Y,_1)o}
= = A.6
A(W,_y) I(‘I’z—l)zﬂ(q’x—l)z((ff'i‘a,z)+052 (A.6)
and (using E[s, | ¥,_;] = 0)
a(V, ) = I(v,_)) Ol(‘l-’,-n)_ A7)

1+1(W.) ¢

This yields a(W¥,_,) = 0. Equation (A.6) can be rearranged
to give

AV [TV B(W,2)* (07 + 07) + 02
=1V, DBV, Dol (A8)

Simplifying, and substituting 8(¥,_,) = ¢/[(1 + [ (¥,_,))
XA(W¥,-,)] yields

I (W,1)*
(A + T, ))?A (W)

A(\v,_l)[ (62 +07)+ 03}

_ ¢1(\I”l—l) (72
NI

(A9)
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This yields

NICET RN
T+1(¥) o

_ [
B(¥..1) = TV o

The expected profits when I (W,_,) traders choose to acquire
information is

AW, =

(A.10)

(I (¥,-1), ¥ioy)
= E[E[(v, — pa | s, V1| Y]
= E[(¢ — I(¥,- DAY, )B(¥,-1))B(Y,_)s? | W, ]
= (¢ — I (W )MW, ) BV, ) B, ) E[s7 | W,_1]

= L .‘.7..2. 2 2 2

=¢ 1+ I(‘pr—l) Iy, ) O, (a‘ + g, )E[hr | q’r—l]
= 2 1 )

= E[hx | "Il:—l] 1+ 1(¥, ) I(\p;_l)az Oy (A.11)

which immediately leads to the condition determining the
equilibrium number of traders that acquire information as
stated in the proposition.

Proof of Proposition 2

Part 1. First note that

(P = i)’ = MY’ U (¥, )B(Woop)s, + LT
+ @1 = pi)? + 20V ) (W) B(W,-1)s, + 1]
X (o1 = po) (AL2)

and

Vi = U QDB+ ] 41 (B} + L)

(A.13)
Conditional on ¥,_,, we can simplify E[(p,—p,_1)*V, | ¥,_]
to obtain

E[(P: - Pr—l)zV: I \l’:]
= (Vs — pr)*ELV, | \px—l]
AW, ))?
+ %[E[ll(w DB )s + LI | W]

+ E[I1(¥,-)B(¥,_)s,* | W]
+E[ILPW,] + E[(I(¥,-)BO¥-0)s)* 1] | Wioi]
+E[II(W,_ )Y, )5 () | ¥,-1]]. (A14)

In addition,

E[(Pt - Pt—l)2 I _\l’x—l]
= MY E[((W,o)BWior)s, + 1) | W,y
+ @t — p)’. (A1)

This leads to the following expression for the conditional
covariance between the squared price changes and volume,

given W,

cov [(pr — pio), Vi | Wiy

AW,)?
= ( 2 ) [E[II(‘I’,_l)ﬂ(‘y,_l)S, +l,|3 | \ll,_l]

— (E[U (W) B _)s: + )7 | W]

x E[|T(¥,_)B(Y,_1)s, + L1 | ¥,.,])

+ E[ (W)W )P | Wi

—(E[ (%) B(¥i-)s)? | Wi

x E[I(W,_)B(¥i-1)s: + L] | W,_41])

+E[ILP | w,o1] — (E[2 | W2 EQE] | W,24])

+ E[|[I (VDB ) Pl Wia )

—(E[I(¥-)BW_)s | Wt JETIL] | W,1))

+ E[II (¥, )B¥_)s | L1 | W,_4]
—(EMT(¥_)B¥_)s | | Wo)E[ILE | Wini])] (A16)

The last two terms that involve cross-moments are 0 because
x, and r, are independent of z,. The remaining terms are pos-
itive if E[|x|*] > E[x*]E[|x|]; that is, the random variables
|x| and x? are positively correlated. From Jensen’s inequal-
ity, with the convex functions x? and x* (for positive x), it
follows that

E[IxP] > (EIx*D®?
E[IxP’} > (E[IxI])*. (A.17)

Putting these two inequalities together yields the desired
result.

Proof of Parts 2 and 3. The conditional heteroscedas-
ticity is obvious from the dependence of price changes and
volume on £, and on the information set via the number of
informed traders. Affiliation ensures that the information in
the past history is relevant in predicting A, and the number
of informed traders. The fact that the square of the history is
only relevant follows from symmetry.

Proof of Proposition 3

The volume today, V,, depends on the infinite his-
tory of observations up to that point (i,_,, i,_3, . ..), where
i, = (Av,q,,1,). Because we assume that the process
(x., r;, 2., h,) is stationary and ergodic, so is the process i,
[because i, is a measurable function of the original process;
see Breiman (1968, proposition 6.6, p. 105, and proposi-
tion 6.31, p. 119)]. By the martingale convergence theorem
(Billingsley 1986, p. 492, theorem 35.5), it follows for inte-
grable f(w) that

E[f(w)|C]— E[f(w)|C], (A.18)
where C, C C,,, and C = UC,.

In our application, C, is the Borel field generated by
(is—1,i1-2, ..., i;_p) and C is that generated by the infinite
history ¥,_, = (i,_y,i,-2, . ..). Moreover, f(w) is just the
conditional second moment given the history E[h? | ¥,_].
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Thus
E[hlz I ir—lit—Zv Ty i:—n] g E[h2 li,_li,_z, e ]

Consider now the history up to n periods in the past (where
n is arbitrary), (i,_, ..., i,_,). Given the stationary distribu-
tion (which exists from our assumptions), we first show that
Iy, 0_y, ..., i, is affiliated.

First, it is easy to show, using the affiliation assumption,

(A.19)

that 4,, h,_ ,, -+, h;_, are affiliated for arbitrary n. Then,
Posvs ey oo g i), ..l is affiliated (where n is ar-
bitrary). The proof is as follows:
f(hH—ls |i1|v sy lil—nl! hh s hr—n)
= f(hr+lv Iitlv ceey |ir—n! I hn ey ht—n)f(hh sy hl—n)
= f(har | By by (]'[ £l | h,_,>)
r=1
x flhy, ..., h_,). (A20)

The first term of Expression (A.20) satisfies the first part of the
affiliation assumption, and the last term of expression (A.20)
satisfies the second part of the affiliation assumption. Thus
we need only show that the second set of terms satisfies the
monotone likelihood ratio property (MLRP) property. But
the second set of terms f(|i,| | h,) = FUAavl | k) fdql |
h)f(L]l | k). Thus we can consider each term and use
m, to signify any of the three elements of i, [i.e., one of
(Av,, g,,1,)]. The MLRP follows because

FAml L B) - fQml | By
fAm;| | h) meHh)
ﬁ—,,' exp[ (m;/ o)’
<=>
exp[—(m;/ h,0)?]
JzTu.f exp[ (m,/R,0)?)
>
Tons ©XP[—(m./ h,0)?]

& ()’ [m))* — m)’] > (W) [(m))* - (m,)?].

Because the last statement is true, the affiliation property
follows. Thus the variables &,,,, [i], ..., li,_.l, b, . . ., h_p
are affiliated. Because subsets of affiliated variables are af-
filiated, the desired result follows.

Consider trading volume when we only consider updat-
ing the second moment of h,,, and h, given the history
i1, ...,1,, and start with the stationary distribution for the
conditional second moment. First we note that h? is a
monotone function of A, and, from Milgrom and Weber
(1982, theorem 5), E[h? | |i|,..., |i,_,|] is monotone in
the conditioning variables. Because the number of traders
I(E[R? | lif], ..., |i,—n]]) is a monotone increasing function
of the conditional second moment given the restricted history,
volume at time 7 + 1 and time 7 are nondecreasing functions
of hyyy, e, lil, ..., liion]. Then, by the affiliation property,
E,[Vi.V] = E,[V,u]E,[V,] > O forall n.

Now as we condition further on the history, we know
that E{h2,, | i, ..., li_]] — E[R},, | ¥,_;]. If the
conditional expectatlon given the history, ¥,_,, is abso-
lutely continuous with respect to the Lebesgue measure, then

(A.21)

the points of possible discontinuity for the convergence of
L(E[R} | |i], ..., li-al]) to I(E[R? | [i,], . ..]) are countable
and hence a set of measure 0.

Hence we get that E[V,,,V,] — E[V,,,]1E[V,] > O using
the dominated convergence theorem. The proof of the con-
vergence of E,[V,] to E(v,) is as follows. By the triangle
inequality, the market maker’s volume is strictly less than
that of the liquidity traders and informed traders, and thus
we need only show that the dominated convergence theorem
applies to the informed trader’s volume. By the Cauchy—
Schwarz inequality,

h,
E[?I(\yt—l)ﬁ(\yl—l)l(xl + ";)l]

2

h
<E j(x, +rx)z]E[(I(\I’,-x)ﬂ(‘l’,_n))z]

*hz B 02
=F _,(xr + rx)2 E 1(\1/,_1)¢-—Z
|4 o;

rhz
< E z’-(x, + r,)Z]E

r 3
E[R] w,q](d))’““—Z]
g

L X

r 3
[ﬁ](@“ﬂ%]. (A.22)

hz
< E[z’-(x, + r,)z]E

where the fact that I < (14 1)+/T for I > 1 and the equation
determining I (W,_,) (see Proposition 1) has been used. Be-
cause the unconditional expectations exist, domination fol-
lows, and we can use the dominated convergence theorem.
A similar proof applies for the other terms.

To prove the proposition for squared price changes, note
that

GX
P: - P:—x = [al¢hl('xt + rl) + bl\/a;'hxzt:l + Avl—l

UX
- I:ax—l¢'hr—l(x1—l +ro)+ b:—l\/a;hz—lzx-l:', (A.23)

wherea, = I(V,_)/(1+ 1 (¥,_)) and b, = /T(¥,_)/(1 +
I(¥,_))).
Define

2
0 = (@dh,(x, + 1)) + (b,ﬂ%h,z,)
S = (hx)h Z (A.24)
Then we obtain (after simplification) that
Pr—z)z]
=Ellg + s+ oo+ s+ 00} (A25)

E[(p: — p)(pios —

and
E[(pr - pz—l)z] = E[‘Pt + 61+ <pr—1]
E[(pr—l - Pr—z)z] =

Thus covariance is positive provided terms of the following
equality holds:

Elgp1] > El¢] x E[¢,_1].

E[‘P:-] + Si-2 + ¢t—2]- (A26)

(A.27)
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Expanding, we obtain that

Elpip,1]

2
= E[[(a,dah,(x, )+ (wzgh,z,) ]
2
X |:(at~1¢hr—l(x:—l + rr—l))2 + (bt—l\/a%"ht—lzt—l) ]:I

E[[(at¢ht)2(03 + 6,2) + (b,h,)2¢0’x2]
X [(ar—l¢hr—l)2 (0',2 + 6,2) + (bt—lht-l)z‘ﬁo}z]]
I1(¥,,) I(¥,-2)

— 2 2 2 2
B E[(h:¢ax 1 + I(\pt—l))(ht_l¢6x 1 + I(‘I’:—z))]'
(A.28)

where we have used the fact that x,, r,, and z, are independent
processes (cross-sectionally and across time) and that

I1(¥,_)
a’¢*(o? + 0?) + b’pa? = po?————. (A.29
Flito) thide =tbo Ty A
Similarly,
1(¥,-)
Elp] = h2¢0? ———tie
[@:] ’¢‘1+1(\lf,-1)
1(V,_2)
Elp,_\] = b*_po?——2 A30
[@i-1] “‘¢‘1+1(W._2) (A.30)

The affiliation assumption and the monotonicity of I/(1+ 1)
in I and that of 7(W¥,_,) in the conditional second moment
of h, given the history, E[h? | ¥,_,], yield the covariance
inequality E[¢,¢,_,] > E[¢,]E[¢,_,]. The proof for the other
terms is similar except for the following terms:

Elgi1021] > Ef¢._1]E[@.-1]
Elgi_16:-1] > Elp,_11E[6i-1].
The firstequation in Equation (A.31) is true because variances

are positive. That the second equation in Equation (A.31) is
true is shown next. First,

(A31)

E[‘Pr-lS‘:-l]

2
= E[((a,¢h,(x, + rr))z + (bt\/a'g:x'hlzt) )(ht—lxt—l)z]

=E [(attbh,(x, + 7)) (he1x0)?

2
+ <b, \/agih,z,) (hr—lx:—l)z]

= E[(hi-19a,-1) (0] + 0])h, 130}
+ (bl_lh‘_l)2¢03h'2_laf]
= E[(h:—xfﬁa:—l)z(d,z + O',Z)h:-lo'xz
+ (bi1hi-1)*¢0l k) 0714207 (0} +07)9E[hi_ial_]
1(¥,_,)
=E 2 ¢ hZ hz 2
[(¢Gx 1 + I(\px_z) 3—]) t—lax

2(..2 2 4 I(\Il,_z) ’
+202(0} +07)¢ x El:h,_,(———l T I(\ll,_z)) ] (A32)

The last term is clearly positive. The affiliation argument
discussed previously ensures that

2 I(‘pt-Z) 2 2 2
E[(""” T+ l(w,_z)h'-‘)h"'“"]
I(¥,.,) )
> E[<¢03H_I—(q,2‘_2)hf-n>]E[hr2—1“x]

= E[‘Px—-l]E[S't—l]-

This completes our proof. Thus squared price changes are
positively autocorrelated.

The last part of the proposition deals with the unconditional
covariance between squared price changes and volume. We
prove this as follows. First,

(A33)

cov[(p, — pi1)*Vi]
= cov[(¢; + 61 + @) Vi]

= covlg, V,] + cov[s,-1 Vil + covlp, ) V)], (A.34)

The fact that cov[s,_,V,] > 0 and that cov[g,_,)V, > O can
be proved using methods identical to that used in the proof for
squared price changes. Thus we consider the term cov([g, V,].
The proof proceeds as follows. First,

covie, V]

2
= COV[{(at¢rht(x! + rt))z + (b:\/a%{hxll:> ]
Mo ¥, il
X {7 ( l—l))B( t—l)lxr +r1| + _2'|Zt|

+ %Il(\l’,_l)ﬂ(‘lﬁ_l)(x, +r)+ Z:I}]- (A.35)

Consider the first covariance term. Expanding,

2
El:{(atd’rhr(x: + rt))z + (bt\/aghr&) ]

x {%I(wl,-l)ﬁ(w,-,)lx, + r.|”
> E[{(a:¢th1)2(‘7,2 + 0,2) + (b,h,¢)2}]

h, 2
x E[—z—l(w,_l>ﬂ(w,-l)J——2_;\/oz'+' : o,z]

2
= E[{(a.¢,h.(x.+r.))2+ (b,ﬁ%h,z,) ”

x E[%I(q’x—])ﬂ(\‘pt—l)lxr + rxl], (A.36)

where we have used the fact that E[|x|*] > E[x21E[|x|] [see
the discussion preceding Equation (A.17) for a proof of this
fact]. The proof for the second covariance term involving the
liquidity volume is similar.

We now consider the last covariance term in Equa-
tion (A.35) that concerns the market maker’s volume.
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First,

2
cov| { (@¢.h,(x, + r))* + (%/5%’%)

h,
X{Ell(wr—l)lg(\pr—l)(xt +r)+ Z:I}

= cov[)&(‘l-’,~1)2|y1|3]'

Second, we know that, if x is normally distributed with mean
0 and variance o,

(A.37)

E[|x)] = 2v/2n 03, (A.38)

Using this fact,
E[MW,_1) 3]
- E[A(q]hl)zE[b’l'} ' “Ijr-l]]
= E[A(¥,_)’2V2r (E[h} | ¥, _,]
< (¥ )BW,-1))* (07 + 0) + 02})¥?]

_ 2 2 (\I’I l) 2
_2E[E[hr | W,_\]¢o T [)f (E[n}|w,\]

X (T (W,_)B(W,_ ) (0 + 0?) +02}]

1y, )
E|E[R? i~
[ [h? | @, )¢o TT I 1)]

X E[«/Eﬂr(E[h,2 v,
<{U W )BW ) (02 +0%) +02})],

where we have used affiliation in the last stage in a manner
similar to prior proofs. This completes the proof that the
unconditional covariance between price changes and volume
is positive.

(A.39)

Proof of Proposition 4

Given the history of (Ap,, s,, Av,), one can infer l,. Given
these variables and knowing the nature of the model, / ¥,_)
can be calculated and thus V, is known. Hence V, is a deter-
ministic function of the history of the variables (Av, g, 1).
Hence, given these variables, it is redundant in formmg con-
ditional expectations of functions of future prices and vol-
umes. The price-change history is not irrelevant. Knowing
(s;, Av,, V,) does not completely reveal /,. Even if I, the num-
ber of traders, is given, the knowledge of I, 8, s,, and V, leads
to two solutions for /,, one positive and one negative. When
I itself cannot be computed (because of the inability to de-
rive lagged values of /,), the situation is further compounded.
Thus the information in prices is not redundant.

When only the history of prices and volumes is known,
neither the price change nor the volume process is redun-
dant. The volume process will be useful in forecasting the
conditional second moment of the /, process.

[Received May 1993. Revised February 1995.]
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